Proof of Stokes’ Theorem Itis conventional to state
theorems before proving them, but this sometimes
leads to unmotivated work aimed at establishing the
definitions needed to state the result. Since the mo-
tivation lies in the proof, it might be better to give
the proof first, and then interpret it. We use vy, 2)

for the coordinates in th&2 where all objects are
constructed.

Ouir first object will be a surfacgthat we begin by as-
suming to be the graph of a functiar= g(x, y). This

suffices for our needs since we need only have enough

of a proof to provide clues to the correct statement of
the theorem and interpretations of the formulas it re-
lates.

The second object is a closed cur@dying in the
surfaceS. One side of the Stokes Theorem equation is
the integral of a vector field around®. Suchintegrals
usually require thaf be given by a parameterization

rt) = (x(@), y(), z(t))

in order to be calculated, so we reserve this nota-
tion. SinceC is contained irf, we must have(t) =
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Abbreviating everything to get the correct expression
in terms oft gives

f P(X. Y, 9(X, Y)+
Co

R(X’ y’ g(xv y))gX(Xv y) dX+
Q(x, y, 9(x, y)+
R(Xa Y, g(x» Y))gy(x» y) dy

This is a line integral in they plane, so it is equal to
the double integral over the regi8g bounded byg
of

0
&(Q(X’ Y, g(X9 Y)) + R(X’ Y, g(X, Y))gy(x’ Y))—

a
@(P(X7 y’ g(x’ Y)) + R(X7 y’ g(xv y))gX(Xv Y))

The terms containing second derivativegair prod-
ucts of two derivatives aof in this expression cancel,
and the remaining terms may be grouped as

(Ry — Q2)(—=0x) + (Pz — R)(—=0y) + (Qx — Py).
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g(x(t), y(t)). Let Co be the projection of into the
xy-plane, so that it is parameterized py(t), y(t)).

The vector field
F=(P(X.y,2), QX Y, 2, RXY, 2))

Thenfﬁ F - dr is an abbreviation for the expression
e

b
/ P(x(t), y(t), Z®)x'(t)+
a

Qx(1), y(t), z(t))y' () +
R(x(t), y(t), z(t))Z (t) dt,

where the values= a andt = b correspond to going
once arounct. This integral is a sum of three terms
that can be treated separately.

We next write expressions for the interpretations o
these integrals as line integrals 6p. This involves
replacing every mention ot by g(x,y). This is
straightforward in the first two terms, but in the third
term,

Z (1) = gx(X(1), YO)X'(t) + gy (X(1), y1)Y' (D).
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The second factors in these terms are the componer
of (—gx, —0y, 1) which is perpendicular t§. The
first factor must then be the components of a vectc
field being integrated over the surface. Note that th
normalization of our normal vector to have third co-
ordinate 1 gives the expression for a flux integral fol
the upward orientation with respectdx dy.

The other factor is a vector field constructed from
derivatives of-. This expression is often described as
V x F since the pattern of partial derivatives follows
the same pattern as terms in a cross product. Th
construction is called theurl of F.

From particular to general. The previous analysis
applies on any piece of the surface wherean be
givenas a function ok andy. A computation of the
surface integral using parameters other tRaandy
only requires a differergcalingof the normal vector.
That is, we consider a flux integral of a vector field to
be the integral of the dot product of the vector field
with dSwhich is a product of a suitably scaled normal
vector with an element of area in the parameter spac
Whenever two parameterizations are possible, the r:
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tio of the area elements can be combined with the
normal vector to give the relation between the scaled
normals.

In particular, the rightward orientation for an integral
with respect toy andz would have first coordinate
+1.

All of our oriented integrals are such that cutting the

region into pieces gives the integral as the sum over
the pieces. The implicit function theorem tells us

that a nonzero component of the normal at a point
allows a small piece containing the point to be found

on which the selected variable is a function of the

remaining variables. The whole surface is thus broken
into pieces covered by our special case.

Conservative vector fields One observation con-
nected to Stokes’ Theorem is that the components of
V x F are exactly the things that must be tested to
show thatF is conservative. Since the line integral is
zero around every curve, it is natural to expect that its
corresponding surface integral would also be identi-
cally zero. As in the case of Green’s Theorem, one
can use Stokes’ Theorem to replace a line integral
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by a surface integral to remove conservative vectc
fields that may complicate the computation without
affecting the value of the integral.

Although we will see that surface integrals usually
depend on the surface, the surface integrals in Stoke
Theorem give the same value for integrals over an
surfaces having the same boundary curve.

Exercises
#3. F = (x2eY?, y2eXz, z2€"Y), € is boundary of part
of x2 4+ y2 4+ 72 = 4 wherez > 0.

#7. F = (x+ Y2, y+ 22, z+ x?) C is triangle with
vertices(1, 0, 0), (0, 1, 0), (O, O, 1).

#9. F = (2z, 4%, 5y), C is intersection oz = x + 4
with x? 4+ y? = 4.
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