(12.3) Exercise 63nterpret and prove
la+bl2+]a—Dbj2=2]a?+2|b2.

Method: For interpretation, draw a picture starting
from generah andb with other vectors constructed.

For proof, carefully usév|? = v - v and linearity of
dot product.
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Equation of line. A line in space is determined by
a point Pp(Xo, Yo, Zo) and a directiorv = (a, b, c).
Once you have the six numbers, all that is needed 1
get the equation is to write them in the right places
Things are slightly complicated by three ways of writ-
ing the equation being in common use. The keyword
identifying these forms will appear on exams without
warning.

Vector form. The form closest to the geometry of the
line uses the idea that vectors in the same direction a
related by being scalar multiples of one another. Thu

the vectoﬂﬁ)D from the given poin®g to the variable
point P(x, y, z) should be a multiple of the vector
The scalar multiple is usually denoted yalthough
different letters should be used for different lines in
the same problem. Changing the parentheses arou
the quantities i’y andP to angle brackets transforms

them into the vectorgsg = O% andr = O_I5 and
the vector equation becomes

r=ro-+tv.
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Parametric form. The vector equation is an abbrevi-
ation for the three scalar equations obtained by equat-
ing the components. For the data given above, this
IS

X = Xg + at
y = Yo + bt
Z=12p+ ct

Symmetric form. Each of these equations can be
solved for the parametér The pointP lies on the
line if you always get the same answer. This puts the
equation in a form that emphasizes a test for whether
P lies on the line:

X—Xo Y—-Yo Z—12o
a b c

This may even be used if some of the coefficiemts
b orc are zero. The other forms show that this should
be interpreted as requiring that a zero denominator
requires the corresponding numerator to be zero.
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How else could a line be givefA Another way to give
aline is by specifying two pointBy andPy (X1, Y1, 21)
on the line. This is immediately converted into the

original form by takingv = Py Ps.

A line may also be given as an intersection of twc
planes. We will return to this after discussing how
planes are given.

Parallel lines; intersections of lines; skew lines
Lines are said to be parallel if they have the sam
direction. Thus,Pg + tvg is parallel toP; + uv; if
there is a constamt such thatvg = Avy. Thein-
clusiveform of this definition means thatlentical
lines are considered to be parallel. In our example

the lines are identical iPyPy, Vo, andv; all have

the same direction. Although the same line may hav
two equations that appear different, it is easy to chec
whether different equations represent the same line

Two lines intersect if you can findandu so that
Po + tvg = P; + uvs.

In scalar form, this gives three equations relating th
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two variableg andu. This suggests that pairs of lines

do not usually intersect. A simple example is

t(1,0,0) and(0, 0, 1) + u(0, 1, 0).

Lines that are not parallel and do not intersect are

calledskew
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Exercises

#3. Find line through(—2, 4, 10) and parallel to
(3,1, —8).

Method. Reformat given numbers.

#7. Find line though pointg3, 1, —1) and(3, 2, —6).
Method. First, find direction.

#11 Show that the line througk2, —1, —5) and
(8, 8, 7) is parallel to the line througt¥, 2, —6) and
(8, 8, 2).

Method. Determine directions.

#15 Determine whether
Xx—4 y+5 z-1
= = — I_
2 4 —3 (b
X=2 y+1 z
1 3 2
are parallel, skew or intersecting.

(L2)

Method. Determine directions.
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Vector functions. We consider functions froR to

R3. The appropriate notion of continuity of such func-
tionsis thateach componentbe continuous. Similarly,
to differentiate such a function, use the derivatives of
the components as the components of a vector. These
properties are not arbitrary: they can be proved from
a general definition of limit. If the values of a vec-
tor function are plotted, one getspace curve The
simplest example is a linear function, whose graph is
a line. Theparametric equations of plane curves
considered in Chapter 10 are also special cases of
this definition. Several other examples appear in the
text. An interesting example is theelix, given by
(cost, sint, t). On the surface whene? + y2 = 1,

this curve moves evenly around the cylinder and up
the axis. Examples appearing in the exercises for Sec-
tion 13.1 are

1 2
X =t = z=1 9
YT 1t ©
X=cost y=sint z=sin% (12
X=sint y=3 z=cost (17)
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Derivatives. If r(t) is a vector function, then
r¢+h)—r(

is a difference of vectors for eadhandh, so it is
the vector whose components até + h) — x(t),

y(t + h) — y(t) andz(t + h) — x(t). Dividing the
vector difference by the scaldr involves dividing
each component bly, but it also admits a geomet-
ric description as a rescaling of the vector difference
For reasonable functionqt), y(t), andz(t), the dif-
ference quotients have a limit which is the derivative
This means that the rescaled difference of vectors als
has a limit which is the vector of derivatives. We de-
scribe the direction of the vector here, and its lengtl
will be interpreted in the next section. The difference
r(t+h)—r(t)isachord of the curve, and the rescaling
simply replaces the chord by a vector in the same d
rection whose length is (usually) bounded away fron
zero ash — O for fixedt. The limit of these di-
rections is the direction of the limit. As with plane
curves, such a limit of chords is what we expect tc
be atangent direction to the curve at the poimnt(t).
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In particular, one can scale the direction to obtain the
unit tangent vector T.

A tangent line to the curve at this point is the line
throughr (t) in the direction ofr’(t). Usually, a nu-
merical value oft will be given (perhaps indirectly
by specifying the value af(t)) which will be substi-
tuted into these expressions (after findmg) from
the functionr (t)).

The calculus of this derivative has all of the expected
properties: the derivative of a sum is the sum of the
derivative and the derivative of a scalar constant mul-
tiple is that multiple of the derivative. Also, all of
the products that we have met are build in some way
from products of a component of the first factor times

a component of the second factor. This can be used to

prove that all analogs of the product rule hold. There
is also a chain rule far(t (u)).
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Exercises 13.2

All exercise are some variation of finding the deriva-
tive, sometimes scaled to giVe In some problems,
the numerical description of a point on the curve is
given, allowing numerical values of these quantities
and a tangent line and a tangent line to be found.

F(t) = <t2, 1-t, ﬁ) 9)

F(t) = <1, —1, e4‘> (11
r(t) = (t, 2sint, 3cost)(t = 7/6) (19
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