Exam grades The average score was 59%, with a
median of 65%. The highest scores were 93 and 89,
with 5 more grade above 80. Thereis no clear division
between passing and failing grades: certainly the 13
scores below 45 are failing, but not all of the 43 higher
scores can be considered passing.

The problem with the poorest response was #8. Al-
though the given formulas identified the first term of
the series as being given by= 0, this was frequently
ignored. Even when some form of the original se-
ries were obtained, they were not multiplied correctly
(only corresponding terms were multiplied, not the
partial sums). Formulas are most useful as summaries
of calculations that have been done often enough to be
both familiar and tedious. A formula only serves to
remind the user of its derivation. Since there is always
the possibility of making a mistake in a calculation,
every formula should be regularly checked against its
interpretation. For example, we know that cos(,

so the Taylor series of cas for any constang must
begin with the constant term 1.

The result on the problem of evaluating the sum of a
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pair of geometric series (#2 on some exams, #3 on ot
ers) was the most disappointing. The problems askin
for application of convergence tests had averages
the 65% range, but there were frequent mistakes.

The first problem did a good job of serving as awarm:
up with an average of almost 87%.

Numerical integration. Suppose we wantto evaluate
the integral of some functionf(x) over the interval
[a, b]. Theresultwillbe anumber, and there are many
cases in which it is better to try to approximate tha
number than to try to identify (x) as the derivative of
another function to allow the integral to be evaluatec
by the fundamental theorem. We have mentioned tr
possibility thatf (x) is not the derivative of any known
function, but there is also the possibility théatx) it-
self may not be known. This arises whéi) is the
result of an experiment, allowing individual values to
be found, but not relating those values to any func
tion studied in calculus. In these cases, we follow th
definition of the integral by Riemann sums and breal
the interval into small pieces by introducing and in-
creasing sequence for 0 < i < n with xg = a
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andx, = b. We get nicer formulas if these points
are equally spaced, so that.1 — x; = (b — a)/n,
although this is not essential. The integral is written
as a sum from = Oton — 1 of x;1 1 — x; times

a typical value, denoted (x) in the Riemann sum,
with x; < x* < x;11. For most methods, our typical
value is an average of values of the function at cer-
tain locations in the intervalxf, x;1 1] which is not
necessarily found by first locating®. If we could

get the value that we defined as the average value of
the function, that would give the integral exactly (by
definition), but a process that attempts to average the
function usually leads to a good numerical method.

Composite integration rules Although the formu-
las may be rewritten later to combine like terms, these
formulas are always derived in a form in which the
same construction is applied to each segment frpm
tox; 1. Thedescription uses only the relative position
of points inthisinterval, soitis easy to determine how
they are affected by changes of scale. Typical exam-
ples are: (thenidpoint rulg the value of the function

at the midpoint of the interval; or (theapezoidal
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rule) the average of the values at the endpoints. Th
most elaborate rule described in this course is Simy
son’s rule, in which these local averages are the su
of 1/6 of the value at each endpoint ang32of the
value at the midpoint.

If the x; are equally spaced, treimof thesef (x)

Is multiplied by (b — a)/n to get the integral — or
divided byn to get the average. In the midpoint rule,
theinterior x; wind up being counted with weight 1
in the sum, 12 as the right endpoint of one inter-
val and J2 as the left endpoint of the next, while
andb have weight 12 each. In Simpson’s rule;
andb have weight 16 while points playing the role
of midpoints have weight /B and those that sepa-
rate the interior intervals have weight3. Since the
midpoints and separating points are equally space
formulas are sometimes stated as if all of these poin
are used as a partition af [p]. This has the effect
of doubling the weights in the form described here
To guard against accidentally doubling or halving the
value you compute, it is useful to check formulas by
expressing results in terms of averages.
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The description of Simpson’s rule with equally spaced
pointsx; for 0 < i < 2n in terms of the division of
[a, b] Into n (rather than &) subintervals leads to the
formula

1 2

Note that this averages two quantities that are aiming

to compute the same thing.

Error estimates. Firstlet’s give the relation between
the error estimate for Taylor’s formula and the error
using the midpoint rule. We first describe things on a

reference interval, and then give the effect of scaling.

On the interval {1, 1], Taylor's formula gives

g"(¢)
2

g(u) = g(0) + ¢’ (O)u + u?,  (T)

where¢ is a value between 0 and that is actually a
function ofu, but we will need only a rough estimate
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of its size. Integrat€T’) to obtain

1 1 1
/ 8(M)dM=/ g(O)du—|—/ g Oudu+

1 1 1
1 1! 2
/‘ g"(¢(u))u "
1 2

The first two terms on the right are@) and 0. In
the third termu?/2 is a function that is always non-
negative, and it is multiplied by” (¢ («) ), for which
bounds are known. The integral of this term is be:

tween the same bounds times the integrafg® from
—1to 1, whichis(1/6) — (-1/6) = 1/3.

To apply this tof(x) on the interval {;, x;11], we
want f(x) = g(u) and

Xi T+ Xi+1
X =

Xi+1l — Xi
u

2 2

If we differentiate with respect ta, the chain rule
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gives
Xi+1 — X
2

f”(x>(x—’“2 x’) =¢"(w)

f'(x) =g'(w)

The bounds org”(¢(u)) in our reference interval
[—1, 1] are the bounds orf”(x) for x; < x < x;11

2
multiplied by (%) . Thus, our error estimate

contains one factor depending ghand one factor
proportional to the square of the distance between the
x;. If we are integrating a fixed function over a fixed
interval, divided into: parts, the error is proportional

ton =2

Interpolation formulas. Newton (and, later, Her-
mite) gave formulas that approximated a function by
a polynomial expressed in terms of values of the func-
tion (and its derivative) at a fixed set of points. Tay-
lor's formula is the limiting case of these formulas in
which only one point is used, but several derivatives
are used. These more general interpolation formulas
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are like Taylor's formula in the sense that the errol
term resembles the next term in the series. Simg
son’s rule is the result of integrating an interpolatior
formula based on the endpoints and the center of &
interval with the center counted twice.

An example Consider problem 9 of section 7.8:

1/2
/ coSe*)dx withn = 8
0

in the trapezoidal rule, midpoint rule and Simpson’s
rule.

Oct26.8



