Parametric equations Up until now, we have talked
about curves as the graphs of functions, with=
f(x); or sometimes with some test for a point to be

on the curve, likex? + y2 = 1 for the unit circle.
These approaches look at the curve after the ink has
dried, and they ignore all considerations of how the
curve was drawn. We now shift the emphasis. The
process of drawing a curve involves indicating where
the pen is at each time. Since location in the plane is
given byx andy coordinates, this says that we should
give x andy as functions of (representing time). A
simple example, but one which is very important is
the circle. If the center is dtz, b) and radius ig, it

IS common to draw the circle by starting somewhere
(e.g. at the pointlue Eastof the center) and move

In some direction around the center at constant speed,
so that the angle is proportional to The simplest
example is

X=a-+rcost y=>b+rsint.

Those of you who continue tdultivariable Calculus
will see, at the end of Chapter 11, that some things
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are nicer if you can draw the curve at constant spee
— essentially using the arc lengilas a parameter —
but this is rarely possible.

The previous study of graphs of functions can be in
cluded in the parametric approach by takings the
parameter. There are also some examples given
the text where a parameter is chosen having nothir
particular to recommend it. We will try to concentrate
on examples in which the parameter makassaful
contribution.

Cycloids. The curves obtained by following a point
on a circle that rollsvithout slippingon another curve
— typically a line or another circle — are calleg-
cloids They probably first attracted attention becaus:
they had a description that led to an easy way to de
sign a linkage to draw them. The introduction of co-
ordinates then leads to simple parametric equatior
for these curves. They turned out to have interestin
mathematical properties so we continue to encourag
people to draw them and admire them.

The phrase “without slipping” is taken to mean that
the distance along the curve supporting the rolling
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circle should equal the length of the arc of the part
of the circle that has touched this curve. Thus, if a
circle of radius has rolled through an angtealong
the x-axis, its center has moved a distance-of If

we follow a point that starts at the origin, its original
direction is directly below the center, and as the circle
moves to the right, the direction from the center to
the point we are following moves clockwise. Attime
t, the center of the circle is &tr, r) and going from
the center to the location of the pen is at an angle
t clockwise fromdue Southwhich subtracts sinz
from x and subtracts cost from y. The result is

X=rt—rSiNt y=r —rCOSt.

If the circle of radius- rolls on the outside of a circle
of radiusR centered at the origin, and we follow a
point that starts atR, 0), then as the center moves
through an angle (counterclockwise) to

((R+r)cost, (R +r)sint),

touching an arc on the fixed circle of lengkha. This
means that one must follow an arc of lendth and
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hence angl&k:/r, counterclockwise from the direc-
tion towards the origin. The total angle clockwise
from due Wests (R + r)t/r. This subtracts times
the cosine of this angle from and subtracts times
the sine fromy. The equations become

x=(R+r)cost —r cos(m)

r

y = (R +r)sint —rsin (M)
r

Exercises Here are some exercises from Section 9.1

x=1—t y=2+4+3t #1
x=3? y=245 0<t<2 #3
x =cogh y=siro #9
x=é¢ y=e’ #11

Tangents In differential calculus, the differentials
dx anddy are sometimes used as local coordinate
giving an equation of the tangent line. That is, if
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(a, b) is a point on the graph of = f(x) (so that

b = f(a)), the formal equationly = f'(x)dx is
transformed into an equation of the tangent line to
this graph at(a, b) by substitutingz for x, b for y,

x —a fordx andy — b for dy.

When we studiednplicit functions we were able to
use this notation in a formal way to extend results to
curves defined by an equation relatingand y that
could not easily be solved to giveas a function of

x. In these examples, all we needed was a good rea-
son to believe that could be written a functiorf (x)
somewhere near a poift, ) on the curve. Differen-
tiating the equation defining the curve, and evaluating
at(a, b) led to an equation in, » and f’(a) that was
always linear inf’(a). The main theoretical result
assures us that this gives a correct answer whenever it
gives any answer at all (i.e., whenever the coefficient
of f'(a) isn't zero).

Working with parametric equations also uses this ap-
proach of pretending that there is a function such the

Nov12.5

y(t) = f(x(r)). Inthis case, the chain rule gives

dy , dx

E =f (X)E-

Sincedx /dt anddy/dt can be found as functions of
t, we get a result the can be written

dy dy/dt

dx  dx/dt
Y@
- X()

With ¢ used to identify points on the curve this equa-
tion allows us to write the equation of the tangent line
at any point of the curve that we can identify.

Involutes. A family of curves vaguely related to cy-
cloids can be described by saying that you draw th
curve using a pen that is at the end of a string bein
unwrapped from some curve, usually a circle. After
a distance has been unwrapped, the pen is at a dis
tancer along the tangent line to the curve at a point
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units of arc length from the starting point. For a unit
circle, arc length is angle, so the point of tangency is
(cost, sinr) and the tangent at this point is given by

y — sint cost

X —Ccost  —sint

To go back along this tangent a distancer aidds
t sint to x and subtractscost from y.

More Exercises Here are some exercises from Sec-
tion 9.2 in which you are asked to find the equation
of the tangent line.

x=t’+t y=t>’—t t=0 #1
x=2+4+3 y=t>+2 (573) #5
x=2sin2 y=2sint (3,1 #7
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