The chain rule. Although the chain rule is most eas-
ily remembered in the form

dz dz dy
== *)
dx dy dx

we need the equivalent formulation @) in terms of

functions to derive the substitution rule for integrals.

Thus, write
y = g(x)andz = F(y)

to obtain

d
EF(g(x)) =F'(gx)) g x).

Writing F/ = f and writing the statements about
derivatives with respect to or y as statements about
integrals with respect to or y, we get

F(g(0) = /f(g(x)) L¢'(v)dx
F(y)=/f(y)dy-
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#27) / cod x sinx dx
2
#37) / (ln;) dx

A paraphrase of the substitution rule. To write
an integral with respect t® as a function of some
expressiory = g(x), you need to (1) extract a factor
of ¢’ (x) fromtheintegrand, and (2) expresserything
elseas a function ofy. Some common examples are:
(1) if the integrand is a polynomial all of whose terms
have odd degrees, take = x2 with dy = 2x dx;
(2) sinx times any power of cos, takey = cosx
with dy = — sinx dx; (3) a function ofax + b, take

y =ax + b withdy = a dx.

Definite integrals. The usual evaluation of

b
/ h(x)dx,

calls for identifyingH (x) with H' = k, and then, the
integral isH (b) — H (a). In other wordsa andb are
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This shows the significance of thex anddy as a
means of identifying the variable in the notation for
integrals: when we write = g(x), the derived ex-
pressionly = g’(x) dx gives a purely notational way
toincludeexactlythe factor required by the chainrule.

Using the substitution rule. In Section 7.3, we will
meet an example where writing = g(x) turns an
integral with respect to that we don't know how
to evaluate into an integral with respectidhat is
known. Such applications arare. Most of the time,
the substitution formula is used to identify an expres-
sion in an integral with respect tothat can play the
role of y. This allows the desired integral to be found
in the formF (g (x) ).

Examples The following will be done at the black-
board.

#D) /x(x2 —1)%ax

#11) / x3V2 + x4dx
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values that are substituted fer If
h(x) = f(g(X)) g (x),

then H(x) = F(g(x) ), where F'(y) = f(y). A
definite integral with this integrand will have a value
of the formF (d) — F(c), with the quantitieg andd
obtained as the values of the functigat the original
limits of integration. These numbers are the values of
y that correspond to the original valuesxathat were
the original limits of integration.

A definite integral evaluates to a number. Any vari-
ables that appear in the expression serve only to allow
the fundamental theorem to be applied. If a substitu-
tion y = g(x) is used to evaluate the integral, then it
is not necessary to evaluate the indefinitategral,
substitutey = g(x) in that formula, and evaluate at
particular values of. Instead, you can immediately
evaluate the functiog(x) at the limits of thex inte-
gral to get the limits of the integral. The resulting
definite integral iny will give the desired answer. All
history of the original variable and the substitution

y = g(x) can now be erased. They have done their
job.
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Areas between curves If f(x) > g(x) > 0 for

a < x < b, the region below = f(x) and above

y = g(x) and be found byemovingthe area under

y = g(x) from the whole region under= f(x) and
above thex axis. The desired aregppears to bgust

the difference of the integrals ¢f(x) andg (x), which

is the integral of the differencg(x) —g(x). Thereisa
small problem with this argument: our understanding
of area is based on formulas for areapolfygonghat

are extended by a limit process. Since limits need not
exist, any extension of our definition of area must
check that we have not exceeded the resources of our
limitargument. Everything works in this case, and we
wind up with a more general definition of area than
was used originally.

Note that only the position of (x) andg(x) relative
to each other, not their location relative to thaxis,
is relevant in the final formula.

Setting up the integral. If you are just asked to find
the area between = 4x? andy = x? + 3 (as in ex-
ercise 6.1.11), itis clear whatandg are, though not
necessarily which is which, but the numberandb
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Rather than assume that the mathematics has an obli-
gation to give a clear answer because such simple
words were used to state the question, you should in-
sist that all descriptions be clear enough to be directly
translated into mathematical expressions of the form
gx) <y £ f(x)fora < x < b, as required by
our formula for area. There are two conflicting inter-
pretations:signed areaandtotal area. In the first
interpretation, you compute a simple integral and de-
clare that it counts some areas positively and others
negatively. This is a lazy way out favored by many
mathematicians. Unfortunately, the textbook prefers
to form the sum of the positive areas of all parts of
the largest region consistent with the description. We
call this the “total area”.

Signed Areas The integral of gositive function is
identified with the area under the graph of that func-
tion and above the axis. The definition of the in-
tegral makes sense even if the function is sometimes
negative. Wherevey = f(x) is above the axis, the
integral gives the area below the curve, and wherever
the graph is below the axis, the integral gives the neg-
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are not evident. The usual way to find the missing in-
formation is with a picture — and | just happen to have
one. All regions bounded by the given curves except
the one in our picture are unbounded, so the bounded
region must have been intended if a numerical answer
is expected. For this region

4x? <y <x®+3

and this implies 4% < x2 + 3, which holdsexactly

for -1 < x < 1. Thusa = —1andb = 1. In
general, when no vertical sides of the region are given,
the endpoints are found by solvinffx) = g(x). A
complete analysis requires determining which of the
given functions isf (x) — the top of the region —
and which isg(x) — the bottom. If you accidentally
reverse these choices, the integral is replaced by its
negative, so you canimmediately replace your answer
with the correct one — but you should check that this
is the correct explanation, since errors in calculation
could lead to totally irrelevant answers.

When the given curves cross several times, it is no
longer clear what it means to lbetween the curves
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ative of the area above the curve. For the area between
curves, the result is easief. f(x) — g(x) dx gives

the area between the curves whggx) > g(x) and

the negative of the area whefix) < g(x). The
integral will always calculate aalgebraic sunof ar-

eas, but some regions behave as if they have negative
area. In multivariable calculus, this will be explained

in terms of whether the description leads you to walk
around the boundary of the region so that the inside
is to your left (the positive case) or right (the negative
case). For the time being, only simple examples will
be used where itis easy identify the integral that gives
the positive answer.

Total area. If you want to get the total area between
curves, you need to compute

b
/ | f(x) — g(x)] dx.

If both f(x) andg(x) are continuous, the integrand is
continuous, so the integral certainly exists. However,
few differentiation formulas contain absolute values.
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The usual way to calculate such an integral is to use

c b c
/ h(x)dx :/ h(x)dx+/ h(x)dx
a a b

to break the integralinto a sum of expressions in which
the integrand does not change sign. Then use

h(x) h(x) >0

[h(o] = {—h(x) h(x) <0

to replace the summands by integrals suitable for the
methods of elementary calculus.

I have a picture of exercise 6.1.23 to guide our solution
of this exercise.
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