TANGENT PLANESTO SURFACES

Let f(x, y) beafunction of two variables, let (X, Y,) be apointinthe

domain of f, and consider the graph of z=1(x, y) asasurface in three-dimensional
space. We want to answer the question: when will there be atangent plane to

the surface at the point (x,, y,, ), where z =f(x,, y,), and what
are the equations for this tangent plane?

It iseasiest first to give the equations for the tangent plane, assuming it exists.
We know that, as a plane, it must have an equation of the form

z=ax+by+c Q)

This plane must contain the point (x,, ¥, Z), S0 Z,=ax,+by, +c.
Thisimplies c=z -ax, = by, andsubstituting thisin equation (1)
for z leadsto z=ax+by+z —-ax,—by, By arearrangement of

terms and by collecting the two terms with the coefficient a and the two terms with
the coefficient b, we get

z=zta(X=%)+tby-y,). (@

What are a and b ? For the linear equation (2), recall that the coefficient a istherate
of change of the dependent variable z with respect to variable x when variabley is held fixed.

Now consider thefirst partial derivative %f@x@ Yo) it represents the instantaneous

rate of change of z=f(x, y) withrespect to x at x, when y isheld fixed at y,,.

The rate of change of z with respect to x when yisheld fixed of
the tangent planeto z=1(x, y) should coincide with the instantaneous rate of change of
of z=1(x, y) with respect to x at the point of tangency. Therefore, we should have

a= %f@x@ Yo)- Similar reasoning, but varying y and fixing x, leadsto b= %f@x@ Yo)-
Plug these results back into (2), using z, =f(x,, ¥,): the equation for the tangent planeis

Z=1(Xy ¥p) + %f%m Yo) (X =%) + %fgx@ Yo -Y) (3

Example. Let f(x, y)=x%y+xy® Find the equation of the tangent plane at
%=1 Y¥,=2, and z,=1(1,2)=6.
Thefirst partialsof f are:



0 d
—f:3x2y+y2 and —f:x3+2xy.

oX oy

Thus %f@l, 2)=10 and %f%l, 2)=5. By using (3), the equation of the
tangent planeis:

z=6+10(x-1)+5(y—-2).

We have not yet answered the question of when it is reasonable to say that
the surface z=1(x, y) hasatangent planeat x,, ¥, z =f(x, ¥,)- Thisis
a somewhat technical matter requiring a precise definition of tangent plane. We will
not go into it, except to say that it is not enough that the partial derivatives

0 0
&f and a_yf exista (X, Y,). They must exist at least inadisk inthe (x, y)-plane

containing (X,, Y,) initsinterior, and they and the function f must be continuous at

Xy Yp)- Thiswill betrue for al functions treated in this course when we are interested
in tangent planes and so we need not worry about it further.

Remark: Supposethat both partial derivativesare O at apoint (x,, Y,). Then the equation of
the tangent plane at Xy, Yo, %, = (X Yo)r IS Z=1(X,, ¥,), Whichisjust ahorizontal
plane at level f(x,, Y,).



