Answers, Review Hour Exam Math 151 Workshop 6

1(a) Domain: (—o0,4]; Range: [0,00). Here f(z) =+/4 — z is defined if and only if 4 —z > 0, or 4 > z.
Thus the domain is (—oo,4]. Likewise, if y = v/4 — z, then y > 0, and if, conversely, y > 0, the equation
can be solved for z, e.g., 4 — x = 32, or x = 4 — y2. Thus, the range is [0, 00).

1(b) Domain: [-2,2]; Range: [0,2]. Ify=+4 — z2, theny > 0, and squaring, y2> = 4—z2, or 22 +y2 = 4.
Thus, all points on the graph of y = f(x) lie on the circle with center (0,0) and radius 2. Since also y > 0,
the graph is the top half of this circle. Thus, the domain and range are as indicated.

0
2(a) 3/5 We use hn}) % = 1. In this case, specifically, replace # by ax with a a constant. Since a is
90—
constant, # = ax — 0 is equivalent to £ — 0. Thus, lim sin az =1, or lim sin az = a. Thus,
z—=0 ax z—=0 T
i in(3 in(3 3
sin(3z) _ li sin(3z) = lim sin(3z) os(bz) = lim sin(3z)/z. -cos(bz) = (3/5)-1 = 3/5.

230 tan(5x)  z—0 sin(5x)/cos(5x)  =—0 sin(5z) z—0 sin(bz) /z

2(b) 5/2  lim (V2?24 5z —z) = lim (\/$2+5:1:—x)-( z +5c +2) = lim W =

T—>00 r—00 (\/$2+5$+$) —>00 \/$2+5$+$
li bT li b7 lim > 5/2
m = m = B ——— .
e=oo \/x2(14+5/z)+x <+ z\/1+5/z+x 2o\ /1+5/x+1
2 1 2
2c) 2/3  Tim 222 + 3z + 1 lim z*(2+3/z +1/z°) _
w00 /9z4 + 823 + 3z + 2 a0 Vz4(9 + 8/ + 3/x3 + 2/z%)
22(2+3/z + 1/?) ~ im 2+3/z+1/z? L 24+40+0 2

561520 22,/9+8/x +3/z% + 2/x* =T 9+ 8/z +3/z% +2/z* B xll*lgo VI+0+0+0 3
3. Tn this problem, f(z) = 1/v/. Then, f'(z) = lim f(x+h]3_f(x) = lim (1) (\/;T \}5) _
hm(f—\/aT)_hm((f—\/M) (f+\/ﬁ)):1.m< z— (z+h) )
h=0 \ hy/zVz +h =0\ hyzvz+h (Ve +Vr+h h—0 w\/ﬂT h(vz +\/F h)
h%(h«/ix/ﬁ(fﬂ/ﬁ)) HO(\/E\/JT(WJM/F) VT - f 2(Vz) w3/2

1
4. The graph of y = f(z) = 2 + = together with the tangent line at z = 1, Y
& T

whose equation is calculated in part (b) below appears at the right.

1 d 1
4(a) Since y = f(z) =23 + =, A f'(z) = 3z® — — If the tangent line
z’ dx z?

d 1
is horizontal for a given value of z, then d—y =0, or 3z° — — = 0. Thus, z
z T
3z —1 =0, or 3z* = 1. Thus, z = +1/3'/4, or equivalently = = +3~1/4.
4(b) At z =1, y = 2, and dy/dz = 3 —1 = 2. Thus, the equation of the
tangent line is y — 2 = 2(z — 1), or y = 2z.

50) (Vo aa 4 0) = (@t + 4z +0Y7) = (1/2)(* + 4o+ 4) 2 (4a® + 4) = %

5(b) i(ac2sin3(zzr;4)) = i(ar;z)-sin?’(x‘l) + xzi(sin?’(x‘l)) = 2z sin®(z*) + x2(3sin2(x4))i(sin(x4)) =
dx dr dx dx

2z sin3(z*) + 22(3sin?(z*)) (cos(z*)-423) = 2z sin®(z*) 4 122°sin®(z*)cos(z*).

5(c) d(i (3726_“”3) = % (z%) e —I—xQ% (e_”’3> =2ze " + :1:2(6_“3(—3:1;2)) = (2z — 3z%)e”

6. Let y = f(z) = e”/(e” + 1). Then, (e* + 1)y = €”, or ey +y = e”. Thus, e — e’y = €*(1 —y) = v,
or e® = y/(1 —y). Taking In( ) of both sides, z = In(y/(y — 1)). Thus, ¢g(y) = In(y/(y — 1)), or g(z) =
In(z/(z — 1)), or g(z) = In(z) — In(z — 1).

7. Since log,,(5) = a, log,, (27) = b, log,, (32) = ¢, u® = 5, u® = 27, and u® = 32. Thus, it follow that:
u2a+(1/3)b—(2/5)c — u2au(1/3)bu(—2/5)c — (ua)Q(ub)1/3/(uc)2/5 — 52(27)1/3/(32)2/5 — 523/4 — 75/4.



8. Here, f(1) =2, f'(1) = 4. Also, g(z) =z* —z +1,¢'(z) = 423 — 1, and so g(1) = 1,¢'(1) = 3. Thus,
(a) (f9)' (1) = f()'()+()()—23+1-4:10

(b) (£/9)'(1) = (g(1)f'(1) — F(1)g'(1))/9(1)* = (1-4 —2-3)/1* = 2.

(©) (fog)(1) = f'(g(1))g'(1) = f'(1)g'(1) =4-3 =12 Y|

9(a) Since f is to be continuous, the left and right hand limits at each
point must be equal. At £ = —1, the left hand limit is —1 + A and
the right hand limit is 1, and so —1 4+ A = 1, or A = 2. Evaluating
the left and right hand limits at x = 1 gives 1 = 14+ B, or B = 0. ‘ ‘ ‘ ‘
Thus, A =2,B = 0. 9(b) The graph appears to the right. | | | T
9(c) The function f fails to be differentiable at = 1 and z = 0, since
the graph has cusps at these points. More precisely, if /(1) exists,

then 1(1) = tim UEW =IOy LOEW SOy, SO0 Z10)

h h—0t h h—0— h

f+h) - f(1)
h—0~ h

1+h)—f(1
derivative of x at £ = 1, and so is 1. Similarly, the right hand limit, lim+ f+ })l )
h—0

at x =1 of 1/z + B = 1/z. Thus, it is —1/z2, evaluated at = = 1, i.e., is —1. Since the left and right hand
limits differ, the derivative f'(1) does not exist. Similarly, at z = 0 the derivative f’'(0) does not exist.
10(a) With f(z) = 2 + x — 1, then f(0) = —1 and f(1) = 1. By the intermediate value theorem, there is
a point r with 0 < r < 1, so that f(r) =0, i.e., f has a root in (0,1).

10(b) Since also g(0) = —1 and g(1) = 1, g has a root in (0, 1).

10(c) Here, g(0) = ~1,9(3) = gr+5- 144 (3) (=5) (~5) = 5722, 9(3) = g +3-144(3) (-3) (3) =
=1-24 (1) = 1. Suppose that A > 17/2. Then, g(0) < 0, g(3) > 0, g(2) < 0, g(1) > 0. It follow that g
has roots in each of the intervals (0, 3), (3,3%), (3,1), ie, g has at least 3 roots in [0, 1].

Now to the left of
z =1, and near z = 1, f(z) = |z| = z, since £ > 0. Thus, the left hand limit, lim , is the

, is the derivative

13/ 1373
1 1 1
11. Since z — oo, we may assume z > 0. Thus, 22 < 22 + z, or ——— Thus, 1f — < —
) . . 1 2+ 1:2 106
: 6 2 3 — 103
g < 2 = 106 B t 106, is equivalent to 10° < z=, olr 10° < z. Thus, we take M = 10°.
Then, if z > M, 2 + x > 10% + 103 > 10%. Thus, —— < —.
d d d xzc—;m 10° d d d
12(a) Differentiating, %(;3) + %;3:1;2@ + E(y?’) Z %(5) :2 0, or 3z% + 3%(302)-3/ + 3x2£ + 3y2£ =
2 24y 20Y . y o+ 2xy
0. Thus, 3.%' + 6.Z'y + 31‘ % + 3y % = O SOlVlng, % = —W

12(b) Evaluating dy/dz at (z,y) = (1,1) gives the slope as —3/2, and from this the equation of the tangent
lineisy —1=(-3/2)(x — 1), or y = —(3/2)x + 5/2.

12(c) (0,5'/3),(=2,1).  If the tangent line is horizontal, dy/dz = 0, and so z> + 2zy = 0, or z(z +
2y) = 0. Thus, z = 0, or x = —2y. In both cases, replace z by the preceeding expression in the
equation z3 + 322y +y% =5. If z = 0, we obtain y® = 5, or (z,y) = (0,5'/3). If z = —2y, we obtain
—8y3 +12y3 +y2 =5, or 5y® = 5, or y = 1. Since z = —2y, (z,7y) = (—2,1).

d
13. In this problem, d—y = 2z — 1. Since (a,b) is on the parabola y = 22 — z, (a,b) = (a,a® — a). The slope
x

of the tangent line at point (a,b) is 2a — 1. Thus, the equation of the tangent line at (a,b) is y (a®? —a) =
(2a—1)(z —a). Since (2,1) lies on this line, 1 — (a —a) = (2a—1)(2—a), or —a®*+a+1 = —2a’>+a+4a—2,
ora’?—4a+3=(a—1)(a—3)=0. Thus,a =1 or a = 3. Thus, (a,b) = (1,0) or (3,6).
14. In the first graph, y = f(z), the graph crosses the z-axis in 4 places and has a horizontal tangent line
in 5 places. It follows that f has 4 roots and f’ has 5 roots.

In the second graph, y = g(z), the graph crosses the z-axis in 3 places and has a horizontal tangent line
in 4 places. It follows that g has 3 roots and g’ has 4 roots.

Then f' # g, since f’ and g have a different number of roots. Thus, ¢’ = f, i.e., the first graph is the
graph of the derivative of the function in the second graph.



