Some solutions to last assignment

16.5 /44
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VxF=det|— — —
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0 cosxz —sinzy
= (—zcoszy +xsinzz)i+ ycosxyj— zsinzzk
VeF =0.
16.5/412

(i) is a vector field and (1) is a scalar field. (h), (j), (k) are not meaningful. (h): f is not a
vector field. (j): div F is not a vector field. (k): div F is not a vector field.

16.6/#21 Use spherical coords ¢, § as parameters on this spherical surface of radius 2.

x =2sin¢gcosf, y=2sin¢sinfh, 2z =2cosq, 0<¢p<m/4, 0<0<2rm
r = 2sin ¢ cos #i + 2 sin ¢ sin 0j + 2 cos Pk

i j k
dS =|ry X rg|dpdf = |det | 2cospcosf —2cospsind —2sing| | dpdb
—2sin¢sinf  2sin¢cosb 0

= ... = |4sin® ¢ cos i + 4sin? ¢ sin fj + 4 cos ¢ sin ¢pk| dp df = 4 sin ¢ d¢p db, S0

w/4 27
area:/ / 4singdpdh = (8 — 4V2).
¢ 6=0

=0

16.7/#5
The surface is part of the graph of the function z = 1 4+ 2z + 3y; use the independent
variables x, y as parameters.

T=x y=y z=142x+ 3y 0<zx<3, 0<y<?
r=zi+yj+ (14+2z+3yk

k
dS = |r; x r,| dz dy=|det 2| dedy=|— 2i — 3j + k| dz dy=+/14dz dy
3
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// ?yzdS = / / 22y(1 4 2z + 3y)>V1ddyde = ... = 17114
=0 Jy=0
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16.7/#19
Surface is part of z = 4 — 22 — y?; use parameters x, y.

r==x Y=y z2=4—z%—y? 0<z<1,0<y<1

r=zi+yj+ (4 -2 —yHk

F vy yd—2?—-y?) (A-2? -y
FendS =det|r,| drdy=det| 1 0 —2x dx dy
ry, 0 1 —2y

(22%y +2y°(4 — 2% — y*) + 24 — 2% — y?)) dx dy

1
//FondS’ / / (22%y + 2y (4 — 2 — y?) + (4 — 22 —y))d;cdy—gﬁ
=0

16.8/#9
For Stokes’ Theorem use a surface ¥ bounded by the given C', and integrate curl F over
Y. First, compute

J k
0 0 " . Ty
curl F = det 9% v 92 = (ze™ — 2x)i+ (y — ye™)j + zk.

x 0y
yz 2wz e

Here use the disk 22 +y2 < 16, z = 5, as 2. Since C is oriented counterclockwise, we must
take n pointing up, by the right hand rule. (In fact n = k.) For parameters we can use
x,y themselves; the surface is part of the graph of the function z = 5. Let D be the disk
of radius 4 in the x,y plane centered at the origin.

Tr=ux, y=y, 225, (a:,y)GD

ze®™ —2x y—ye®™ 5
curlF endS = det 1 0 0| dedy =5dxdy
0 1 0

(More easily: dS = dxz dy since z = 5 is parallel to x,y plane;
curl F endS = curl F e kdS = zdx dy = 5 dx dy)

/Fodr://curlFondS://5dxdy:5-(areaofD):807r.
c
) D



16.9/#15
Let A be the solid sphere with center at the origin and radius R. Let n be the outward
normal on the surface of the sphere.

divF = 12222 + 12¢%2 + 1223 = 122(2? + y* + 2?),

é/FondS:///dideV:///12z(:c2+y2+z2)dv

(use sph. coord., J = p?sin ¢, 2% + y% + 22 = p2, 2 = pcos @)

//FondS /0 /¢0/ 2(pcos ¢)(p?)(p? sin ¢) dp dep df

by R 1 R6
:12-%/ sinqscosqsdqs-/ p’dp=12-27- = - — = 27RS.
¢:0 p:(] 2 6
16.9/4£19
The idea is that it’s probably easier to evaluate // FendS than // FendS, and they
S s

are related by the divergence theorem:

Zl/FondSJré/FondS:S{/FondS:/A//diVde_

Here n points outward on S5, so it points downward on S;. Thus n = —k on S;. Also
A is the solid hemisphere bounded by S and S;: in spherical coordinates, 0 < p < 1,
0<¢<7/2,0<6<2m.

First, for S1, n = —k and since S is part of the z,y plane, dS = dz dy, the parameters
are x and y, and they vary over the unit disk D in the z, y-plane. Also z =0 on Sy so

FendS="Fe(—k)dedy = —(222 + y*)dedy = —y* dax dy

//FondS:—//y dedy = — / / r2sin26 - rdrdd = — =
r=0J6= 4

S1

Next, divF = 22 + y? + 22,

///ddeV ///x +y? + 22)dV = /9 /(:/2/ ,o,ozsimsd,odqsde:%7r
Thus é/FondS://FondS—//FondS:///dideV—//FondS
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