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Workshop 10, Taylor’'s formula and the use of graphing calculators.

1. Consider the function L

—

(a) Find the fourth Taylor polynomialls(x), centered a& = 0 of f(x). You may use either Taylor’s
theorem from Section 10.10 or the binomial series from Section 10.11.

(b) Sketch the graphs of = f(x) andy = T4(x) in the window [-1, 1] x [0, 3].

(c) Sketch the graph of = f(x) — T4(x) in the window [-.5, 5] x [—.01, .01].

(d) Give an upper bound you can give fof (x) — T4(x)| on the interval |.5, .5]? You should not
necessarily try to get thieestestimate on this error, but your answer should be an explicit number valid
for everyx on this interval. The Lagrange form of the error for Taylor series gives a convenient estimate,
but once the series is known to convergeft), you may have some other way to estimate the sum of
the remaining terms. When you are well within the interval of convergence, the series is converging like
a geometric series so an upper bound on the error is the fifth degree term of the series diviledA)y
wherer is an upper bound on the ratio of the absolute valug:of 1)St degree term to the'™ degree term
forn > 5.

fo=A-x0""2=

2. The linear approximation for the functiof(x) = x° nearx = 2 is 32+ 80(x — 2). (You should check
this!)
(a) What coefficientz should be chosen to give the best quadratic approximation

x°~ 32+ 80(x —2) +a(x —2)?  nearx =2?
(b) If this approximation is used for variouss in the interval [2 2.1], can you be certain that the error

is no bigger than05? Explain, using Lagrange’s formula for the remainder.
(c) Graphx® — 32— 80(x — 2) —a(x — 2)2 (using the value of found in part a)) in the interval [2.1].

...continued on other side



The remainder of this workshop suggests experiments on using the graphing calculator in its
parametric and polar equation modes.

3. If x = cost andy = sing, thenx? + y2 = 1, so points with this description lie on the circle of radius 1
centered at the origin.

(a) If you use the interval G< 6 < 7, how much of the circle do you get?

(b) If you use the interval-7/2 < 6 < /2, how much of the circle do you get?

(c) If you use the interval Gz 6 < 27, how much of the circle do you get?

(d) If you use the interval-7 < 6 < 7w, how much of the circle do you get?

(e) What difference would you see if you used a slightly smaller upper endpoint in (c) or (d)?

4. In polar coordinates; = 1 is a description of the circle of radius 1 with center at the origin. However,
this is not the only example of a circle with a nice equation in polar coordinates. The rectangular equation
x?+y2 = 2x is easily seen to give a circle with centér 0) and radius 1, so that it passes through the origin
(note thatr = 0 andy = O satisfies the equation). To express this in polar coordinates;2usey? = r2
andx = r cos to getr? = 2r cost, and then divide by to getr = 2 cos.

(a) Plotr = 1, experimenting with different choices of interval for (For example, you can use the
suggestions in problem 3.)

(b) Plotr = 2cos) for —n/2 < 0 < /2. (These are two consecutive valueg dhat lead to- = 0.)

(c)Plotr = 2cos9 for 0 < 6 < 7/2, and identify which point on the graph corresponds to which end
of this interval of values of .

(d) Plotr = 2 cos9 for 0 < 6 < 27. Do you see any difference between this and the result of (b)?

(e) Combine the plots of (a) and (b) on the same axes and try to identify the points of intersection from
the graph. Then use the equations of the curves to locate these points exactly.



