Additional properties of sequences In addition to
the algebraic properties of limits, if

lim a, =L,
n—oo

then
n—oo

This is most useful when one has some sort of recur-
sive definition ofa,. This appears in Example 11,
Exercise 50 and Exercise 60 of Section 10.1.

In general, ifa,+1 = f(ay,), this says that any limit
L must satisfyL. = f(L). For example, while there
Is noclosed formexpression for the solution af =
cosx, it can be found as the limit of a sequence with
an,+1 = C09a,). When f takes an interval to itself
andshrinks all distancedn the sense that

f) = f =clx =yl (B)

for somec < 1, then the equatiorf(x) = x will
have a unique solution ihand all sequences formed
by takingag € I and iteratingf will converge to that
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solution (and converge fairly rapidly). In particular, if
—c < f'(x) < cforx € I, the Mean Value Theorem
give (B). Infact, if | f/(L)| < 1, iterations that start
close enough td. will converge toL. The smallekr

Is, the faster the sequence converges tdNewton’'s
method converges extremely rapidly because it we
constructed to havg¢’(L) = 0 even though we didn’t
know L.

Although sequences can arise in many ways, the s
guences arising from iteration seem to be what wi
expect. In particular, those with positive derivative
at the fixed point give sequences that are monoton
thatis, either always increasing or always decreasin
and those with negative derivative oscillate around th
limit, alternately larger and smaller, but getting close!
at each step. Sequences having these two types of |
havior are easier to prove things about, so will be mor
likely to be selected as examples. Theorem 10 of Se
tion 10.1 (p. 585) asserts that all that is needed to
sure that an increasing sequence converges is son
thing to keep it from getting large. This will play an

important role when we move from sequences the
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can be shown to converge by producing their limits
to sequences that can be usedédinetheir limits by
being shown to converge without knowing the limit
in advance.

Introduction to series. Given one sequengs,, de-
fined forn > 0, one can form another sequenrgdy
trying to add up all thes,,. The precise definition is
so = 0 and

Sp = Sn—1 1 an

forn >0

A familiar infinite series is the geometric series

o0
Zarn_l.
n=1

The use of: — 1 in the exponent is a technical device
that allows the first term, with = 1, to bea.

It is easy to prove by mathematical induction that

_a ar” G)
Sn_l—r 1—-r
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An informal argument, that isn’t really a proof, is
familiar. With practice, the induction argument is
just as easy as pretending that you can see a bunch
terms that haven’t been written, and induction meet
current standards of mathematical rigor, so it shouls
be preferred.

If || < 1,7 — 0, so(G) shows that the limit of the
spisa/(1—r).

Periodic decimals are a common example of geome
ric series. The expression for the limit shows tha
the number represented by a periodic decimal is a

ways rational. Other familiar numbers, liké2, e or

7 are known not to be rational, so their decimal ex-
pansions are not periodic. If a numbehas a purely
periodic decimal expansion with a period of length
then 16x is an integer plus exactly the same deci-
mal, so(10* — 1)x is an integer. Such numbers thus
represent fractions with denominator*1:0 1. They
may not be in lowest terms, so the true denominatc
may be a divisor of this. For example, exercise 39 o

section 10.2 asks abouf3D7
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The terms of a convergent series approach zerdf
lim s, = L, then also lims,_1 = L, and general

n—oo n—0o0o

properties of limits say that the difference approaches
zero. The difference is just,, so terms approach
zero.

Some divergent series also have terms that ap-
proach zero. Althougha,, = 1/n approaches zero,
the series with these terms does not converge. The
terms decrease so slowly that the sum of all terms

with 2 < n < 2¥1 can be shown greater that2l

for eachk. This means that itis possible to recognize
some divergent series just by noting that the terms do
not approach zero; but it takes more to show that a
series is convergent.

Series with positive terms If all ¢, > 0, then

Sp > Sp—1, SO that the partial sums form an increasing
sequence. These series either converge or have arbi-
trarily large partial sums. Initially, apart from isolated
examples, we consider only these series.
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The integral test If the a,, are also decreasing, and
given by evaluating a simple expressipx), that is
also decreasing, at integerthen thes, of the series

N
grow at the same rate ?é f(x)dx (the lower limit
0

of O is chosen arbitrarily, if the integral is not defined
there, you should chose a larger value for the lowe
endpoint, since itis only the behavior for laryethat

Is relevant).

Comparison tests If 0 < a, < b,, and)_ b, con-
verges. the sum gives a bound dna,, so)_a,
converges. In the same situation)ifa, is known to
diverge, so musp _ b,. Although this is very useful
for many examples discussed in this course, it is nott
ing but an interpretation in the language of series o
the fact that bounded increasing sequences conver

Main uses of this test are: (1)df, > ¢/n for some
positive constant, then)_ a, diverges; (2) ifa, =
1/f(n) where f is a polynomial of degree greater
than 1, therp  a, converges; (3) if a series of positive
terms converges, then the series formed by selectir
some of its terms also converges; (4) the ratio tes
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Observation (3) is used in the discussiorab&olute
convergencewhich will appear in the next lecture.
The ratio test is discussed in the next section.

The ratio test. We state this test only in the case of
a, > 0, and leave the extension to more general series
for a later time (not much later).

Suppose that it is possible to evaluate

. Qpa1
r= lim 2.
n—oo a,

Then,)_ a, converges it < 1 and diverges if > 1.
The case = 1, along with cases in whichdoes not
exists, are inconclusive. The test works by comparing
the given series to geometric series of ratio

Although this is a fairly weak test, thiatio testwill
be very useful when applied to power series.
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The root test A related test useg/a,. Although
slightly more widely applicable than the ratio test,
this root testis often much more difficult to apply.
Although I will feel free to use the root testinlecture, |
don’tthink thatitis reasonable toinclude a problem or
an exam that requires you to use this test to recogniz
the convergence of a series, and | expect that all
my colleagues share this view.

Both tests introduce artificial difficulties since they
require certain limits to exist. This obscures the mait
idea of the test, which is that some properties of th
a, can be used to generate a geometric series to whi
> a, can be compared. Indeed, in the case of divel
gence, all that has been accomplished is that it he
been discovered that tlag do not approach zero.
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