Finally, some calculus The coefficients in the equa-
tion of the tangent line have been identified as values
of derivatives, so finding them leads us, after a long
detour into theory, to finding derivatives. The point of
the theory has been to show the importance of the op-
eration of differentiating with respect to one variable
while holding other variables constant. Thisis easyto
do: you simply follow the rules from single-variable
calculus. It only remains to describe the notatiorz If
has been defined by some expression in the variables
x andy, then the derivative ot with respect tox,
treatingy as a constant, is denoted

0z
— or Dyz.
oX

As usual, the result of finding this derivative is an
expression that usually involvesandy. To use this
result to find a tangent line, you will need to evaluate
the expression atx, y) = (a, b). There is no nice
notation for this.
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Alternatively, you can think of the given expression
as definingz as a function ofx andy, which you
typically write z = f (X, y). This notation means
that the functionf requires two input variables and
the value of the function is found by using the given
expression with the first variable assignedxtand
the second tg/. One of the things that is typically
done with functions is to evaluate them at arbitrary
expressions. Thus, if

fXy) =X+ Y2

then
f(y,x) =y+ X2

What this example shows is that one should neve
assume that the variables used to describe a fun
tion have any significance whatsoever. Unfortunately
most of the other notations used in the textbook vi
olate this rule. The only notation that doesn’t is one
that usesf; to stand for the derivative of the function
f with respecttoits first variable. This has the advan
tage that one can writé (a, b) for the result of evalu-
ating this function at the poirgt, b), i.e., the result of
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first differentiating the function and then evaluation
the result at the base point.

Higher derivatives. Once one has a derivative, either
as an expression or as a function, one can think of
differentiatingthat If one expects to do a lot of that
sort of thing, an abbreviation is needed. Thus one
writes

3%z 3 (9z\ 0%z d [0z

—Zfor— — ), —— for — | — |;

X OX \ 0X/ 0dyoX ay \ oX
and fq2 for (f1)2.

Fortunately, you only need to be careful about the
order of the variables in this expression when making
the definition, sincef1, = f»1 for functions that you
will meet in practice.
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Exercises 14.3Find partial derivatives.

3x — 2y* (12
X—Y

1
X+Y (15

VX2 4+ y2 (33
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The chain rule.There are other derivatives involving
functions of several variables that can be found. Sup-
pose thatis given in terms ok andy, and thak and

y are each given in terms of You could (andVaple
does) use this to findin terms oft and then calculate
D:z (this is the neatest notation for this discussion).

Alternatively, you could apply the rules of differenti-
ation to the expressions that you are given. Whatever
the expression foe tells you is the last step in its
computation is the first differentiation formula to be
applied. In this process, expressions equd)ipare
obtained that can contax) y, t, Dix andDyy. Since

x andy are given in terms df, their expressions are
used when you need to expabgx andDyy in terms

of t. The idea behind the chain rule for functions of
several variables is to delay the expansiobegt and

D:y as long as possible. This gives an expression for
Dizin whicht has yet to appear outside of a subscript.
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The fundamental linearity of differentiation for-
mulas. Let’s take a close look at the formulas of
elementary calculus:

Di(X +Yy) = Dix + Dry (S
Di(X-y) = Dix-y+x- Dty (P)
Di( f(x)) = f'(X) - Dyx (C)

These rules suffice to differentiate all the functions
met so far, when supplemented by special formula
for differentiating functions given byf (x) = one
the following expressions: a constant), €%, Inx,
sinx, or cosx, arctarx. A few more formulas are
obtained to avoid deriving them from other formulas
every time they are needed, but this short list of for:
mulas is a good summary of elementary calculus. C
course, the course really deals with the understandir
of functions that allows you to use these formulas an
apply the results to things in the real world that car
be modeled by this mathematical abstraction.
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The thing to notice about formuld$s), (P) and(C)

is that eachterm contains afactor that is a single
application ofD;. This means that, in the setting at
the start of this lecture,

Diz= A Dix+ B - Dy, ()

where A andB are expressions involving andy.

Connection with partial derivatives. Formula(x)
holds independent of the dependence ahdy ont.

The special cases used to define partial derivatives (or,
at least, their values at particular points) are obtained
by using the parameterizations: ()=t, y = b;

or (2)x = a, y = t. This shows thatA = Dyz and

B = Dyz. The usual statements of the chain rule are
obtained by translating this statement into different
notations.
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A word about proving the chain rule. This discus-
sion has emphasized how the chain rule appears
calculations, suppressing all aspects of proof. How
ever, this is not completely lacking in mathematical
rigor. The rules of elementary calculus were obtaine
with proofs based on a definitions in terms of limits.
In fact, it would have been better to use the “gooc
linear approximation” version introduced in connec-
tion with our discussion of the tangent plane. Inside
these proofs are rules for obtaining &om a given

€, although we usually don’t look that closely.

For functions given by expressions that we recognize
our calculation is a proof that the derivatives exist. Ir
fact, a close examination of what we have when wi
have reached the stage of formgia shows that the
surface defined by the given expressiorzaf terms

of x andy has atangent plane wherever the calculatio
is valid.
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What this approach doestdois tell how to deal with

a new function of several variables. What should be
done, if such afunctionis ever met, is to show from the
definition of the function that it has a tangent plane,
and then prove a version of the chain rule we have
already stated in the case where the grapiz et

f (X, y) has a tangent plane and the curve- g(t),

y = h(t) is differentiable.

Since we are not likely to meet any new functions of
several variables in this course, this approach is more
suitable forAdvanced CalculusHowever, in a sense,
this was exactly what was done in deriving formulas
(S) and(P)! Look closely at the expressions+ y
andx - y. What are the partial derivatives? Does this
agree with the statement given for the chain rule? (Of
course, these questions are rhetorical.)
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Exercises

Find derivatives and identify role of the chain rule. In
these examples, each variable plays a definite role.
desired, everything could be expressed in terms of tr
independent variable(s) only. This illustrates the wa
that computations are organized in a spreadsheet.

1. z=x2y+xy2, x =2+1t4 y=1-t5
3. Zz=sinxcosy, x = wt, y = /1.
7.2=X°4+Xy+Yy>, x=s+t,y=st
9. z = arctan(2x + y), x = s°t, y = sint.

19. w = x?4y?+7% x = st, y = scost, z = ssint
(ats=1,t =0).
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Gradients. There is one more thing to be seergk).
Whenever one has a sum of terms, each of which is
a product of something of one type and something of
another, it should be viewed as a dot product of vec-
tors. We have already met the vect@®;x, D;y) as
the velocity vector when(t) = (x, y) gives the po-
sition of a point at time.. This model suggests that it
won't be long before we try to write'(t) in the form
(ds/dt)T, but first we collect the other factors into a
vector(Dyz, Dyz). When differentiating a functiorf
instead of an expressianthis has the forng f1, f).

In this form, it is easy to imagine the generalization to
functions of any number of variables. This vector is
called thegradient of f and denoted f. Gradients
are very much a “function thing” since it emphasizes
the domain of the function rather than the range —
there is no good notation for the same object con-
structed from an expression.

Like all other derivatives, gradients will be evaluated
at points of their domain when they appear in appli-
cations.
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Directional derivatives. The chain rule can now be
expressed as

Def(rt))=vVE(r@))- r@.

While f is an ordinary real valued function on some
RY (with d = 2 ord = 3 for most of the examples in
this course, but a common description of those case
leads immediately to a vast generalizatioW)f is
something else: for each poiRt € RY, Vf(P) is a
vector inRY based atP. One term frequently used
for such a functiolR4 — RY is vector field. The
appearance oV f (P) in an inner product suggests
that its principal interpretation will be in terms of ex-
pressions of the forriv f (P) - v. In particular, ifv is

a unit vector, this expression is called theectional
derivative of f in the directionv. The special case
in which v lies along one of the coordinate axes ha:
already been met under the name “partial derivative’

Now, as promised, we writg(t) = (ds/dt)T to ex-
pressD; f (r(t)) as the product of thepeedwith
which r (t) is drawing the curve and the directional
derivative off in thetangential directiorof the curve.
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There are two important special cases.L VT is
equivalent to the directional derivative being zero; the
directional derivative takes its maximal value when
v | Vf. Since

V. (=v)=-VTf.v,

the minimum value of the directional derivative is in
theanti-parallel direction.

An important application is that level curves of func-

tions onR?, or level surfaces iik3, are perpendicular
to the gradient of the function.

Changing coordinates Since the last step of com-
puting a gradient off is to draw that vector field at
points of the domain of , the coordinates used in its
computation have been pushed into the background.
This suggests that it should be possible to perform

these computations in other coordinate systems and

get the same geometric answer. This is indeed true,
with one important requirement — since inner prod-
ucts play an important role in the theory, only sys-
tems in which the coordinates are the components
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of a set ofmutually perpendicular unit vectorsan
be used. While it is usually better to use a disjoin
set of names for the elements of different coordinat
systems, the restriction to orthonormal coordinate
allows the same name to appear in different coords
nate systems as long as it means the component wi
respect to the same vector.

Exercises Find gradientv f in general and at point
P. If a direction atP is given, find the directional
derivative in that direction.

#3. f(x,y) = x2y3 4+ 2x%y, P(1, —2), anglen/3
from positivex-axis.

#9. f(x,y,2) = xy?z°, P(1, -2, 1), in direction
(1/4/3)(1, -1, 1).

#15. f(X,y,2) = V/x2+y2+ 22, P(1, 2, —-2), di-
rection of(—6, 6, —3).
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Overview of beginning of chapter 16 If f(x,y, 2)

is a real-valued function oR3, its gradient V f was
introduced in Section 14.6. When it was introduced,
we noted that it was an new kind of function called a
vectorfield. In Section 16.1, a definition of this object
finally appears, with some examples from physics. It
is quickly noted that a vector fielthat is of the form

V f is very special. The wordonservativeis intro-
duced to describe such vector fields, ainds given
the special designation of tipetential function of F.
This is supposed to inspire a feeling of warm fuzzies
among those who have met these terms in a physics
course. It is motivated by the concept pdtential
energy which is an invention that allows one to claim
a law of Conservation of energyThe change in the
more observabl&inetic energys given by thewvork
integral, which is the integral of theangential com-
ponentwith respect of arc length of the force acting
on an object. Formulé&?) in Section 11.9 noted that
only the tangential component of acceleration con-
tributed to changes of speed, and this is what is being
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measured here. This work integral takes the form

fF-Tds
C

The T andds in this formula should not be taken
seriously, they only serve to establish the link with
physics. The? in this notation represents the curve
over which the object moves, anddfis given by a
vector functiorr (t), then

Tds=r'(t)dt

from the definitions ofl ands. The chain rule of
elementary calculus shows that a change of param
ter gives the usual change of variable in this integra
and hence, does not change the value of the integr:
Thus, although welescribethe integral using ds,
we computeit usingr’(t) dt.

If F = V f, then the chain rule for functions of sev-
eral variables shows that this integral is equal to th
difference of the values of at the ends of the curve
C. This is the first generalization of the fundamenta
theorem to appear in this course.
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Integrals of vector fields The text mentions some
integrals of scalar functions with respect to arc length
along curves. Such integrals (except for the calcula-
tion of arc length itself) are artificial. Onlyintegrals of
vector fields like thavork integral seem to appear in
applications, and only these integrals have interesting
mathematical properties. & is a curve parameter-
ized byr(t) fora <t < b, then we describe this

integral as
f F-Tds
e

fF- dr,
e
and evaluate it as

b
f F(rt))-r'(tdt,
a

which we think of as a substitution in the previous ex-
pression. The value of this expression is independent
of parameterization. IF = (P, Q, R), then

fF-dr,
e

or
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can be expanded as

/ Pdx+ Qdy+ Rdz (x)
e

In these formulasP, Q, andR are functions ok, v,
andz. Expanding everything in terms of the param-
etert gives the same formula as before. This show
the power of the notation of expressions when doin
calculus. Indeed, some of the things that you thinl
you see in the forni(x) turn out to really be there
and allow simplifications. For example, if you have
[ xdx, it is equal to the difference of the values of

x2/2 at the two ends of the path.

If you need to give a piecewise definition of the curve
C, then the resulting integral will normally be written
as the sum of the integrals over the pieces. For exar
ple, to integratd- in the counterclockwise direction
around the square with verticé€g, 0), (1, 0), (1, 1),

(0, 1), you form

1 1
f F(X, O)dx+f F(1, y)dy
0 0
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0 0
+/ F(X, 1)dx+/ F(O, y)dy.
1 1

The fundamental theorem If F = V f, then the
integrand in(x) is

fa(x,y,20dx+ fao(x,y,2dy+ f3(x,y, 2)dz

which the chain rule for several variables says is just
df(r(t)). The fundamental theorem of single vari-
able calculus says that this integrates to the difference
of the values off at the points (t) obtained from the
endpoints of the interval inover which you are inte-
grating. These values oft) are just the endpoints of
the arcC. In particular, f (x, y, z) can be determined
up to an additive constant by integratiRgalong any
path from a fixed base poixg, Yo, Zo) to (X, Y, 2).

Independence of path The result just mentioned
shows that the integral of a conservative vector field
depends only on the endpoints of the @r@nd not on
the details of howe gets from one of those points to
the other. However, you should remember to verify
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the hypothesis of this theorem before jumping to its
conclusion. This is mostly a theoretical result, no
a shortcut for evaluating integrals. Direct use of the
definition is an important skill which should not be
abandoned before it is mastered.

Finding potential functions. Given a vector field~
that is defined everywhere, we can build a path fron
(Xo, Yo, Zo) to (X, Y, z) by following lines parallel to
the axes tax, yo, Zg) and(x, vy, z9). If F = V 1, the
integral along this path gives a possible valuefof
and all other choices of differ from this by our old
friend “ + C”.

A necessary condition for afield to be conservative
Clairaut’s theorem tells thatj; = fj;. If F = V f,

this says that the partial derivative of theh com-
ponent ofF with respect to thg-th variable is ev-
erywhere equal to the partial derivative of theh

component of with respect to the-th variable.

If F does not have this property, it cannot be consel
vative. Conversely, if it has this property, the standar
path can be used to find a tentative choicd ofOne
can then compare the gradient of this functiorito
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Usually, one findstha¥ f = F. Green’s theorem can
be used to formulate and proof a precise statement.

The key example If

FOOY) =52 o
=\ v 2 y2 )

then it appears that our necessary condition is satis-
fied. HoweverF and its derivatives fail to be defined
at (0, 0). This cause$- to fail to be conservative. It

IS easy to compute its integral around the unit circle,
X = cost, y = sint, fromt = 0tot = 27.

This simple example shows thatindependence of path
requires that it be possible to compute the integral
along a family of paths that describe how one can

deform one path into another. A single point that

prevents integrals through it from being defined can

cause independence of path to fail.

The value of the integral we have given on any path
not containing(0, O) is always an integer multiple of
2. That integer can be interpreted as the number of
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times the path goes around the origin in the counte
clockwise sense (so that it+sl if you go once around
In the clockwise sense).

Exercises 16.2
Flnd/ F.dr.

#19. = (x%y3, yv/X),

= 12, —t3),
O0<t<l.

#21. F = (sinx, cosy, x2),
r=(t3, —t2t),
O0<t<l.

Exercises 16.3

ISF=V{?

#3.F = (6X + 5y, 5X + 4y)
#5. F = (xe&Y, ye¥).
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