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Phase Planes for Nonlinear Systems

Fall 2004

Introduction and Setup Chapter 9 introduces the key ideas ofnullcline, equilibrium point (also
calledcritical point ), separatrices, but definitions are spread over the chapter. This makes it difficult to
identify material that will be needed for exams. These notes collect definitions in one place and emphasize
techniques that should be mastered at the start of the study of nonlinear system.Exercises 5 – 16 of
Section 9.3, Exercises 1 – 6 of Section 9.4, andExercises 1 – 5 of Section 9.5are useful exercises for these
methods.

These systems we consider are allautonomous. That is, the independent variable in the equation is
t , (which usually represents time) and the expressions for the derivatives of the dependent variables in the
given system are independent oft . We fix the notation

dx

dt
= F(x, y)

dy

dt
= G(x, y)

(1)

used in Equation(1) of Section 9.2 for the system of equations in the two-dimensional case.
For autonomous equations, if

(
x(t), y(t)

)
is a solution of(1), so is

(
x(t + c), y(t + c)

)
. In other

words, two functions thatdraw the same curves in the same way with different starting pointssatisfy the
same systems(1). Once we have one way to produce a trajectory of a solution, the uniqueness theorem tells
us that an initial point on the trajectory leads to a solution that follows the same trajectory, differing only by
a translation oft . This allows the role oft to be pushed into the background with solutions represented by
trajectories parameterized by solutions(x(t), y(t)) in thexy-plane, which is called thephase plane. The
dependence ofx andy on t is needed to tellhow the trajectories is drawn by a solution to the equation, but
the set of points visited by the solution still contains useful information and is worthy of study. In particular,
we have noted that the solution determined by any point on a trajectory follows that trajectory, sodifferent
trajectories are disjoint. Alternatively,t can be eliminatedfrom the system(1) by dividing one equation
by the other to get

dy

dx
=

G(x, y)

F(x, y)
.

The trajectories are just the graphs of the solutions of this equation. However, the approach through the phase
plane is usually more useful. In particular, it treatsx and y in the same way — they are bothdependent
variables — so thegeometry of the phase plane becomes more important. Trajectories that are closed
curves can be considered assingle objectsinstead of cutting them up into arcs where one of the variables is
a function of the other.

Example of a direction field We have previously claimed, both in lecture and in labs, that
thedirection field of a differential equation, or system of equations, gives apicture of the behavior of the
solution. To get useful accuracy, a numerical method may be necessary, since it is rare to be able to find
exact solutions, but we have seen many examples where the shape of the graphs of solutions could be seen in
the direction field. Here is a secret: the equations in these examples were chosen very carefully to illustrate
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the desired conclusion. The direction field plotted by Maple usually has a cluttered appearance, with most
of the action taking place in a small part of the picture. Consider the system

dx

dt
= 7x − 12y

dy

dt
= 4x − 7y

(2)

The direction field of(2) is shown in Figure 1.
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Since the system islinear and homogeneous,
(

x(t), y(t)
)

=
(

0, 0
)

is a solution and all multiples of
a solution are also solutions. In particular, the picture would be identical if bothx andy were rescaled by
the same factor. Thus, the confusion and clutter in this direction field is anessential featureof the equation.
In spite of this, it is not too difficult to see that the origin is asaddle point, since some arrows seem to be
moving toward the origin and others move away. Still, it would be desirable to have a less cluttered picture
that retains some important features of the direction field.

Nullclines First, recall that a direction field is generated by evaluatingF(x, y) andG(x, y) at a grid
of points and using these values at a point(xi , yi ) in the grid to produce aunit vector in the direction of
the vector〈F(xi , yi ).G(xi , yi )〉 that will be drawn with its midpoint at(xi , yi ). The clutter in a direction
field is caused by trying to draw a vector atevery point of the grid. In those regions where the direction
is changing slowly, there aretoo many arrows, since they all have roughly the same direction; in those
regions where the direction is changing rapidly, there aretoo fewarrows, since the values at grid points don’t
provide a fair sample of all the directions at points of the region. The remedy is to decide on the directions
to be drawn first and, then, to select points at which〈F(x, y).G(x, y)〉 has those directions. Surprisingly, it
suffices to use onlydirections parallel to the axesand onlya few points for each direction. In particular,
vertical directions are characterized bydx/dt = 0, so the tangent lines are verticalpreciselyat points where
F(x, y) = 0. For many of the systems that we study, the solution to this equation is a curve that is easily
drawn. Any curve on whichF(x, y) = 0 is called anullcline of the system; so is any curve on which
G(x, y) = 0. If G(x, y) = 0, then the tangent lines are horizontal. In particular, this construction does not
require any information about the solution to the system(1). Figure 2 shows both the direction field of(2)

and the line on which the direction field is vertical.
Instead of just noting where the slope field is horizontal or vertical, we could find the curve where the

slope takesany fixed value. Such curves, calledisoclinesarejust as easy to findas the nullclines. They
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are available inthe equation itself— it is not necessary to solve the equation. This means that the isoclines
areusually not solutionsof the equation, but they provide important clues to theshapeof the trajectories.

The direction is changing so rapidly near this line that the arrows at grid points near the line do not
appear vertical in Figure 2. The only evidence of the validity of our claim is that the arrows above the line
point to the left while those below point to the right. We do not show the nullcline designating horizontal
tangents because it would be indistinguishable, at this resolution, from the one we have drawn. You can see
this by noticing that (with few exceptions) arrows point down when they point to the left and up when they
point to the right.

This clutter could be reduced by identifying other isoclines in a different part of the phase plane and
identify the directions along those curves.

Since the wordshorizontal andvertical are usedin the inclusive sense, it is possible for these nullclines
to intersect. A point of intersection of the different nullclines is a point at which bothdx/dt = 0 and
dy/dt = 0, so that theconstant function of t that takes this value is a solution of the system(1). Such
points are calledequilibrium points (or critical points ) of (1). In many of our examples,F(x, y) and
G(x, y) are polynomials, and it is possible that these polynomials factor. The curves whereany of these
factors are zero are the nullclines of the system. The equilibrium points are the intersections of curves
determined by one factor ofF and one factor ofG. Before attempting to use a graph of nullclines to identify
critical points, one should label the curves in some way to indicate whether they designate horizontal or
vertical tangents.Only points where curves of different designation meet are equilibrium points.More
generally, isoclines belonging totwo different directions intersect only at equilibrium points.

The direction field in the phase plane consists of vectors pointing in the direction of increasingt on
the a trajectory. In particular, on a nullcline where all tangent lines are horizontal, some of the arrows may
point to the right while others point to the left.Where can the direction reverse?On such a curve where
G(x, y) = 0, the sign ofF(x, y) provides the answer: the tangent points to the right ifF(x, y) > 0 at a
point and to the left ifF(x, y) < 0. All of our studies are based on an assumption thatF(x, y) andG(x, y)

are continuous functions (extensions to equations with tame discontinuities have been mentioned, but these
are dealt with by restricting to regions where the functions are continuous and splicing solutions together to
create the illusion of a continuous solution to the original equation), soF(x, y) can change sign on an arc
only at a point whereF(x, y) = 0. Since we are considering a curve whereG(x, y) = 0, these changes
occur only at equilibrium points . In a complete diagram showing both horizontal and vertical nullclines of
an equation, it is only necessary to have asingle arrow on each arc joining equilibrium point. Introducing
these arrows and removing the direction field gives Figure 3.

It is important to note that the nullclines are determineddirectly — and usuallyeasily — from the
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equation. They are usuallynot trajectories. Indeed, the only examples of nullclines that are trajectories
are of the formx = c with F(c, y) = 0 for all y or y = c with G(x, c) = 0 for all x. Since this system
has asaddle point at the origin, there are somestraight line solutions given by the eigenvectors. They
are slightly outside the narrow sector bounded by the nullclines. These straight line solutions areisoclines,
and are the main example of isoclines that are also trajectories. In the linear casey′

= My, they can be
found by identifying the eigenvectors ofM , which requires more work than simplychoosing a direction
and combining the expressions on the right sides of the equations to get an equation to sketch.

For the system(2), thenarrow sector between the eigenvectors contains solutions the approach the
origin in the direction of one of eigenvectors, then turn sharply and retreat from the origin in the direction
of the other eigenvector. During the sharp turn, the direction of motion includes the downward direction
detected by one nullcline and the rightward motion detected by the other.

The only evidence that both lines were drawn in Figure 3 is that there are horizontal and vertical arrows
in the picture. In Figure 4, we zoom in to a small window around(0.5, 0.3).
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The base of the arrow is at the point at which the direction was calculated, so we can see that the tangent
points downward on the upper line and to the right on the lower line. The sign of the vertical component of
the direction vector only changes on the lower line and the sign of the first component changes on the upper
line. Thus, on the regionbetweenthe lines, direction vectors point downand to the right. This is enough to
assure that trajectories crossing the region enter along the upper line, pointing downward and exit along the
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lower line, pointing to the right. In the first quadrant, above the top line, thehorizontal orientation changes,
so the slope field points down and to the left, while below the bottom line, the slope field points up and to
the right. In particular, there is nowhere in the first quadrant where the slope field points up and to the left.
In the third quadrant, all directions are reversed.

The competing species example Consider Example 1 from Section 9.4 of the textbook

dx

dt
= x(1 − x − y)

dy

dt
= y

(
3

4
− y −

1

2
x

) (3)

These equation describe two variablesx andy which, in the absence of the other, satisfy alogistic growth
equation. In addition, there is anxy term that has a negative coefficient in both equations. Thus, as soon
as both variables are positive, the growth of both is retarded. The model suggests that attention should be
confined to the region where both variables are positive. Since both linesx = 0 andy = 0 satisfy(3) (a
closer look shows that each is broken by an equilibrium point at the origin and one at the stable logistic value
into distinct trajectories), a trajectory that contain any point in the first quadrant remains in that quadrant for
all t . Although, it is possible that the equation may be ofmathematical interest outside the first quadrant,
only that part of the phase space will be considered here.

The linesx = 0 (which is they-axis) andx + y = 1 arenullclines designatingvertical tangents. Their
intersection at(0, 1) is of no particular significance.

The linesy = 0 (which is thex-axis) and 2x + 4y = 3 arenullclines designatinghorizontal tangents.
Their intersection at(3/2, 0) is of no particular significance. Figure 5 shows the nullclines for(3) with a
segment on the lines other than the axes showing designation of that nullcline.
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The equilibrium points are found by intersecting a line of the first type with one of the second. (A purely
algebraic approach to finding equilibrium points, without considering nullclines would exploit factorization
in exactly the same way.) This gives the followingcomplete list of equilibrium points: (0, 0), (0, 3/4),
(1, 0), (1/2,

1/2). Since the restriction to thex-axis is a logistic equation, both trajectories on the positive part
of thex-axis point toward(1, 0). This shows that the arrow at(3/2, 0) points to the left. The same must be
true of the segment of theother nullcline through that point between thex-axis and the critical point(1, 1).
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This allows us to add arrows on each piece of a nullcline between equilibrium points. The result is shown
in Figure 6.

From Figure 6, one sees, by considering the direction of arrows on the sides of the region, that all
trajectories in the region near the origin moveup and to the right, causing them to exit the region along
one of the boundaries inside the quadrant. There isno place that a trajectory can enter this region, so
extrapolating back tot = −∞ must lead to the equilibrium point(0, 0). In the region where bothx andy
are large, each trajectory movesdown and to the left. As in the first case, this leads to trajectories coming
from infinity to one of the interior lines, where it exits in the direction of the arrow on that segment. We
shall call both of these regionsquadrilaterals when we discuss this behavior in more detail later. A similar
analysis in the triangular regions shows trajectoriesentering along one of the sidesandnever leaving. The
allows only the possibility that a trajectory approaches(1/2,

1/2) ast → +∞.

Separatrices If we take a point inside one of the quadrilaterals as theinitial data
(

x(0), y(0)
)

for a solution to the competing species system(3), the solution is expected toleave the quadrilateral in
finite time. The quadrilateral is thuscut into a piece consisting of points where the trajectory starting at
that point leaves along one side of the boundary, and a piece where the trajectory leaves along the other side
(the axes can be excluded from this discussion since trajectories originating inside the region are disjoint
from the trajectories along the axes). There will be someexceptional pointsfor which wecannot decide
which edge they lead to. A closer look at the existence and uniqueness theorems will show thatsolutions
depend continuously on initial conditions(under suitable conditions that will be satisfied for all of our
examples). This allows us to conclude that the this classification by trajectory-exit divides the quadrilateral
into two largeconnectedsets separated by another connected set. As we allow theexit time to go to+∞,
the separating setbecomes a curve. Such a curve is called aseparatrix (the plural isseparatrices).

In the triangular regions, points are classified by where the trajectory through the pointentered the
region. Here, the axis is a limit of curves that enter along the outer edge, and all such trajectories can be
traced back to the boundary in finite time. This forces the separatrix to approach the equilibrium point
on the axis ast → −∞. In Figure 7, the arrows of Figure 6 are replaced bycomputed solutionswith
initial conditions (in themiddle of the computed solution) on the nullclines to illustrate the division between
solutions crossing different boundaries.

To summarize, equation(3) hasfour special trajectories. Each starts near a stationary point (or at
infinity) for t → −∞ and approaches the stationary point(1/2,

1/2) ast → +∞.

Linearization Suppose that we expandF(x, y) andG(x, y) in aTaylor seriesabout an equilibrium
point. In a case like(3), whereF andG are polynomials, this can be done by substitutingx = x0 + u and
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y = y0+v to get polynomials inu andv. Since this substitution givesdx/dt = du/dt anddy/dt = dv/dt,
the effect of the substitution on the differential equation is to create a new system in which the equilibrium
point (x0, y0) has become the origin in(u, v) coordinates. This process is known aslinearization.

Because an equilibrium point was selected, the series around that pointhas no constant term. Fur-
thermore, ifu andv are small, thenall terms of degree greater than 1 are very small. This means that the
solutions of the system near the equilibrium point will resemble the solutions of the linear equation obtained
by selecting only the linear terms in the series expansions ofF andG. For equation(3), it is easy enough
to do this at all four equilibrium points. For example, at(0, 0), removing the second degree terms leaves
dx/dt = x anddy/dt = 3y/4. Our study of linear systems tells us that, even when the equation is as easy
to solve as this, it is useful to write the system in matrix form as

d

dt

[
x
y

]
=

[
1 0
0 3/4

][
x
y

]
.

The matrix in this system isimmediately seen to have positive eigenvalues. This marks the point as an
unstable node. Since solutions of the nonlinear equation near(0, 0) are close to those of this linearization,
the same classification holds for the nonlinear equation. For the origin, the solution of the linearized system
is

〈
x = C1et , y = C2e3t/4

〉
, so thetrajectories have the formy = Cx3/4. This agrees with the analysis

based on nullclines, providing a check on our earlier work. Except for they axis, all trajectories have thex
axis as tangent at the origin (this was not apparent in Figure 7 since the separatrices approaching(1/2, 1/2)

through the triangular regions were emphasized there). However, the eigenvalues and eigenvectors of the
linearization give finer information about solutions near the equilibrium point.

Even if F andG are polynomials, theTaylor seriesapproach to linearization is usually preferred. Only
thelinear terms of F(x0+u, y0+v) andG(x0+u, y0+v) need to be retained, so any computation of terms
of higher degree will be discarded (and the computation of the constant term must give zero ifevaluated
correctly at a stationary point). Furthermore, there must be a separate computation at each stationary
point. It is usually better to compute the matrix

J(x, y) =

[ ∂F(x,y)
∂x

∂F(x,y)
∂y

∂G(x,y)
∂x

∂G(x,y)
∂y

]
and evaluate it at each equilibrium point to get the linearization at that point. This is inthe best spirit of
the calculus: a derivative is foundas a functionand evaluated at special places to get the quantities need
in an application.
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For (3), we have

J(x, y) =

[
1 − 2x − y −x

−y/2 3/4 − 2y − x/2

]
Substituting the coordinates of each critical point into this expression gives the matrices found in the textbook.
The eigenvectors at each equilibrium point give the directions of separatrices near that point.

A linear inhomogeneous example Consider this modification of(2)

dx

dt
= 7x − 12y − 9

dy

dt
= 4x − 7y − 5

(4)

We have met one method to solve this system: useundetermined coefficientsto find aparticular solution
in which x and y areconstant functions, and add the general solution of the homogeneous equation(2)

to obtain ageneral solution. Specialization of the approach used for nonlinear equations leads tosimilar
computations, althoughthe interpretation is different . This approach begins by finding theequilibrium
point, which is the simultaneous solution of 7x − 12y − 9 = 0 and 4x − 7y − 5 = 0. The solution is
(x, y) = (3, 1). Since there are no terms of degree greater than one inF(x, y) or G(x, y), the matrixJ is a
constant function ofx andy, so the expression of(4) in local coordinates at(3, 1) looks exactly like(2).

Polar nullclines In our analysis of Figure 4, we were able to use the direction of the vector field on
the nullclines to give detailed information about avery small part of the plane, but there were large sectors
where we only knew that trajectories entered across the nullclines and could not reach the origin. This led
to the conclusion that they must escape to infinity somehow, but it appeared that it would be necessary to
solve the equation to learn more. The equation is easy to solve in this case since(2) is a linear system, but
it would be useful to have some methods that could be applied in the nonlinear case.

If polar coordinates(r, θ) are introduced by the usual equationsx = r cosθ andy = r sinθ , then

r
dr

dt
= x

dx

dt
+ y

dy

dt

r 2 dθ

dt
= x

dy

dt
− y

dx

dt

(5)

and the right sides of these equations can be found — as functions ofx andy — from the original system
(1). In the important special casein which F(x, y) andG(x, y) arepolynomials, these new expressions
are also polynomials. The curves where the right sides of two equations in(5) are zero are used to extend
the usefulness of nullclines, but do not seem to have a standard name. In order to talk about their role,
we propose the use of the namepolar nullcline for curves on which eitherdr/dt or dθ/dt is zero. Their
geometric significance should be clear:dr/dt = 0 shows where trajectories are closest to (or farthest from)
the origin, anddθ/dt = 0 separates regions of counterclockwise motion about the origin, wheredθ/dt > 0,
from regions of clockwise motion.

If the origin is an equilibrium point, the series expansion of the expressions defining the polar nullclines
will have no constant termandno linear terms. Usually, the quadratic terms will completely determine
the behavior of the polar nullclines near the origin. The directions in which the quadratic part ofdθ/dt is
zero give thetangential directionsof that polar nullcline, which arethe directions of the eigenvectorsof
the linearization at the origin. This characterization of eigenvectors may also be derived by equating the
ratio of components inv andMv.
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If F(x, y) andG(x, y) are polynomials, it is also useful to consider the terms oflargestdegree. These
are the terms that dominate whenx andy are large, so they can be used to identify the behavior of trajectories
“at infinity”.

If there areseveral equilibrium points, it might be useful to consider all translations of coordinates
that make one of them the origin and set up polar coordinates in all of those systems. There will be different
polar nullclines for each of these choices. The behavior near the origins of those systems must reflect the
different linearizations at the different equilibrium points. However, the behavior at infinity will be the
same for all of these choices, since translations of coordinates only change the terms of degree less than the
maximal degree of a polynomial.

There are still some cases in which this approach doesn’t quite work. A simple example in which these
methods work well enough to get close to uncovering all qualitative features of the system is

dx

dt
= y − x

dy

dt
= x2

− y
(6)

Figure 8 shows nullclines and some trajectories for this system.
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