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0. Introduction and Setup. The general solution of the first-order, linear, constant-
coefficient system

dY

dt
= MY, (1)

whereM is ann by n matrix, can be described in terms of a matrix exponentialeMt .
The exponential can be defined by apower series. A closed-form expression can be recovered from

this by studying properties of the powers ofM . However, this would take time away from the study of
differential equations.

A more useful definition is thateMt is the unique solution ofdY/dt = MY with Y(0) = I . This essay
shows examples of the use of this characterization. More general examples have been considered, but the
cases illustrated here will serve as models for all examples in this course. Details have been skipped, but the
results are easily checked. Theexistence and uniqueness theoremapplies to systems, so once you know
that you have a solution to an initial value problem, it must be the only solution, and the method that finds
it can be considered valid. A wrong answer is useless even if you are able to show your acquaintance with
many theoretical concepts.

1. Eigenvectors and Projections. The textbook chooses todefine the matrix
exponential by a formula involving the eigenvalues and eigenvectors ofM . This works reasonably well if
n = 2 and the matrixM has integer entries and a characteristic polynomial that factors to reveal distinct
integer eigenvalues. The determination of eigenvalues is easy in this case.

Example 1. Let

M =

[
5 −4
3 −3

]
A formula for the characteristic polynomial of a 2 by 2 matrix can be found by expanding det(M − λI ) for
a matrixM all of whose entries are distinct variables. The result is that the characteristic polynomial in this
case isλ2

− (tr M)λ+ (detM), where trM denotes thetrace of the matrix which is thesum of the diagonal
elements. The trace is also thesum of the rootsand the determinant is theproduct of the roots. For this
matrix, trM = (5) + (−3) = 2 and detM = (5)(−3) − (−4)(3) = −15+ 12 = −3 so the characteristic
polynomial isλ2

− 2λ − 3. This is easily seen to have roots 3 and−1 corresponding to the factorization
(λ − 3)(λ + 1). These roots are the eigenvalues ofM . To find the eigenvectors, subtract the eigenvalue
from the diagonal ofM and find anon-zero column vectorsuch that the product of the modified matrix
with the column is azero vector. Such a vector must exist.If you can’t find one, then you have made
a mistake. Any nonzero multiple of an eigenvector is also an eigenvector, so you can choose one that is
easiest to write. Also, note that subtracting the root is equivalent to forming the factor of the characteristic
polynomial evaluated at the matrixM . Thus,

M − 3I =

[
2 −4
3 −6

]
and M + I =

[
6 −4
3 −2

]
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For each of these matrices, each row says the same thing about a column that it can multiply to give zero:
for M − 3I , the entries in the column are proportional to(2, 1); for M + I , the entries are proportional to
(2, 3). It is customary to say that these vectors arethe eigenvectors, although any nonzero multiple would
do just as well.

The general solution of the differential equationdY/dt = MY is

Y = c1

[
2
1

]
e3t

+ c2

[
2
3

]
e−t .

If you check this by substituting this expression in the equation, the role of the eigenvalues and eigenvectors
will be clear. To get the matrix exponential, you need to find values ofc1 andc2 that give a value ofY
whose value at zero is the column whose entries are(1, 0) and values ofc1 andc2 that give a value ofY
whose value at zero is the column whose entries are(0, 1). The correspondingY are the first and second
columns, respectively, ofeMt . These equations can be solved becauseeigenvalues for different eigenvalues
are always linearly independent. These equations are easy enough to solve that we just give the answer,
leaving details to the reader.

eMt
=

1

4

[
6e3t

− 2e−t 4e−t
− 4e3t

3e3t
− 3e−t

−6e−t
− 6e3t

]
=

1

4

[
6 −4
3 −6

]
e3t

+
1

4

[
−2 4
−3 −6

]
e−t

=
1

4

(
(M + I )e3t

− (M − 3I )e−t )
This suggests thateMt can be found without all of the computation suggested by our definition. It also
reveals that, not only are the columns of the factors(M + I ) and(M −3I ) eigenvectors forthe other factor,
but they can be scaled to be exactly what is need foreMt . The nature of the scale factor will be considered
after the second example.

Example 2. The computation becomes more difficult for larger matrices, but there is one case that is
fairly easy. Consider

M =

[ 3 2 4
0 1 1
0 0 −1

]
.

Such a matrix is calledtriangular because the entries on one side of themain diagonal are zero. This
diagonal from upper left to lower right plays a special role: it gives the locations of the 1’s in the identity
matrix, so it coincides with the entries modified in calculating the characteristic polynomial. Since the
determinant of a triangular matrix is the product of the diagonal entries, it follows that the eigenvalues of
a triangular matrix are just the diagonal entries. In this example, the eigenvalues ofM are 3, 1 and−1. If
these are all different, each eigenvalue will lead to a different eigenvector. Sums of these vectors, multiplied
by arbitrary constants and the functionseλt , are solutions ofdY/dt = MY. General principles guarantee
that these eigenvectors are linearly independent, so values of the constants can be found to satisfy any initial
conditions.

The eigenvectors are the columns whose products with theM − λI are zero, so the first step in finding
eMt is to construct

A = M − 3I =

[ 0 2 4
0 −2 1
0 0 −4

]
B = M − I =

[ 2 2 4
0 0 1
0 0 −2

]
C = M + I =

[ 4 2 4
0 2 1
0 0 0

]
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By solving systems of equations, the entries of the eigenvectors are seen to be proportional to(1, 0, 0),
(1, −1, 0), and(3, 2, −4). These are the columns in the matrix of coefficients of the equations that need to
be solved to find the coefficients in the general solution that match given initial conditions.

The work needed to do this is not difficult, but it takes long enough that errors may creep in. We can
take advantage of the special form of the matrix to give a short method that can be seen to giveeMt more
directly and in a form that includes several checks that can be used to avoid mistakes. First, form

BC =

[ 8 8 10
0 0 0
0 0 0

]
C A =

[ 0 4 2
0 −4 −2
0 0 0

]
AB =

[ 0 0 −6
0 0 −4
0 0 8

]

A general principle, called theCayley-Hamilton Theorem, says that substituting a matrix into its char-
acteristic polynomial always yields zero. Thus, the columns of these matrices will be eigenvectors for the
eigenvalue that wasnot used in producing its factors. Form this, it follows that the square of each these
matrices is a constant multiple of itself. For example, the columns ofBC are eigenvectors for the eigenvalue
3. SinceM acts like multiplication by 3 onBC, B = M − I acts like multiplication by 3− 1 = 2 and
C = M + I acts like multiplication by 3+ 1 = 4. Thus(BC)2

= 8(BC).
The matrices(1/8)BC, (−1/4)C A and(1/8)AB act on the eigenvectors by sending two of them to

zero and acting like the identity on the third. This can be used to separate the components in an expression
of a general vector as a linear combination of eigenvectors. From this, it follows that

eMt
=

1

8
BCe3t

−
1

4
C Aet

+
1

4
ABe−t .

As with other techniques developed to solve differential equations, it is not necessary to have a complete
proof of the formula to use it with confidence, since it is easy to check in any individual case that the derivative
of the matrix is its product withM and the value att = 0 is the identity matrix.

In Example 1, eachM − λI already has a square that is a scalar multiple of itself. Dividing by these
factors, which are±(λ1 − λ2), gives the coefficients seen in that example.

The method of Example 2 works for triangular matrices of any size with no repetitions on the diagonal.
Each diagonal entry is an eigenvalue, and for each eigenvalueλ, the coefficientEλ of eλt in the expression
for eMt is a scalar multiple of the product of(M − µI ) for all of the other eigenvaluesµ. There is even a
shortcut for finding those multiples. EachEλ has zero on the diagonal except in the position occupied byλ

in M , so that position must contain the number 1. After multiplying the(M − µI ), it is only necessary to
divide by the only nonzero quantity on the diagonal. As with any shortcut, the result should be checked by
showing that the entries in the off-diagonal positions of allEλ sum to zero. Although the computations in
this method are immune to most common computational errors, they should not be accepted until they are
checked. Fortunately, the check is also very easy.

2. Complex Eigenvalues. The direct method for constructioneMt is even more impressive
in the case of complex eigenvalues. First, look at the method described in the textbook, skipping details.

Suppose now thatn = 2 and the eigenvalues ofM are r ± si with s 6= 0. Then all entries of all
solutions ofdY/dt = MY can be expressed in terms ofe(r ±si)t . If the resulting expression is expanded and
the complex exponentialse(r ±si)t converted to real exponentials and trigonometric functions, then

eMt
= Per t cosst + Qer t sinst,

whereP and Q are 2 by 2 matrices of real numbers. It turns out to bemuch easierto identify P and Q
from this equation than tocalculatethem using eigenvectors. In particular, puttingt = 0 in this expression
leads (immediately!) to P = I .
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To find Q, we can differentiateeMt . For the discovery of the solution, it suffices to consider only the
value att = 0. This should beM , and direct calculation shows it to ber P + sQ. Since we haveP = I ,
knowing r ands allows us to obtainQ as(1/s)(M − r I ). The Cayley-Hamilton Theorem, which can be
verified by direct computation for 2 by 2 matrices, shows that the square ofQ is −I . A change to more
suggestive notation gives

Theorem 1. If n = 2 and M has eigenvalues r ± si, then

eMt
= er t (I cosst + J sinst). (E)

where I is the identity and J is characterized by M = r I + s J. Furthermore, J2
= −I so that it plays the

role of the number i in the algebra R[M ] generated by M over R.

This shows that theeMt can be written as soon as we know the eigenvalues, but we can make the solution
even simpler. The characteristic polynomial of a 2 by 2 matrixM can be written as

λ2
− tr(M)λ + det(M)

If the eigenvalues are complex, the rootsr + si are usually found bycompleting the square. Then,J is
found by subtracting ar I from M and dividing bys. We note ther is tr(M)/2, so we couldbegin this
processwithout solving the equation. Since the trace is alinear function of matrices, the matrixM −r I has
zero trace. For 2 by 2 matrices, this means that the diagonal entries are negatives of one another. This means
that one should pause after finding it to check that one has chosen the correct sign forr . Since det(J) = 1,
we must have det(M − r I ) = s2. For at least the matrices appearing in our exercises, it will be easier to
find det(M − r I ) than det(M). Moreover, the former iss2 while the latter needs further processing by the
quadratic formula or thecompleting the squareprocess.

Example 3. Let

M =

(
7 −13
2 −3

)
.

We have tr(M) = 4, so we form

M − 2I =

(
5 −13
2 −5

)
to get a matrix of trace zero. It is easily seen that this has determinant 1, so it isJ andM = 2I + J. Thus,
the eigenvalues are 2± i and

eMt
=

(
1 0
0 1

)
e2t cost +

(
5 −13
2 −5

)
e2t sint.

If there is any doubt, a straightforward evaluation of its derivative would show that this is correct. Note that
the initial conditions are clearly satisfied.
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General properties. The key to findingeMt in Example 3 was to consider the relation
between the exponentials of all matrices inR[M ], to selectJ as the matrix whose exponential was easiest
to find. The validity of this approach is based on the following result that we state without proof.

Lemma. If N M = M N, then NeMt
= eMt N. Also, NeMt

= eMt N implies that N M = M N.

Corollary. If AB = B A, then e(A+B)t
= eAteBt

Proof. Theproduct rule of calculus holds for matrix products provided that the order of factors is respected.
Thus

d

dt

(
eAteBt )

= (AeAt)eBt
+ eAt(BeBt).

The lemma allows this to be written as

AeAteBt
+ BeAteBt

= (A + B)eAteBt.

Thus,e(A+B)t andeAteBt have been shown to satisfy the same initial value problem, which requires that
they be equal.

The usual proof of this corollary generalizes the power-series proof of this result for the ordinary
exponential. The series are multiplied term-by-term and terms are first grouped by the degree int . The
binomial theorem allows us to recognize the terms of degreen as(A + B)ntn

Taking A = r I andB = s J allows(E) to be recovered from special cases.

More two by two matrices. For any 2 by 2 matrixM , if M = r I +Q, theneMt
= er t eQt.

We have seen that matricesQ of trace zero play a special role, andr can be chosen to reduce to this special
case. SinceeBt

= I cost + B sint when detB = 1, we can guess thateBt
= I cosht + B sinht when

detB = −1, and this is easily verified. As before, other negative determinants are covered by taking a
suitable constant multiple oft in this expression.

The definition ofeBt as a series also shows thateBt
= I + Bt when detB = 0. Again, however one

guesses this solution, a proof consists of showing that it satisfies(1) and reduces toI whent = 0. This use
of leading special casesseems much more robust than the traditional solution. Having derived the special
caseonce, they are available for as long as you remember them (which should be a long time). Extension
to other cases uses only theaddition formula for the exponential. Although this formula requires that the
matrices appearing in it commute, this property holds for the algebra of all polynomials in a single matrix.

Since there are formulas covering all matrices of trace zero, the reduction to this case can be done
before learning which case will apply.

Example 4. Let

M =

[
9 4

−9 −3

]
Then, trM = 9 − 3 = 6, so we should writeM = 3I + N to introduce a matrixN of trace zero. Here,

N =

[
6 4

−9 −6

]
In this case, detN = 0, soeNt

= I + Nt andeMt
= e3t (I + Nt). That is,

eMt
= e3t

([
1 0
0 1

]
+

[
6 4

−9 −6

]
t

)
.

As in the other examples, this is easily checked.
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Exercises. Find eMt for the following matricesM . Then, solvedY/dt = MY with the initial
conditionY(0) = v.

(#1) M =

[
23 −30
15 −19

]
, v =

[
2

−1

]
.

(#2) M =

[ 1 −2 −3
0 3 2
0 0 −2

]
, v =

[ 2
5

, −1

]
.

(#3) M =

[
1 6
4 −9

]
, v =

[
7

−1

]
.

(#4) M =

[
−7 25
−1 3

]
, v =

[
4

−3

]
.
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