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Introduction The fourth segment of the course works through Chapter 5 of the text onSeries
Solutions of Differential Equations. All equations dealt with in the text arelinear andhomogeneous
and most have coefficients that are polynomials in the independent variable (which is usuallyx here). The
examples are allsecond order. If they were first order, there would be the temptation to get a closed-form
solution by the methods of Chapter 1. Higher order equations can be solved using the same method, although
the computation would be more tedious. Indeed, most equations that we consider here have a special form
that only appears in second order equations in which there is one special solution that only contains even
powers of the independent variable and another that only contains odd powers.

Many of these equations have been found to have useful applications and are named after someone who
determined interesting properties of the equation or its solutions.

Althoughonly linear homogeneous equations are studied in this course, series solutions of nonlinear
equations can be found in a similar way, and the solution in the linear case may become clearer if it is
extended to anundetermined coefficientsmethod for nonhomogeneous equations.

Differential operators The textbook introduces names for the coefficients of the equation.
Equation(1) of section 5.2 is

P(x)
d2y

dx2
+ Q(x)

dy

dx
+ R(x)y = 0

to declare that x is the independent variable, P(x), Q(x), and R(x) aregiven functions ofx (usually
polynomials), and thaty is thedependentvariable. Asolution of the equation is an expression givingy as
a function ofx.

For some purposes, it is convenient to havefixed namesfor the coefficients of the equation. In particular,
if there were a formula for the solution in terms of the coefficients, the formula would use this notation, and
the process of solving the equation would consist ofidentifying P(x), Q(x), andR(x). The main step in
the solution would be to manipulate a given equationalgebraically to reveal these functions.

The method proposed here will beless rigid. It will only be required that the equation be tested for
being linear andhomogeneous. This means that the equation must be written as a sum ofterms, each
of which is a function ofx multiplied byexactly onefactor that is a derivative ofy to some order.Zero
order differentiation , giving y itself, is allowed, and almost always present. In particular, Bessel’s equation
(treated in detail in section 5.8) could be met as

x2 d2y

dx2
+ x

dy

dx
+ x2y = ν2y,

with constantν, and the only algebra required would be to rewrite it as

x2 d2y

dx2
+ x

dy

dx
+ x2y − ν2y = 0.

Only zero survives on the right side, and thefour terms on the left side have the required form. It is not
necessary tocollect terms having the same order of differentiation. The notation used in this essay will be
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to introduce the nameL[y] for the left side of the equation, and to refer to it as adifferential operator . A
homogeneous equationwe are trying to solve is thenalways L[y] = 0. This convention has been used
informally elsewhere in the course. In particular, when nonhomogeneous equations were considered, they
were often referred to asL[y] = g(x) in order to have a way to describe the related homogeneous equation
asL[y] = 0.

You know thaty(x) is a solution of an equationL[y] = 0 if the computation of L[y(x)] simplifies
to zero. Therefore, akey step in any solution must be theevaluation and simplification of L[y(x)]
for given test functions y(x). This idea was exploited inundetermined coefficientmethods for solving
nonhomogeneous equations. When solving an equation in series, the test functions are just the pure powers
xk. For linear equations, the effect of the differential operatorL on any polynomial can be found once
the effect on powers is known. The textbook accomplishes this by introducing names for the coefficients
of the polynomial and writing an expression for the action of strongeach term ofL[y] on the sum. The
expression is only simplifiedafter it is written in this form. However, it ismuch easierto simplify L[xk]
for individual k and to introduce the coefficientsafter performing these simplifications. No “shift of the
index of summation” is required, becausethere is no index of summation. Therecurrence formula for
the coefficients ofy(x) that is the goal of this approach is only sought after a few instances of the formula
have been obtained. If the goal is only to obtain a few terms of the series, the general recurrence formula
needneverbe found. The equations determining the coefficients of the series are foundone at a time, and
the relevance of the method of solution is alwaysvisible. There is no mysterious formula to memorize.

Ordinary points If the equation satisfies the hypothesis of the Existence and Uniqueness Theorem
at a point, that point is calledordinary . Other points are calledsingular. For second order linear equations
whose coefficients are polynomials, the only singular points are the roots of the coefficient ofd2y/dx2

(called theleading coefficientof the equation).
In almost all examples, our solutions will be assumed to be of the form

y =

∞∑
k=0

akxk. (1)

Suchpower seriesare known to converge in sets of the form

{ x : |x| < r }

that are symmetric intervals aroundx = 0. It is useful to allowcomplex values ofx, and this property
persists to obtain acircle of convergence in the complex plane. We make no direct use of this, but we present
the followingfact: the series solution(1) of a differential equationconverges in the largest circle around
the origin that does not include a singular point of the equation. In particular, if the leading coefficient
is a constant, all points are ordinary and the series has an infinite radius of convergence, which requires that
|ak| approaches zerorapidly — the series forex is a typical example.

If it is ever necessary to consider series in powers of(x−x0) to describe solutions with initial conditions
at pointsx = x0 with x0 6= 0, it will usually be best to make anexplicit change of variableu = x − x0 in
the equation. Sincedx/du = 1, we havedy/du = dy/dx, so this process is only an algebraic change of
variables on the coefficients. The equations that we consider are simple enough that this change of variable
is easier than including abase pointin our work with power series. Indeed, after changing the variable, we
may recognize an equation that we have already solved.

If the leading coefficient is 1+ x2, there are no real singular points, butx = ±i are singular. The
series(1) will have radius of convergence 1. If the series obtained for the solution withparticular initial
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conditions at x = 0 is used to find the value of the solution and its derivative atx = 1/2 (which is within
the interval of convergence), those values could be used to find a series representthe samesolution as a
series in powers of(x − 1/2). The distance from 1/2 to ±i is

√
5/2, so this series will converge as far as

(1 +
√

5)/2. The initial conditions atx = 1/2 can be found from those atx = 0 by using the original series.
This is an example ofanalytic continuation producing series onoverlapping intervals. Repeated use of
this technique can extend the original solution to all realx.

Initial conditions For second order equations at an ordinary point, there will be a unique solution
to the equation for anyinitial conditions giving values ofy(0) and y′(0). Substitutingx = 0 into the
series(1) tells us thata0 = y(0). Differentiating(1) term-by-term and substitutingx = 0 into the result
tells us thata1 = y′(0). (While the validity of these operations requiresproof, the results are correct for
the functions that we meet in this course, allowing series to be manipulated exactly likepolynomials with
infinitely many terms.) To solve the equation, one simply substitutes the series(1) into the equation and
collects all terms of the same degree in the result. The coefficients of the resulting seriesmust all be zero
for a solution of a homogeneous equations. This gives a sequence of linear equations in theak. We will see
that the constant term of the result involves onlya0, a1, anda2; the linear term involves these together with
a3; and, in general, the coefficient ofxm involvesak with 0 ≤ k ≤ m + 2. In particular, eachonenew term
introducesonenewak. This allows allak to be found in terms ofa0 anda1. The connection between theak

and the standard form of initial conditions tells us that this is the right way to organize the process of solving
infinitely many equations. Wherever we stop, we will have all the terms of the series through some degree,
and the conventional use of series treats these polynomials as a sequence of approximations to the function
represented by the series.

In particular, the exam problems in this course will ask for a small number of initial terms of a series
solution, so they can be found by finding apolynomial P for which L[ P] has no terms of low degree.

In many cases, the sequence of equations can be described by a single equation involving a parameter
representing the degree of the term inL[y] that can be solved to get a recurrence formula for theaj . We do
not follow this direction in most examples, preferring to concentrate on the obtaining thenumerical values
of the initial terms in the series.

Exploiting linearity Instead of forming one complicated expression involving theak, we have
proposed organizing the work around computing expressionsL[y], that are equivalent to substituting only
the y = xk into the equation. For example, consider the equation in Exercise 9 of Section 5.2:

(1 + x2)
d2y

dx2
− 4x

dy

dx
+ 6y = 0.

Here,

L[y] =
d2y

dx2
+ x2 d2y

dx2
− 4x

dy

dx
+ 6y

Here are the first few values ofL[xk]:

L[1] = 6
L[x] = 2x

L[x2] = 2
L[x3] = 6x
L[x4] = 12x2

+ 2x4

L[x5] = 20x3
+ 6x5
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We have arranged these results with terms of the same degree arranged in columns. Linearity gives the
equation

L
[∑

akxk

]
=

∑
akL[xk]

which tells us to multiply therows by a0,a1,a2,a3,a4,a5 and add thecolumnsto get the equations in the
ak that say that the series(1) satisfies the differential equation. In this case, those equations are

2a2 + 6a0 = 0
6a3 + 2a1 = 0

12a4 = 0
20a5 = 0

In each of these rows, the first term is a multiple of theak, starting witha2, that will be found by solving
that equation, and the other terms have smaller subscripts. For this equation, we find thata2 = −3a0,
a3 = −a1/3, buta5 = a4 = 0. Additional equations will show that all subsequentak = 0. All solutions of
this equation are polynomials, since the general solution is

y = a0
(

1 − 3x2 )
+ a1

(
x −

x3

3

)
.

Although we only expected a series with a radius of convergence of 1, we found polynomial solutions. The
pointsx = ±i are still singular, since Abel’s theorem tells us that theWronskian of a basis for the solutions
will be a constant multiple of(1 + x2)2, which you could verify directly for this basis. The singularity is
due to all solutions having the same value ofy′(x)/y(x) at x = i or x = −i .

Parameterizing the solutions in terms ofa0 anda1 allows the solution satisfying given initial conditions
andx = 0 to be written immediately.

Solutions will rarely be this simple, but we should organize work so thatsuch good fortune doesn’t
become an obstacleto getting the correct answer.

If we needed additional rows in this table, they could be derived from the general formula

L[xk] = (k2
− 5k + 6)xk

+ (k2
− k)xk−2

Thus, there are at most two terms, but the second term is zero ifk = 0 or k = 1 and the first term is zero
if k = 2 or k = 3 (these special cases were noted in the discussion above). The process ofadding the
columns involves identifyingxm as appearing only whenm = k or m = k − 2. The total coefficient ofxm

is (
(m + 2)2 − (m + 2)

)
am+2 +

(
m2

− 5m + 6
)
am.

Setting these expressions equal to zero gives therecurrence formula

am+2 =
(m − 2)(m − 3)

(m + 2)(m + 1)
am

that computes theak in order. In this case, the recurrence tells us thata4 = a5 = 0 and then all successive
am = 0. In this form, itfails to apply whenm = −1 or m = −2, corresponding to the fact thata0 and
a1 areallowed to be nonzerowhile am for m < 0 must be zero. Thisalways happenswhen building a
series solution at anordinary point , and a variant on this theme will appear in themethod of Frobenius
for finding solutions atregular singular points that will appear later in this essay.
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A useful family of equations This example is a special case of the equation

(a + bx2)
d2y

dx2
+ cx

dy

dx
+ (r + sx2)y = 0. (2)

with constantsa, b, c, r , s (the gap in naming the coefficients results from avoiding letters that are not usually
used as names for coefficients since they have fixed meaning elsewhere). The pointx = 0 is an ordinary
point if a 6= 0.

Again, the left side will be denotedL[y] and we find

L[xk] = ak(k − 1)xk−2
+

(
bk(k − 1)+ ck + r

)
xk

+ sxk+2

You should not treat this as aformula — it merely echoes the terms that appear when you computeL[xk]. It
is given here to show the result of the calculation that is adirect translation of the symbolL[xk]. This allows
a theoretical discussionof this family of equations. In particular, the formula reminds you that a termxm

appears in such an expression only ifm = k − 2, m = k or m = k + 2. To obtain therecurrence formula,
these conditions are solved fork in terms ofm to givek = m+ 2, k = m, andk = m− 2, respectively, and
the terms inxm in theseL[xk] combined (in the examples,k indexes therows andm indexes thecolumns).
Whena 6= 0, thexk−2 has a zero coefficient precisely whenk = 0 or k = 1, for whichk − 2 is negative.
There is an additional simplification whens = 0 removing thexk+2 term. If s = 0, the recurrence formula
givesam as an explicit multiple ofam−2 for all m ≥ 2. Otherwise, there is athree term recursion that gives
am+2 in terms ofam andam−2 (the latter term is assumed to be zero whenm = 0 or m = 1) for m ≥ 0. In
all case, the values ofa0 anda1 arefound from the initial conditions .

The Hermite equation Exercise 21 of Section 5.2 deals with the equation

y′′
− 2xy′

+ λy = 0

which is known as theHermite equation. Here,λ is a constant. The solutions of the equation for various
λ will be described. Denoting the left side of this equation byL[y], we find

L[xk] = k(k − 1)xk−2
+ (λ− 2k)xk.

In particular,
L[1] = λ

L[x] = (λ− 2)x
L[x2] = 2 + (λ− 4)x2

L[x3] = 6x + (λ− 6)x3

L[x4] = 12x2
+ (λ− 8)x4

L[x5] = 20x3
+ (λ− 10)x5

Multiplying row k by ak and adding gives the following results as the sums of the columns

2a2 + λa0 = 0

6a3 + (λ− 2)a1 = 0

12a4 + (λ− 4)a2 = 0

20a5 + (λ− 6)a3 = 0
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which are instances of the recurrence formulam(m − 1)am + (λ− 2m + 4)am−2 = 0, that asserts that the
coefficient ofxm−2 in L[y] is zero. Insolved form, this says

am =
2m − 4 − λ

m(m − 1)
am−2.

Again, we see a denominator ofm(m − 1) corresponding to the fact thata0 anda1 are determined from
initial conditions whileam = 0 for m< 0. Thesolved form of the recurrenceis only used form> 1, but
this restriction is possible only because the principal form of the recurrence allows arbitrary values ofa0 and
a1 while terms whose index is not a nonnegative integer are zero. The numerator shows thatone solution
will be a polynomial whenλ is a positive even integer. For example, whenλ = 6, one hasa5 = 0 which
leads toam = 0 for all larger odd numbers. The solution witha0 = 0 anda1 = 1 is x − (2/3)x3, while the
solution witha0 = 1 anda1 = 0 is the infinite series

1 − 3x2
+

1

2
x4

+
1

30
x6

+
1

280
x8

+
1

2520
x10

+ . . .

The Legendre equation Exercises 22 through 29 of Section 5.3 deal with the equation

(1 − x2)y′′
− 2xy′

+ α(α + 1)y = 0

which is known as theLegendre equation. Here,α is a constant. Later, we will specializeα to an integer,
but it is convenient to writeβ = α(α+ 1) while describing the series solution of the equation. Denoting the
left side of this equation byL[y], we find

L[xk] = k(k − 1)xk−2
+ (β − k2

− k)xk.

In particular,

L[1] = β

L[x] = (β − 2)x
L[x2] = 2 + (β − 6)x2

L[x3] = 6x + (β − 12)x3

L[x4] = 12x2
+ (β − 20)x4

L[x5] = 20x3
+ (β − 30)x5

Multiplying row k by ak and adding gives the following results as the sums of the columns

2a2 + (β)a0 = 0

6a3 + (β − 2)a1 = 0

12a4 + (β − 6)a2 = 0

20a5 + (β − 12)a3 = 0

which are instances of the recurrence formulam(m−1)am + (α−m+2)(α+m−1)am−2 = 0, that asserts
that the coefficient ofxm−2 in L[y] is zero. Insolved form, this says

am =
(m − 1 + α)(m − 2 − α)

m(m − 1)
am−2.
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As in the case of the Hermite equation,a0 anda1 are determined from initial conditions whileam = 0
for m < 0, and the solved form of the recurrence is only used form > 1. Whenα is an integer, the
recurrence shows that some coefficient is zero, and all larger coefficients of the same parity are also zero.
In particular,am = 0 for m = α + 2 andm = 1 − α. Only integer values ofm greater than 1 appear in
this recursive definition ofam, so exactly one of these is relevant for any integer value ofα. In particular, if
α ≥ 0, am+2 = 0. Since the recurrence relates terms with indices differing by 2, one of the solutions is a
polynomial of degreeα. If α is even, the solution withy(0) = 1 andy′(0) = 0 is such a polynomial; ifα is
odd, the solution withy(0) = 0 andy′(0) = 1 is such a polynomial. The other solution is easily described
as a series. For example, whenα = 4, the equation

(1 − x2)y′′
− 2xy′

+ 20y = 0

has one solution that is the polynomial

1 − 10x2
+

35

3
x4

and another solution that is a series

x − 3x3
+

6

5
x5

+
2

7
x7

+
1

7
x9

+
1

11
x11

+
28

429
x13

+ . . .

The general theory predicts that these series are sure to converge for|x| < 1. The polynomial solution
is defined everywhere, giving an example showing that issometimespossible to get solutions valid beyond
the guaranteed interval. The other solution has the ratio of consecutive terms given by an expression whose
limit is x2. Theratio test proves that the series converges for|x| < 1. We will return to this function later
to study its behavior nearx = 1.

Euler equations If a = s = 0 in (2), L[xk] =
(

bk(k − 1)+ ck + r
)
xk, soy = xk is a solution

if bk(k − 1) + ck + r = 0. This is a quadratic equation ink which usually has two roots. When there are
two distinct roots, we have two solutions whose Wronskian is different from zero everywhere except at the
singular pointx = 0.

Sincex = 0 is a singular point, solutions should be found separately forx > 0 andx < 0. As noted
in the textbook, the solutionsy = xk are easily interpreted whenx > 0, and the corresponding functions of
−x should be used whenx < 0. The interpretation is based on writingxk

= ek ln x. The similarity with the
method of solution in the constant coefficient case is explained by the change of variablesx = et . This is
outlined in Exercise 23 of Section 5.5.

This change of variables tells us how to handle the cases wherebk(k − 1)+ ck+ r = 0 doesnot have
two distinct real roots. Note thatit is not necessary to be able to deduce the solution. Once you have
reason to believethat a particular function satisfies the equations,it is only necessary to verify that it is
a solution. The theory assures us that linear combinations of two solutions that are linearly independent
(except at the singular point) giveall solutions of the equation.

A pair of conjugate complex rootsk = α ± βi lead to complex exponential functions that can be
expressed in terms of the real functionsC(x) = xα cos(β ln x) and S(x) = xα sin(β ln x). It is a useful
exerciseto show that

xC′(x) = αC(x)− βS(x)

x S′(x) = βC(x)+ αC(x)

and to use this to show thatC(x) andS(x) satisfy the equation

x2y′′
+ (1 − 2α)y′

+ (α2
+ β2)y = 0,
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which is an equation that leads to the exponentials that we rewrote as linear combinations ofC(x) andS(x).
The calculation is aided by using the product rule to show that

x
d

dx

(
x f ′(x)

)
= x

(
x f ′′(x)+ f ′(x)

)
= x2 f ′′(x)+ x f ′(x).

For equations with constant coefficients, the case ofrepeated rootscalled for multiplying the exponen-
tial solution byt to get an independent solution. The change of variables suggests that, for Euler equations,
the solutions should bexk andxk ln x. Again, it is easily shown that both of these functions satisfy

x2y′′
+ (1 − 2k)y′

+ k2y = 0,

which is the equation that leads us to an algebraic withk as a repeated root.

Regular Singular points If an equationcan be written as the sum of an Euler equation and
some higher order terms, it is said to have aregular singular point at x = 0. There are series solutions
in this case, but the lowest degree term of the series must be one of the solutions of the Euler equation part
of the equation. Our special form(2) is a second order equation with a regular singular point ifa = 0 and
b 6= 0.

If botha = 0 andr = 0 in (2), all terms have a factor ofx. Removing that factor leads to theequivalent
equation

bx
d2y

dx2
+ c

dy

dx
+ sxy= 0.

It should not be necessary to multiply this equation byx before looking for a solution. A better approach is
to find L[xk] in all cases, and to call a singular point “irregular” if it is stillnot possible to use this to find a
solution.

To illustrate the method, consider Problem 1 of Section 5.6:

2x
d2y

dx2
+

dy

dx
+ xy = 0.

This does not appear to be in the form(2), but acquires that form if multiplied byx. The difference in detail
are minor enough that we work with the equation in the form in which it was given.

As usual, the left side of the equation will be denotedL[y]. The main technique if to findL[xk]:

L[xk] = 2k(k − 1)xk−1
+ kxk−1

+ xk+1
= (2k2

− k)xk−1
+ xk+1

= k(2k − 1)xk−1
+ xk+1.

Constant multiples ofxm appear inL[xk] if m = k + 1 orm = k − 1. That is, ifk = m − 1 ork = m + 1.
If k = m− 1, the term isxm; if k = m+ 1, the term is(m+ 1)(2m+ 1)xm. To have a solution that is a sum
of termsakxk, then theak must satisfy therecurrence

am−1 + (m + 1)(2m + 1)am+1 = 0.

Note that this notation isdifferent from that used in the text. We use indices thatagree with the exponent
on x without first factoring out the lowest degree term. From this recurrence we see that it is possible for
am+1 6= 0 whileam−1 = 0 if (m+ 1)(2m+ 1) = 0. Thisindicial equation that selects the possible lowest
degree termsm + 1 = 0 or m + 1 = 1/2 of series solutions is part of the general method for solving the
equation andnot a separatepre-processingstep. In this notation, the recurrence will give the value of
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a2,a4,a6 . . . as multiples ofa0 anda5/2,a9/2,a13/2, . . . as multiples ofa1/2. Taking one of these leading
coefficients to be 1 and the other 0 gives solutions

y1 = 1 −
1

6
x2

+
1

168
x4

−
1

11088
x6

+ . . .

and

y2 = x1/2
−

1

10
x5/2

+
1

360
x9/2

−
1

28080
x13/2

+ . . .

The coefficients of both series can beproved to be fractions with numerator 1 andrapidly increasing
denominators. Apart from the factor ofx1/2 in one of these solutions, these series give functions that have
Taylor series thatconverge everywhere. This is the main significance ofregular singular points: they allow
series solutions to be centered at them that will converge at least as far as the nearestother singular point.
At the same time, the leading term of the series describes the behavior of the solutionnear the point since
all other terms of the series will be much smaller than the leading term.

Nonhomogeneous equations The text limits itself to homogeneous equations in this chapter,
but similar methods apply to nonhomogeneous equations. The broader view may help to clarify the role of
the exponents that appear in the solutions.

A differential operator L[y] typically expressesL[xk] as a polynomial (or series) in which the lowest
power ofx that appears isxk−n for somen. In particular,n = 2 whenx = 0 is an ordinary point,n = 0
for the usual equation with a regular singular point, andn = 1 for the equation considered in the previous
section. However, there are special values ofk for which the coefficient of this term is zero. For ordinary
points, these values arealwaysk = 0 andk = 1. For regular singular points, they are the solutions of the
indicial equation. For these values ofk, we do not have an expressionφ for which L[φ] haskk−n as its
lowest degree term, although we will find such an expression soon.

If we want to solve the nonhomogeneous equationL[y] = α(x) whereα(x) is given as a sum of
constant multiples of powers ofx, we can findφ such thatL[φ] has lowest degree term equal to the term of
lowest degree inα(x). This allows our equation to be written

L[y − φ] = α(x)− L[φ]

where the right side now has itslowest degree termof higher degreethan the lowest degree term inα(x). If
wenever meetone of our special exponents, this process determines a series solution of the nonhomogeneous
equation. The steps in this process always increase the index by an integer. In particular, if the indicial
equation has complex roots, all integer powers behave normally, so there is no difficulty finding a power
series for oneparticular solution of L[y] = α(x) whenα(x) is given by a power series, although the
general solution will be complicated.

The special values ofk have the property thatL[xk] has only terms of higher degree than expected.
Except in special cases, this means thatα(x) = −L[xk] is an expression for which the nonhomogeneous
equation has a series solutionφ. In this case,xk

+ φ is a solution of thehomogeneousequationL[y] = 0.
This is the same solution that was obtained using the recurrence formula. These specialL[xk] cause a
disturbance in the sequence of exponents of lowest degree terms: some values are skipped, and others are
duplicated. The duplicated values allow two different solutions to some nonhomogeneous equations, whose
difference is a solution of the homogeneous equation. This happens at most twice for a second order equation.

This can fail to find a solution to the homogeneous equation if the duplicated degree of oneL[xk]
meets a skipped degree while constructing the series. This only happens if the skipped degree exceeds the
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duplicated degree by an integer. A repeated root of the equation determining the special degrees also fails
to find a second solution of the homogeneous equation.

If y1(x) is a solution of the homogeneous equationL[y] = 0, then skipped degrees can be filled in by
consideringφ = y1(x) ln x, since

d

dx

(
y1(x) ln x

)
= y′

1(x) ln(x)+
y1(x)

x

and (
d

dx

)2(
y1(x) ln x

)
= y′′

1(x) ln(x)+ 2
y′

1(x)

x
−

y1(x)

x2
.

From this, it follows that the terms containing lnx disappear fromL[y1(x) ln x] and the remaining terms
give a term of theexpectedlowest degree inL[y1]. As an example, consider Exercise 3 of Section 5.6,
which hasL[y] = xy′′

+ y. Then,

L[xk] = k(k − 1)xk−1
+ xk,

whose lowest degree term usually has degreek − 1. The special values ofk arek = 0 andk = 1 — just like
the case of an ordinary point, althoughx = 0 is singular in this case. Here,L[1] = 1 andL[x] = x. The
next case,L[x2] = 2x + x2, is typical of all other cases. From this, we see that−1 is a missing minimal
degree, and 1 is duplicated. The recurrence formula isam + m(m + 1)am+1 = 0, so starting witha1 = 1
leads to

y1(x) = x −
1

2
x2

+
1

12
x3

−
1

144
x4

+ . . .

=

∞∑
k=1

(−1)k−1 xk

k!(k − 1)!

Then,

y′

1(x) =

∞∑
k=1

(−1)k−1 kxk−1

k!(k − 1)!

=

∞∑
n=0

(−1)n
xn

(n!)2

with n = k − 1, andy′′

1(x) = −y1(x)/x. Then

L[y1(x) ln x] = xy′′

1(x) ln(x)+ y1(x) ln x + 2y′

1(x)−
y1(x)

x

= 2y′

1(x)−
y1(x)

x

= 1 −
3

2
x +

5

12
x2

−
7

144
x3

+ . . .

This duplicates degree 0, so there is a power seriesψ , which may taken without a term of degree 1
to avoid retracing the determination of the first solution, such thatL[ψ ] = L[y1(x) ln x]. If we take
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y2(x) = ψ − y1(x) ln x, thenL[y2] = 0 andL[y2(x) ln x] involves only powers ofx with lowest exponent
−1. This second solution starts with

y2(x) = 1 −
3

4
x2

+
7

36
x3

−
35

1728
x4

+ . . .

The same method may be employed to solve a nonhomogeneous equationL[y] = α(x) whereα(x) is
given by a power series. The expressionsL[xk] have lowest degree terms of all nonnegative integer degrees
(with L[x] and L[x2] both starting with terms of degree 1). This allows a seriesz =

∑
ckxk to be found,

with c1 = 0 such thatL[z] = α(x). The general solutionof L[y] = α(x) is thenz + C1y1 + C2y2.
Requiringc2 = 0 was anormalizing assumption. Adding a multiple ofy1 gives a solutiony2 with any
desired coefficient in the degree one term. This also works ifα(x) has a singularity atx = 0 causing it to
be expressed as a power series multiplied by ageneralpower ofx. The only difficulty forthis L[y] occurs
when that power is a negative integer since we do not yet have an expressionz for which L[z] has lowest
degree−1. However,z = y2 ln x can be used in that role.

Legendre’s equation revisited Exercise 11 in section 5.6 suggests the change ofindependent
variable x = 1 + t in Legendre’s equation.

(1 − x2)y′′
− 2xy′

+ α(α + 1)y = 0

to obtain
(−2t − t2)y′′

+ (−2 − 2t)y′
+ α(α + 1)y = 0.

This reinterprets the singular point atx = 1 ast = 0. Denoting the left side of this equation byL[y], as
usual, we find that

L[tk] = −2k2tk−1
+

(
α(α + 1)− k(k + 1)

)
tk.

The shift of origin has broken the symmetry that gave degrees differing by 2, but there are still only two terms
in the expression forL[tk] — this time with consecutive degrees. The pointt = 0 is aregular singular
point since the lower degree term inL[tk] has a zero coefficient ifk = 0. If α is positive integer, the higher
degree term is zero fork = α, leading to a polynomial solution as before. Withα = 4, we get

L[1] = 20
L[t ] = −2 + 18t

L[t2] = −8t + 14t2

L[t3] = −18t2
+ 8t3

L[t4] = −32t3

From this, one finds that the solution of the equation that is equal to 1 whent = 0 is

P = 1 + 10t +
45

2
t2

+
35

2
t3

+
35

8
t4.

This polynomial is3/8 at t = −1, so it must be3/8 times the result of substitutingx = 1+ t in our previously
obtained polynomial solution 1− 10x2

+ 35x4/3. It is auseful algebraic exerciseto check this.
The general theory of repeated root (or roots differing by an integer) in the indicial equation of a regular

singular point tells us thatL[ P ln t ] will be a polynomial. Maple gives

L[ P ln t ] = −41− 210t −
645

2
t2

−
385

2
t3

−
315

8
t4.
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Using our previously computed values ofL[tk], we can find a polynomialQ of degree 4 — which may be
taken without constant term — so thatL[ P ln t + Q] is a constant timest4. With the aid of Maple, one finds

L

[
P ln t −

41

2
t −

579

8
t2

−
1781

24
t3

−
4717

192
t4

]
= −

315

8
t4

Then, usingL[tk] for k ≥ 5 additional terms in the series can be found. Direct use of Maple’s routines for
finding series solutions of differential equations verifies the terms found above.

It is not immediately clearwhich solution this gives. Whenx = 0 was our base point, a basis of solution
was given by the polynomialP with P(0) = 1 andP′(0) = 0. A natural choice for the second solution
was determined by the initial valuesy(0) = 0 andy′(0) = 1. Our new solution is expressed in terms of this
basis by finding the values of this function and its derivative att = −1 (which is thesame pointasx = 0).

This example requires computer assistance to get accurate answers easily, but equations having a simple
polynomial solution allow easy computation of terms of the other solution by this method.

Exercises In each of these exercises, you will be givenL[y] with polynomial coefficients. Begin by
finding a general formula forL[xr ]. The result will be afinite sum of coefficients depending onk times
powers ofx. Find the values ofr for which the lowest power ofx in the general expression forL[xr ] has
a zero coefficient. Ifx = 0 is an ordinary point, these will bek = 0 andk = 1; if x = 0 is a regular
singular point, other values ofk are possible — even complex values. While there are singular points that
are not regular, they won’t appear in these exercises. This leading coefficient gives theindicial equation;
and the special values ofr that you found are theexponents of the singularityr1 andr2. These values are
the possibleleading degreesof series solution. Specialize your formula forL[xr ] to r = r i , r i + 1, r i + 2
for i = 1,2 (at most six different values), and use these to find thefirst three nonzero termsof each series
solution of the equation (if possible — there may be some examples where only one series can be found).
If r1 ≥ r2 andr1 − r2 is an integer, there will be a solutiony1 corresponding to the exponentr1, but there
may not be a secondseries solution. In this case, the first few terms ofL[y1 ln x] should be found. Using
this termin place of L[xr1] allows a second solution to be found. Again, only three terms need be found. In
these exercises, you will not be told which case applies to which equation. Since most of the work consists
of finding L[xr ], prior knowledge of a possible singularity atx = 0 is not necessary to begin the solution.

1. L[y] = (1 + x2)y′′
+ 4xy′

− 10y.
2. L[y] = (x2

+ 2x4)y′′
+ xy′

− y.
3. L[y] = 2x2y′′

+ 3xy′
− y.

4. L[y] = (1 − 3x2)y′′
+ 2xy′

+ (5 − 2x2)y.
5. L[y] = xy′′

+ 2xy′
− 4y.

6. L[y] = x2y′′
+ (5x2

− 2)y.

End of Essay 4
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