Parametric surfaces Section 16.6 extends the study
of surface area to parametric surfaces.

Just as curves in space are best described by giving
a vector functiorr (t) that may be thought of as de-
scribing how the curve is drawn, so surfaces should
be given by a functiom (u, v) expressing the space
coordinates, y, andz in terms of two parameters
andv that play the role of coordinates on the surface.

Surfaces of revolution are naturally parameterized by
the adding an angular parameteto the parameter
that draws the curve being rotated. If you are rotating
about one of the coordinate axes, the distance along
that axis is part of the parametric description of the
curve, and the other two coordinates are obtained by
multiplying the distance to that axis (the other part of
the parametric description) by césnd sir.

Another family of surfaces that are easily obtained in
Mapleare theubeplotghe fatten up a space curve by
identifying the points at a certain distance from the
curve in the plane perpendicular to the curve at each
point. One of the simplest examples if therus.
Start with the circlerg(cosu, sinu, 0) and use the
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vandz = f(x,y), we find

r = (Xu, Yu, fxXu + nyu)
r2 = (Xu, Yo. fxXo + fyyo)

so thatr1(u, v) x ra(u, v) is

i k
Xu Yu  fxxu+ fyw
Xy Yoo BxXp + fyyy
This leads to
dude— X4y
IXuYy — Xo Yul

The denominator is the third component of the cross
product, and it is also the factor that will be found in
section 15.9. In other words, this also corresponds
to the formula that would be obtained by inventing
theimplicit function that givesz = f (x, y) from the
parameterization of the surface.

There is no special significance to thg plane in
these calculations. Itis equally easy to use one of the
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vectors (cosu, sinu, 0) and (0, 0, 1) as perpendic-
ular unit vectors in the normal plane, so one get
(ro +rypcosv){cosu, sinu, 0) +ry sinv(0, 0, 1).

You can also get the surface traced out by the tange
lines to a space curve by lettingu) be the curve and
v the parameter that draws the tangent line(a).

In the direct approach to area of parameterized su
faces, we partition the region in thev-plane into
pieces of small diameter, and approximate the corre
sponding part of the surface by parallelograms in th:
tangent plane whose sides are the given by vecto
r1(u, v)Au andra(u, v)Av, the area of the parallel-
ogram is given by the length of the cross product o
these vectors. As in our derivation of formulA),
this leads to

/ Ir1(u, v) x ra(u, v)| dudv

overthe region in thav-plane parameterizing the part
of the surface we are measuring. Comparing this t
(A) in the case wherg andy are functions ofi and
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other coordinate planes and the formulas will involve
a different component of the vector perpendicular tc
the surface. Thus, ifA, B, C) is perpendicular to a
surface at a point, then the element of surface area
that pointd Ssatisfies

ds B
VAZ + B? 4 C2

dxdz
B

dxdy|
| =

_ |dydz
A

Exercises 16.6

#39Find the area of the part of the sphere+ y2 +
72 = a2 the lies inside the cylinder? + y2 = ax.

16.6.4



