Mathematics 244. Lab 1 Exact Solutions of Differential Equations

In this lab we use Maple to find exact solutions of differential equations and initial value problems
whether the solution is an explicit function or only defined implicitly.

Please turn in only the printout of your Maple worksheet. Include explicit answers to all questions
asked, using thé&ext feature of Maple to insert them in the worksheet. Remove from the worksheet any
extraneous material and any errors you have made.

Before you start up Maple, first copy the seed file for Lab1l into your directory from the Web page of
the course. After you start up Maple, import this file into Maple by choo€ipgn from theFile menu as
described in the handolntstructions for Use of Maple in Mathematics 244 (If you are using the Windows
version of Maple, you should be able to start Maple with this initial file by opening the downloaded seed file
from your file manager.) You will be asked to execute the Maple commands that have been placed in this
worksheet and to add some of your own. The ease of obtaining the seed file means that verbatim quotes of
Maple instructions in the descriptions can be phased out, so not all prepared instructions will be described
here.

The file begins with a preliminary section containing the instructions

with(plots):
with(DEtools):

that allow you to use the Maple commands which are part of these special Maple packages.

la The following commands (already entered into the seed files) show how Maple finds the general solution
of the first order equation
dy 1
ax YT e
and how it can be made to evaluate this solutiox at 0, and to determine a particular solution with
y(0) = c. In this problem, the solutiog will be found explicitly as a function of.

D

del:= diff(y(x),x) + y(x) = 1/(1 + exp(x));
sla:=dsolve(del);
y0:=simplify(subs(x=0,rhs(s1a)));
cl:=solve(yO=c, C1);
slb:=subs(_Cl=cl,sla);

The use of thehs (for “Right Hand Side”) function in the definition gf0 assumes that the solution has
been obtained as aquation with y(x) on the left side. Maple promises to give solutions in this form
wherever possible.

This is the same procedure you would use to solve the initial value problem if you were not using
Maple. When youware using Maple, you can simply execute the following command to solve the initial
value problem more simply and directly (note the use of bréggs

slc:=dsolve({del,y(0)=c},y(x));

The solution produced by Maple is really a family of solutions, i.e., there is a different solution corresponding
to each particular choice of the constaniThe seed file contains statements to find the solutibng2,
t3, t4, tb corresponding to the choices= —2, —1, 0, 1, 2, and construct a plot of those solutions



on the same set of axes. The plot is not shown immediately, but saved to be shown as part of a composite
display. Note that when naming the output of a plot, changing the ending semicolon to a colon will suppress
output that shows details of the plot structure.

To evaluate the solutioti at the pointx = 1.2, typeevalf(subs(x=1.2,t1));

1b. The qualitative behavior of the differential equation can also be determined by looking at a plot of
its direction field. The seed file contains statements that show the use of MBRplst command to
construct a plot of direction fields. This plot is saved, anddisplay command is used to combine the
direction field with the previously saved plot of the solutions of the differential equation. Note that the plot
has been given a title. Every plot that you include should have a title.

This plot checks previous work since the direction field at a point should be tangent to any solution
through that point.

1c. The plot suggests some features of the equation and its solutions that should be discussed. In particular,
the picture suggests that, no matter what initial condition we start with, all solutions tend to the same value as
X — oo. What value is this? If kis any number smaller than this limiting valwehat does the differential
equation sayabout the value ofly/dt at a point where a solution to the equation crosses theyliaek?
What does the differential equation sayif k is greater than the limiting value?

You should also compare the results obtained by Maple with the solution that the textbook encourages
you to use. The Maple instructioodeadvisor(del); tells you how maple classifies the equation
in order to select a solution method. Does the answer that Maple gives to this instruction agree with the
description of that type of equation used in the textbook? Does the solution appear in the form expected
from the method of solution proposed by the textbook for this type of equation?

In the remaining problem, an equation and some initial conditions will be given. Following the pattern
of problem 1, you should divide each problem into three parts: (a) construction of the solutions; (b) plotting
solutions and a direction field; and (c) discussing aspects of the solution — especially comparing the Maple
solution with methods presented in the textbook.

2. Introduce the namde2 for the equation

dy
X&ery_l—y. (2)

Use Maple to find theyeneral solutionof the differential equatiori2). Then the solution of thenitial
value problem consisting of equatiof®) and the initial conditiory(1) = 1/2 (only one this time). Plot the
solution of the initial value problem over the intervakOx < 5.

Warning: The equation has been written in the notation used in the textbook. This must be translated
into the Maple language. In addition to the strict requirements on algebraic expressions, Maple requires
that a differential equation be described in termg©f) consistently, you cannot abbreviate ittoUse the
solution of Problem 1 as a guide.

Construct a plot of the direction field for equati¢?) over the range & x < 5,-2 <y < 1and
combine it with the plot of the solution found previously. (Although the expressiodyadx in (2) is not
defined ifx = 0, the present version of Maple is able to produce the requested plots. If there were any
difficulty with the plots, restricting the plot tg& > 0.1 would avoid these difficulties with an insignificant
effect on the appearance of the plots.)



Also compare the report fromdeadvisor(de2); with the form in which the solutions are given.

3. Introduce the namde3 for the equation

—X
&y _xe 3
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and usealsolve to solve the equation. (The instructions are in the seed file.) Note in this case, the solution
y(x) is only defined implicitly as a function of, i.e., it appears in an equation involving bottandx in
whichy is not solved explicitly as a function of.

If the solution were given in the special forfn(x, y) = constant thelhs function would extract
f (X, y) to use as input to theontourplot command. currently, the expressiwn3 is not given in this
special form, so you should examine it to find the constant introduced into the solution — it is likely to be
called_C1— and solve for it. An expression that accomplishes this is

Val3C:=solve(sol3,_C1);
This identifies an expression that is constant on solutions of the equation, so the graph is constructed using
g3c.=contourplot(Val3C,x=-2..4,y=0..4):

Consider the initial conditiory(0) = 1. The following sequence of commands determine the value of
the constantC1 corresponding to the initial conditiop(0) = 1, name the resutt, and then replace the
arbitrary constantC1 in the solution by this value, and, finally, use th@licitplot command is used
to construct a graph of the solution of the initial value problem

c:=simplify(subs({x=0,y(x)=1},Val3C));
sol3p:=subs(_C1=c,sol3);
g3p:=implicitplot(sol3p,x=-2..4,y=0..4,color=BLUE):

The implicit solutionsol3p should have a form equivalent to

1 2 1 1
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2(y(x)) +e 2x e 2+e.

To find the value of the solutiogi(x) at sayx = 2, we substitutex = 2 in the above equation and then
determine the numberwhich satisfies the resulting equation

224 —2—e?=—-1/2+e

Maple’sfsolve command can solve the above equation to obtain the wa2le The seed file contains
instructions to accomplish this. (These instructions were tested on Maple7 which does noyéceps

the name of a variable ifsolve , but allows it to be replaced by an acceptable name usithg . Feel

free to use an alternative solution — as long as it leads to a numerical answer. As with previous equations,
compare the result aideadvisor  with the classification in the textbook.



4. Consider thdogistic equation
dy 4 y
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As in previous exercises, use the instructidsslve , DEplot , andodeadvisor to find the solution,
plot a slope field for-2 <t < 2 and—1 < y < 3, and discover how Maple classified the equation.
Use appropriate instructions to obtain solutions with initial conditip(® = 1/2, and 32. Plot graphs
of these on the interval2 < t < 2 and combine this graph with the slope field you obtained.
Describe connections between the repoddadadvisor , the form of the solution given bysolve
and the method used in the text for solving this equation.

5. Consider the equation

d
y+(2x—yey)d—2(/=0, )

which is essentially the equation of Exercise 21 of Section 2.6. As in previous exercises, intdeduce

as a name for the equation. Then, use the instructigntse , DEplot , andodeadvisor to find the

solution, plot a slope field for2 <t < 2and—1 < y < 3, and discover how Maple classified the equation.
The textbook informs you that this equation hagrdagrating factor w(x, y) = y. Use the instruction

deb5a:=y(x)*deb; to create a new equation that has been multiplied by this integrating factor. Describe

any changes in the result of applyidgolve andodeadvisor to this equation instead of the original

de5.



