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Series Methods
Fall 2004

Introduction The fourth segment of the course works through Chapter 5 of the testeors
Solutions of Differential Equations. All equations dealt with in the text alenear andhomogeneous
and most have coefficients that are polynomials in the independent variable (which is ususig). The
examples are allecond order If they were first order, there would be the temptation to get a closed-form
solution by the methods of Chapter 1. Higher order equations can be solved using the same method, although
the computation would be more tedious. Indeed, most equations that we consider here have a special form
that only appears in second order equations in which there is one special solution that only contains even
powers of the independent variable and another that only contains odd powers.

Many of these equations have been found to have useful applications and are named after someone who
determined interesting properties of the equation or its solutions.

Althoughonly linear homogeneous equations are studied in this course, series solutions of nonlinear
equations can be found in a similar way, and the solution in the linear case may become clearer if it is
extended to anndetermined coefficientsmethod for nonhomogeneous equations.

Differential operators The textbook introduces names for the coefficients of the equation.
Equation(1) of section 5.2 is
2
P(x)% + Q(x)g—i + RX)y=0

to declare that x is theindependent variablg P(x), Q(x), and R(x) are given functions ofx (usually
polynomials), and thay is thedependentvariable. Asolution of the equation is an expression givigi@s
a function ofx.

For some purposes, itis convenient to hived namedor the coefficients of the equation. In particular,
if there were a formula for the solution in terms of the coefficients, the formula would use this notation, and
the process of solving the equation would consistieftifying P(x), Q(x), andR(x). The main step in
the solution would be to manipulate a given equatarebraically to reveal these functions.

The method proposed here will bess rigid. It will only be required that the equation be tested for
beinglinear andhomogeneous This means that the equation must be written as a sutarofs, each
of which is a function ofx multiplied by exactly onefactor that is a derivative of to some orderZero
order differentiation , giving y itself, is allowed, and almost always present. In particular, Bessel's equation
(treated in detail in section 5.8) could be met as

with constant, and the only algebra required would be to rewrite it as

d?y dy
2= ) 24 %2y — 2y =
xdx2+xdx+xy vy =0.

Only zero survives on the right side, and tbher terms on the left side have the required form. It is not
necessary toollectterms having the same order of differentiation. The notation used in this essay will be
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to introduce the namk|[y] for the left side of the equation, and to refer to it asiferential operator. A
homogeneous equationve are trying to solve is thealways L[y] = 0. This convention has been used
informally elsewhere in the course. In particular, when nonhomogeneous equations were considered, they
were often referred to ds[y] = g(x) in order to have a way to describe the related homogeneous equation
asL[y] =0.

You know thaty(x) is a solution of an equatioh[y] = 0 if the computation of L[y(x)] simplifies
to zero. Therefore, &ey stepin any solution must be thevaluation and simplification of L[y(x)]
for giventest functions y(x). This idea was exploited inndetermined coefficientmethods for solving
nonhomogeneous equations. When solving an equation in series, the test functions are just the pure powers
xK. Forlinear equations the effect of the differential operatdr on any polynomial can be found once
the effect on powers is known. The textbook accomplishes this by introducing names for the coefficients
of the polynomial and writing an expression for the action of strongeach ternjygfon the sum. The
expression is only simplifiedfter it is written in this form. However, it isnuch easierto simplify L[xK]
for individual k and to introduce the coefficientster performing these simplifications. No “shift of the
index of summation” is required, becausere is no index of summation Therecurrence formula for
the coefficients ofy(x) that is the goal of this approach is only sought after a few instances of the formula
have been obtained. If the goal is only to obtain a few terms of the series, the general recurrence formula
neednever be found. The equations determining the coefficients of the series are doerat a time and
the relevance of the method of solution is alwaisble. There is no mysterious formula to memorize.

Ordinary points If the equation satisfies the hypothesis of the Existence and Uniqueness Theorem
at a point, that point is calleagrdinary . Other points are callesingular. For second order linear equations
whose coefficients are polynomials, the only singular points are the roots of the coefficiy/oifx?
(called theleading coefficientof the equation).

In almost all examples, our solutions will be assumed to be of the form

o0

y=y axt. 6]

Suchpower seriesare known to converge in sets of the form
{x:|x] <r}

that are symmetric intervals aroumd= 0. It is useful to allowncomplex values ofx, and this property
persists to obtain @rcle of convergence in the complex plane. We make no direct use of this, but we present
the followingfact: the series solutiofil) of a differential equatiowonverges in the largest circle around
the origin that does not include a singular point of the equation In particular, if the leading coefficient
is a constant, all points are ordinary and the series has an infinite radius of convergence, which requires that
|ak| approaches zenapidly — the series foe* is a typical example.

Ifitis ever necessary to consider series in powelxef Xg) to describe solutions with initial conditions
at pointsx = xg with xo # 0, it will usually be best to make axplicit change of variable = X — xg in
the equation Sincedx/du = 1, we havady/du = dy/dXx, so this process is only an algebraic change of
variables on the coefficients. The equations that we consider are simple enough that this change of variable
is easier than including laase pointin our work with power series. Indeed, after changing the variable, we
may recognize an equation that we have already solved.

If the leading coefficient is % x2, there are no real singular points, but= +i are singular. The
series(1) will have radius of convergence 1. If the series obtained for the solutionpaiticular initial
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conditionsatx = 0 is used to find the value of the solution and its derivative at 1/2 (which is within
the interval of convergence), those values could be used to find a series repiessmhesolution as a
series in powers ofx — 1/2). The distance from /2 to +i is v/5/2, so this series will converge as far as
(14 +/5)/2. The initial conditions ak = 1, can be found from those at= 0 by using the original series.
This is an example odinalytic continuation producing series onverlapping intervals. Repeated use of
this technique can extend the original solution to all real

Initial conditions For second order equations at an ordinary point, there will be a unique solution
to the equation for anynitial conditions giving values ofy(0) and y’(0). Substitutingx = 0 into the
series(1) tells us thatag = y(0). Differentiating (1) term-by-term and substituting = 0 into the result
tells us thata; = y'(0). (While the validity of these operations requir@®of, the results are correct for
the functions that we meet in this course, allowing series to be manipulated exactipljkeomials with
infinitely many terms.) To solve the equation, one simply substitutes the sétiemto the equation and
collects all terms of the same degree in the result. The coefficients of the resultingsesies| be zero
for a solution of a homogeneous equations. This gives a sequence of linear equatiorag inewill see
that the constant term of the result involves oadya;, anday; the linear term involves these together with
ag; and, in general, the coefficient »f" involvesay with 0 < k < m+ 2. In particular, eacbhne new term
introducesonenewa. This allows allay to be found in terms ofig anda;. The connection between thg
and the standard form of initial conditions tells us that this is the right way to organize the process of solving
infinitely many equations. Wherever we stop, we will have all the terms of the series through some degree,
and the conventional use of series treats these polynomials as a sequence of approximations to the function
represented by the series.

In particular, the exam problems in this course will ask for a small number of initial terms of a series
solution, so they can be found by findinggalynomial P for which L[ P] has no terms of low degree.

In many cases, the sequence of equations can be described by a single equation involving a parameter
representing the degree of the ternLify] that can be solved to get a recurrence formula forgheéNe do
not follow this direction in most examples, preferring to concentrate on the obtainimgitherical values
of the initial terms in the series.

Exploiting linearity Instead of forming one complicated expression involvingahewe have
proposed organizing the work around computing expresdigyk that are equivalent to substituting only
they = xX into the equation. For example, consider the equation in Exercise 9 of Section 5.2:

d2

y dy
14 x%)— — 4x—= =0.
(—|—x)dx2 xdx+6y 0
Here,
d?y  Ld?y  dy
LIyl = — — —4X—=+6
vl dx2+x dx? de+ 4
Here are the first few values &f x¥]:
L[1] = 6
L[x] = 2x
L[x?] = 2
L[x3] = 6x
L[x4] = 12x2  + 2x*

L[x®] = 20x3 + 6x°



Mathematics 244 Essay 4, p. 4
We have arranged these results with terms of the same degree arranged in columns. Linearity gives the

equation
L [Z aka] = > al[xd

which tells us to multiply theows by ag, ai, a2, as, a4, as and add theolumnsto get the equations in the
a, that say that the serig4) satisfies the differential equation. In this case, those equations are

2a0 + 6ag =0
6az + 2a; =0
12a4 =0
20a5 =0

In each of these rows, the first term is a multiple ofahestarting withay, that will be found by solving
that equation, and the other terms have smaller subscripts. For this equation, we fiagl that3ag,
az = —ap/3, butas = a4 = 0. Additional equations will show that all subsequeagpt= 0. All solutions of
this equation are polynomials, since the general solution is

3
y=ao(1-3x%) +a(x— %)

Although we only expected a series with a radius of convergence of 1, we found polynomial solutions. The
pointsx = =i are still singular, since Abel’s theorem tells us that\tfienskian of a basis for the solutions
will be a constant multiple of1 + x2)2, which you could verify directly for this basis. The singularity is
due to all solutions having the same valugy/tfx)/y(x) atx =i orx = —i.

Parameterizing the solutions in termsagfanda; allows the solution satisfying given initial conditions
andx = 0 to be written immediately.

Solutions will rarely be this simple, but we should organize work sothah good fortune doesn’t
become an obstacléo getting the correct answer.

If we needed additional rows in this table, they could be derived from the general formula

L[xK] = (k% — Bk 4 6)xX + (k? — k)xk—2

Thus, there are at most two terms, but the second term is zkre:-iD ork = 1 and the first term is zero
if k = 2 ork = 3 (these special cases were noted in the discussion above). The proeessnof the
columnsinvolves identifyingx™ as appearing only whem = k or m = k — 2. The total coefficient ox™
is

((M+2)% - (M+2) )ams2 + (M* — 5m+ 6)am

Setting these expressions equal to zero givesdbigrrence formula

(m—-—2)(m—23)

a2 = M 2m+ D

that computes they in order. In this case, the recurrence tells us that as = 0 and then all successive
am = 0. In this form, itfails to apply whenm = —1 orm = —2, corresponding to the fact thag and
a; areallowed to be nonzerowhile a, for m < 0 must be zero. Thislways happenswhen building a
series solution at aardinary point, and a variant on this theme will appear in thethod of Frobenius
for finding solutions ategular singular points that will appear later in this essay.
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A useful family of equations This example is a special case of the equation
d’y dy
2
(@+bx*) 5 +oxg- + (T +5X)y =0. 2

with constants, b, ¢, r, s (the gap in naming the coefficients results from avoiding letters that are not usually
used as names for coefficients since they have fixed meaning elsewhere). The poinhts an ordinary
point if a # 0.

Again, the left side will be denoted[y] and we find

L[x¥] = ak(k — Dx*"2 4 (bk(k — 1) + ck+r )xK 4 sx¢*2

You should not treat this asarmula — it merely echoes the terms that appear when you compixtg. It
is given here to show the result of the calculation thatisect translation of the symboL[xX]. This allows
atheoretical discussionof this family of equations. In particular, the formula reminds you that a t€fm
appears in such an expression onlgnit= k — 2, m = k orm = k + 2. To obtain theecurrence formula,
these conditions are solved fioin terms ofm to givek = m+ 2,k = m, andk = m — 2, respectively, and
the terms ix™ in thesel [xK] combined (in the examplek,indexes theows andm indexes theolumns).
Whena # 0, thex*~2 has a zero coefficient precisely whier= 0 ork = 1, for whichk — 2 is negative.
There is an additional simplification when= 0 removing the<*2 term. Ifs = 0, the recurrence formula
givesan, as an explicit multiple oéy,_» for allm > 2. Otherwise, there istaree term recursion that gives
amy2 in terms ofay, anday_» (the latter term is assumed to be zero whee- 0 orm = 1) form > 0. In
all case the values oty anda; arefound from the initial conditions.

The Hermite equation Exercise 21 of Section 5.2 deals with the equation
y'—2xy +1y=0

which is known as thélermite equation. Here, is a constant. The solutions of the equation for various
A will be described. Denoting the left side of this equationLljy], we find

L[xK] = k(k — 1)x*72 + (A — 2k)xk.

In particular,
L[1] = A
L[x] = G —2)x
L[x?] = 2 + (A —4)x?
L[x3] = 6x + (—6)x3
L[x4 = 12x2 + (r—8x*
L[x%] = 20x3 +  (A—10x°

Multiplying row k by ax and adding gives the following results as the sums of the columns

2a + 139 =0
6az+ (L —2)a; =0
12a0+ (L —4dapx =0
20a5 + (A —6)az =0
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which are instances of the recurrence formulgn — 1)a, + (A — 2m + 4)am_» = 0, that asserts that the
coefficient ofx™2 in L[y] is zero. Insolved form, this says

_2m—4—A

- m(m-=1) 8m-2-

Again, we see a denominator of(m — 1) corresponding to the fact thay anda; are determined from
initial conditions whilea,, = 0 for m < 0. Thesolved form of the recurrenceis only used fom > 1, but
this restriction is possible only because the principal form of the recurrence allows arbitrary vagesof
a1 while terms whose index is not a nonnegative integer are zero. The numerator showsethatution
will be a polynomial wher is a positive even integer. For example, wheg: 6, one hass = 0 which
leads toay, = O for all larger odd numbers. The solution wih = 0 anda; = 1 isx — (2/3)x3, while the
solution withag = 1 anda; = 0 is the infinite series

1 1 1 1
1-3x%2+ x4+ — x84 — x84 — x104 |
+ 2 + 30 + 280 + 2520 +

The Legendre equation Exercises 22 through 29 of Section 5.3 deal with the equation
1—x2)y —2xy +a(a +1)y=0

which is known as théegendre equation Here,x is a constant. Later, we will specializeto an integer,
but it is convenient to writ = « (o + 1) while describing the series solution of the equation. Denoting the
left side of this equation bi.[y], we find

L[xX] = k(k — D)x*2 + (B — k? — k)xX.

In particular,
L[1] = B
L[x] = (B—2)x
L[x?] = 2 +  (B—6)x?
L[x3] = 6x +  (B-12x°3
L[x4] = 12x2 +  (B—20x*
L[x%] = 20x3 +  (B-30)x°

Multiplying row k by ax and adding gives the following results as the sums of the columns

2ap + (Plag =0
6az+ (B —2a; =0
12a4+ (8 —6)ap =0
20a5 + (B — 12)a3 =0

which are instances of the recurrence forruatan — 1)am + (0« — m+2)(a + m— 1)an_» = 0, that asserts
that the coefficient oK™ 2 in L[y] is zero. Insolved form, this says

~ m=-1+a)(M—2—a)
- m(m — 1)
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As in the case of the Hermite equaticay, anda; are determined from initial conditions whikg, = 0

for m < 0, and the solved form of the recurrence is only usednfioe- 1. Whene« is an integer, the
recurrence shows that some coefficient is zero, and all larger coefficients of the same parity are also zero.
In particular,am = 0 form = « + 2 andm = 1 — «. Only integer values ofn greater than 1 appear in

this recursive definition of,, so exactly one of these is relevant for any integer value ¢h particular, if

a > 0,ami2 = 0. Since the recurrence relates terms with indices differing by 2, one of the solutions is a
polynomial of degree. If « is even, the solution witly(0) = 1 andy’(0) = 0 is such a polynomial; ik is

odd, the solution witty(0) = 0 andy’(0) = 1 is such a polynomial. The other solution is easily described

as a series. For example, when= 4, the equation

1—x2)y" —2xy +20y =0
has one solution that is the polynomial

1—10x2 + %5X4

and another solution that is a series

6 2 1 1 28
X =33+ =xP+ Sx/+ =x¥+ x4 x4 .
Jr5 +7 Jr7 +11 Jr429 *
The general theory predicts that these series are sure to convetgefol. The polynomial solution
is defined everywhere, giving an example showing thabisetimespossible to get solutions valid beyond
the guaranteed interval. The other solution has the ratio of consecutive terms given by an expression whose
limit is x2. Theratio test proves that the series converges ior< 1. We will return to this function later

to study its behavior near = 1.

Euler equations If a=s=0in(2), L[x¥] = (bk(k — 1) + ck+r)x¥, soy = x¥ is a solution

if bk(k — 1) + ck+r = 0. This is a quadratic equation knwhich usually has two roots. When there are

two distinct roots, we have two solutions whose Wronskian is different from zero everywhere except at the
singular pointx = 0.

Sincex = 0 is a singular point, solutions should be found separatelx ferO0 andx < 0. As noted
in the textbook, the solutions= xK are easily interpreted when> 0, and the corresponding functions of
—x should be used when < 0. The interpretation is based on writinfj = <", The similarity with the
method of solution in the constant coefficient case is explained by the change of vaxiable's This is
outlined in Exercise 23 of Section 5.5.

This change of variables tells us how to handle the cases vilkéke- 1) + ck+r = 0 doesnot have
two distinct real roots. Note thdtis not necessary to be able to deduce the solutiorOnce you have
reason to believethat a particular function satisfies the equatidns only necessary to verify that it is
a solution. The theory assures us that linear combinations of two solutions that are linearly independent
(except at the singular point) giwél solutions of the equation.

A pair of conjugate complex roots = « + gi lead to complex exponential functions that can be
expressed in terms of the real functioBgx) = x* coggInx) and S(x) = x*sin(BInx). Itis auseful
exerciseto show that

XC'(X) = aC(X) — BS(X)

XS (X) = BC(X) + aC(X)

and to use this to show th&t(x) and S(x) satisfy the equation

X2y + (1 —2a)y + (@® + %)y =0,



Mathematics 244 Essay 4, p. 8

which is an equation that leads to the exponentials that we rewrote as linear combinaGgrs afid S(x).
The calculation is aided by using the product rule to show that

xix(xf/(x)) = x(xf"(x) + /(X)) = x2 " (x) + xF'(x).

For equations with constant coefficients, the casejpéated rootscalled for multiplying the exponen-
tial solution byt to get an independent solution. The change of variables suggests that, for Euler equations,
the solutions should bek andx¥ In x. Again, it is easily shown that both of these functions satisfy

x2y" + (1—2k)y' + k?y = 0,

which is the equation that leads us to an algebraic Wwils a repeated root.

Regular Singular points If an equationcan be written as the sum of an Euler equation and
some higher order terms, it is said to havesgular singular point atx = 0. There are series solutions
in this case, but the lowest degree term of the series must be one of the solutions of the Euler equation part
of the equation. Our special forf2) is a second order equation with a regular singular poiat= 0 and
b # 0.

Ifbotha = 0andr = 0in (2), all terms have a factor of. Removing that factor leads to tkquivalent
equation

d?y dy
bxﬁ + cd— +sxy=0.
It should not be necessary to multiply this equatiorxtyefore looking for a solution. A better approach is
to find L[xK] in all cases, and to call a singular point “irregular” if it is stitht possible to use this to find a
solution.
To illustrate the method, consider Problem 1 of Section 5.6:
Ay dy
— 0.
Xax2 * dx TXy=
This does not appear to be in the fo(®), but acquires that form if multiplied by. The difference in detail
are minor enough that we work with the equation in the form in which it was given.
As usual, the left side of the equation will be denotdg]. The main technique if to find [xX]:

L[xK] = 2k(k — DxK1 4 kx¥=1 4 xkHL = (2k? — kx4 xkHT = k(2k — 1)xK—1 4 K1,

Constant multiples ok™ appear inL[xK]if m=k+ 1 orm =k — 1. Thatis, ifk = m— 1 ork = m + 1.
If k=m—1, the term ix™; if k = m+ 1, the term ism+ 1)(2m+ 1)x™. To have a solution that is a sum
of termsaxxX, then thea, must satisfy theecurrence

am-1+ (M+ 1)(2m+ L)am1 = 0.

Note that this notation idifferent from that used in the text. We use indices thatgree with the exponent

on x without first factoring out the lowest degree term. From this recurrence we see that it is possible for
amr1 # 0whileayn_1 = 0if (m+ 1)(2m+ 1) = 0. Thisindicial equation that selects the possible lowest
degree termsn+ 1 = 0 orm + 1 = 1/2 of series solutions is part of the general method for solving the
equation andhot a separatere-processingstep. In this notation, the recurrence will give the value of
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ap, a4, s . .. as multiples ofag andas)», ag)2, a13/2, . .. as multiples ofa . Taking one of these leading
coefficients to be 1 and the other 0 gives solutions

=1 lx2—|- 1x4 ! x8 1+
I=275" T 168" ~ 11088 T

and

1 1 1
2_ 52, 92 L 132
lOX * 360X 28080X T

The coefficients of both series canp®ved to be fractions with numerator 1 anapidly increasing
denominators. Apart from the factor ®#2 in one of these solutions, these series give functions that have
Taylor series thatonverge everywhere This is the main significance ofgular singular points: they allow
series solutions to be centered at them that will converge at least as far as the sieareshgular point.

At the same time, the leading term of the series describes the behavior of the sokdidhe point since
all other terms of the series will be much smaller than the leading term.

Nonhomogeneous equations The text limits itself to homogeneous equations in this chapter,
but similar methods apply to nonhomogeneous equations. The broader view may help to clarify the role of
the exponents that appear in the solutions.

A differential operator L[y] typically expresses [xK] as a polynomial (or series) in which the lowest
power ofx that appears igk—" for somen. In particular,n = 2 whenx = 0 is an ordinary pointn = 0
for the usual equation with a regular singular point, angd 1 for the equation considered in the previous
section. However, there are special valuek &r which the coefficient of this term is zero. For ordinary
points, these values aséwaysk = 0 andk = 1. For regular singular points, they are the solutions of the
indicial equation. For these values kifwe do not have an expressignfor which L[¢] hask<" as its
lowest degree term, although we will find such an expression soon.

If we want to solve the nonhomogeneous equatigy] = a(X) wherea(X) is given as a sum of
constant multiples of powers &f we can findp such that_[¢] has lowest degree term equal to the term of
lowest degree i (x). This allows our equation to be written

y2 = x"/

L[y — ¢] = a(x) — L[¢]

where the right side now has Itsvest degree ternof higher degreethan the lowest degree termdiix). If

wenever meetone of our special exponents, this process determines a series solution of the nonhomogeneous
equation. The steps in this process always increase the index by an integer. In particular, if the indicial
equation has complex roots, all integer powers behave normally, so there is no difficulty finding a power
series for oneparticular solution of L[y] = a(x) whena(X) is given by a power series, although the
general solution will be complicated.

The special values df have the property thdt[xK] has only terms of higher degree than expected.
Except in special cases, this means that) = —L[xX] is an expression for which the nonhomogeneous
equation has a series solutign In this casex® + ¢ is a solution of thétomogeneougquationL[y] = 0.

This is the same solution that was obtained using the recurrence formula. These kpetfiaause a
disturbance in the sequence of exponents of lowest degree terms: some values are skipped, and others are
duplicated. The duplicated values allow two different solutions to some nonhomogeneous equations, whose
difference is a solution of the homogeneous equation. This happens at mosttwice for a second order equation.

This can fail to find a solution to the homogeneous equation if the duplicated degree bfxfje
meets a skipped degree while constructing the series. This only happens if the skipped degree exceeds the
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duplicated degree by an integer. A repeated root of the equation determining the special degrees also fails
to find a second solution of the homogeneous equation.

If y1(x) is a solution of the homogeneous equatidiy] = 0, then skipped degrees can be filled in by
consideringp = y1(x) Inx, since

d _ y1(X)
Ty (Y1001Inx) = -

and

d\? , yiX)  yi(x)
(&) (v2001nx) =1 1x - ox2

From this, it follows that the terms containingxrdisappear fromL[y1(x) In x] and the remaining terms
give a term of theexpectedlowest degree irL[y1]. As an example, consider Exercise 3 of Section 5.6,
which hasL[y] = xy” +y. Then,

L[xK] = k(k — D)x1 4+ xK,

whose lowest degree term usually has degreel. The special values &farek = 0 andk = 1 — just like
the case of an ordinary point, although= 0 is singular in this case. Herk[1] = 1 andL[x] = x. The
next casel[x?] = 2x + X2, is typical of all other cases. From this, we see thatis a missing minimal
degree, and 1 is duplicated. The recurrence formuég,is- m(m + 1)an+1 = 0, so starting witha; = 1
leads to

(X) = X e + = e x4 +
N =X=2X T X~ gt T
o0 K
I
2 Ki(k— 1)1
Then,
ka 1

k-1
yi(X) = Z( 1 m

= Z(_ )n (nl)z

n=0

with n = k — 1, andy;'(x) = —y1(x)/x. Then

Ly2 () InX] = xy7 () IN(X) + y1(x) In X + 2y (X) — yl)((x)
= 24500 — 21
R T

2 12 144

This duplicates degree 0, so there is a power safiesvhich may taken without a term of degree 1
to avoid retracing the determination of the first solution, such tHat] = L[y1(x)Inx]. If we take
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Yo(X) = ¥ — y1(X) In X, thenL[y2] = 0 andL[y2(x) In X] involves only powers ok with lowest exponent
—1. This second solution starts with
3, 7.3 35 4
yo(X) =1 4x + 36x 1728X + ...
The same method may be employed to solve a honhomogeneous edualiea o (x) wherea (x) is
given by a power series. The expressitfig] have lowest degree terms of all nonnegative integer degrees
(with L[x] and L[x?] both starting with terms of degree 1). This allows a sezries ckxX to be found,
with ¢; = 0 such thatL[z] = «(X). Thegeneral solutionof L[y] = «(X) is thenz + C1y1 + Coypo.
Requiringc; = 0 was anormalizing assumption Adding a multiple ofy; gives a solutiory, with any
desired coefficient in the degree one term. This also work$x§ has a singularity at = 0 causing it to
be expressed as a power series multiplied bg@eralpower ofx. The only difficulty forthis L[y] occurs
when that power is a negative integer since we do not yet have an expreg$eionhich L[z] has lowest
degree-1. Howeverz = y» In x can be used in that role.

Legendre’s equation revisited Exercise 11 in section 5.6 suggests the changedefpendent
variable x = 1 4t in Legendre’s equation.

1—x2)y" —2xy +a(a +1)y=0

to obtain
(=2t =2y + (=2 20)y + a(@ + 1)y = 0.

This reinterprets the singular pointxat= 1 ast = 0. Denoting the left side of this equation hyy], as
usual, we find that
L[t = —2k?t“ ! 4 (a(a + 1) — k(k + 1) )tk.

The shift of origin has broken the symmetry that gave degrees differing by 2, but there are still only two terms
in the expression fok[tX] — this time with consecutive degrees. The pdint 0 is aregular singular

point since the lower degree term ifftK] has a zero coefficient K = 0. If « is positive integer, the higher
degree term is zero fd« = «, leading to a polynomial solution as before. With= 4, we get

L[1] = 20
L[t] = —2 + 18t

L[t?] = —8t 4+ 14t?

L[t3] = —18°2 4+ 8t
L[tY] = —323

From this, one finds that the solution of the equation that is equal to 1 ivhebis

45 35 35
P=1+10t+ —t?>+ —t3+ —t4
+ + > + > + 8
This polynomial is%; att = —1, so it must béj times the result of substituting= 1+t in our previously

obtained polynomial solution 4 10x2 + 35x*/3. It is auseful algebraic exercisdo check this.
The general theory of repeated root (or roots differing by an integer) in the indicial equation of a regular
singular point tells us thdt[ P In t] will be a polynomial. Maple gives

6;45t2 _ 3_85t3 _ 3—15t4.

L[PInt] = —41— 210 —
[Pint] > 3
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Using our previously computed valuesloft¥], we can find a polynomia@ of degree 4 — which may be
taken without constant term — so tHatP Int + Q] is a constant timet*. With the aid of Maple, one finds

—3—15t4

8

41 579, 178l5 4717,
8 24 192

LIPInt — —t — —t t
-5

Then, using_[tX] for k > 5 additional terms in the series can be found. Direct use of Maple’s routines for
finding series solutions of differential equations verifies the terms found above.

Itis notimmediately cleawhich solution this gives. Wher = 0 was our base point, a basis of solution
was given by the polynomia® with P(0) = 1 andP’(0) = 0. A natural choice for the second solution
was determined by the initial valug$0) = 0 andy’(0) = 1. Our new solution is expressed in terms of this
basis by finding the values of this function and its derivativie-at—1 (which is thesame pointasx = 0).

This example requires computer assistance to get accurate answers easily, but equations having a simple
polynomial solution allow easy computation of terms of the other solution by this method.

Exercises In each of these exercises, you will be givefy] with polynomial coefficients. Begin by
finding a general formula fok[x"]. The result will be dinite sum of coefficients depending dantimes
powers ofx. Find the values of for which the lowest power af in the general expression fafx'] has

a zero coefficient. Ik = 0 is an ordinary point, these will be = 0 andk = 1; if x = 0 is a regular
singular point, other values &fare possible — even complex values. While there are singular points that
are not regular, they won't appear in these exercises. This leading coefficient giveditie equation;

and the special values ofthat you found are thexponents of the singularityr; andro. These values are

the possibléeading degreeof series solution. Specialize your formulafofx"Jtor =rj,ri +1,rj +2

fori = 1, 2 (at most six different values), and use these to findithethree nonzero termsof each series
solution of the equation (if possible — there may be some examples where only one series can be found).
If ri > rp andry —rp is an integer, there will be a solution corresponding to the exponemt but there

may not be a secorgkries solution In this case, the first few terms @f y1 In x] should be found. Using

this termin place of L[x":] allows a second solution to be found. Again, only three terms need be found. In
these exercises, you will not be told which case applies to which equation. Since most of the work consists
of finding L[x"], prior knowledge of a possible singularityat= 0 is not necessary to begin the solution.
L[y] = (14 x?)y” + 4xy — 10y.

L[yl = (x* + 2xH)y" + xy —y.

L[y] = 2x?y" 4 3xy — .

L[yl = (1 —3x2)y" + 2xy + (5— 2x?)y.

Lly] = xy’ + 2xy — 4y.

L[y] = x2y” + (5x% — 2)y.

ogrwNE

End of Essay 4
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