640:244:01-03 REVIEW PROBLEMS FOR EXAM 1 SPRING 2007

Remember that no books, notes, or calculators may used during an actual
exam.

On the exam you will be given these formulas:

Integrating factor = Improved Euler Runge-Kutta

kl = f(tna yn)
N ki = f(tn, yn) ko = f(tn + h/2,yn + (h/2)k1)
ﬁ = %M ko = f(tny1,yn + hk1) ks = f(tn +1/2,yn + (h/2)k2)

Ynt1 = Yn + (/2)(k1 + k2) ka = f(tn+1,yn + hks)
Yn+l = Yn + (h/6)(k?1 + 2ko + 2k3 + ]{?4)

1. In each case below, find the general solution y(x) of the differential equation. From this,
solve the given initial value problem; if possible, give an explicit solution and determine
the maximum interval on which the solution is defined.

(a) cos -+ 20V + (2% + 2)evy’ = 0; y(0) = 1. () 32—z +y/ =05 y(1) = 1.

(c) y" +5y +6y=0;y(1l) =2,y (1) =0. (d) y" — 6y’ + 25y = 0; y(0) = 3/(0) = 2.
(e) y" =6y +9y=0;y(0) =3,y (0)=—-2. (f)y =22(1+y*); y(1)=0.
(2) 32y + 2zy + v° + (2% + )y’ = 0; y(0) = 2.

2. Find a fundamental set of solutions for the equation in problem 1(d). Use the Wronskian
to verify that they are indeed a fundamental set.

3. (a) Define what it means for two functions y;(x) and ys(x), defined on an interval
a < x < b, to be linearly independent there.

(b) Suppose that L is an operator acting on functions defined on this interval (that is, if
y(x) is a function defined for a < x < b, so is L[y]). What does it mean for L to be linear?
(c) Suppose that L is linear and that y;(x), ya(z) satisfy L]y1] = L]ye] = 0. Show that
also Llc1y1 + cay2] = 0 for any constants ¢y, ca.

(d) We define L (on any interval) by L[y| = 3" — y + 5. Is L linear? Justify your answer.

4. A certain quantity y(t¢) satisfies the differential equation ¢y’ = (y — 2)(e¥ — 1).
(a) Find all equilibrium solutions and classify each as stable, semi-stable, or unstable.
(b) Find lim;_, y(t) if (i) y(0) = 1; (ii) y(0) = 0; (ii) y(0) = 4.

5. For the initial value problem y’ = —y, y(0) = 2, estimate y(1) using the Euler, improved
Euler, and Runge-Kutta methods, each with A = 1. (That is, do one step of each. This is
not a realistic problem!)

6. In the Runge-Kutta method the local truncation error is known to be of order hS,
where h is the step size. (a) Explain why this gives a global error of order h*. (b) If
a Runge-Kutta computation, with step size 0.1, of the solution of some specific problem
vy = f(t,y), y(0) = yo, gives an error of 0.0100 in the approximate value of y(2) found,
approximately what will be the error if a step size of 0.02 is used?
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7. A certain water tank has the shape of a cube of side 10 ft. The tank is full at noon on
February 16, 1996; after that, water is added at the rate of 1 cubic foot per minute and
leaks out at a rate proportional to the depth of water in the tank. (The initial leakage rate
is more than 1 cubic foot per minute so that no water overflows.)

(a) Give a differential equation for the rate of change of the depth of water. Justify briefly.
(b) It is observed that after a very long time (days and days and days) the depth of water
in the tank is 2 ft and can no longer be seen to be changing. Determine the amount of
water in the tank at 1:00 P.M. on February 16, 1996.

8. For each of the initial value problems (a), (b), and (c) below, answer these questions:
(i) Do the existence and uniqueness theorems we discussed imply that a unique solution
exists on some interval a < x < b (with a < 0 and b > 0)?

(ii) If so, do the theorems allow you to determine specific values for a and b, and if so,
what are these values?

Give a brief explanation of your reasoning in each case. Do not solve the equations.

(a) y =22 +y?cosx + 1, y(0) = 0. (b) y =x+ycosx + 1, y(0) = 0.
(c)y =23+ y'Bcosz + 1, y(0) = 0.

9. In (a)—(e) we give five descriptions of direction fields in the zy plane. For each of these,
choose the differential equation from the list (i)—(ix) whose direction field would satisfy
the description.

(a) The direction field is unchanged if shifted up or down.

(b) The direction field is unchanged if shifted left or right.

(c) The direction field is horizontal on the line of slope 1 through the origin.

(d) The direction field on the line of slope 1 through the origin is parallel to this line.

(e) The direction field slopes up in the first and third quadrants, down in the second and
fourth.

(i) y =ay — 1; (ii) v/ = 23 /y; (iii) ¢/ = xcosx; (iv) ¥y = ye®; (v) v = yeY;

(vi)y = (z+ 2)/(y +1); (vil) y' = cos(y — z); (viii) ¥’ = 2y sin(y — z); (ix) v’ =z +y.

Brief answers (not checked too carefully—be skeptical). For maximum benefit from the
review problems you should work the problem until you get the right answer, not work
backward from the answer or just check that the answer looks correct.

2e —sinx x? 6
B —— — N b = —— — O :
). (oxi00) (0) = - 5 (0,00

y = 62712 — 473713 (—00, 00); (d) €31(2cos4t — sin4t); (e) y = 3e3% — 11z e3®
y = tan(z? — 1), (—1.60337,1.60337); (g) (3x2%y + y3)e3* = 8; (72,77).
1 = e3tcosdt, yo = e3tsindt, W (t) = 4e5t £ 0.
(a)—(c) See book or lecture notes; (d) No.
(a) y = 0 is stable; y = 2 is unstable; (b) 0, 0, co.
u



