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1. Use Lagrange multipliers to find the absolute maximum and minimum values of
2z = x3y on the circle 22 + y2 = 4. Find not only the values of z, but also the points
(x,y) where they are attained.

Solution: By the Extreme Value Theorem, absolute max and min values exist. The
Lagrange multiplier equations are

3%y = 2\ (1)

3 =2y (2)

z? 4 y? = 4. (3)
3

3z2y

Assuming xy # 0, =2\ = :13_7 so x?2 = 3y?. Substituting in (3) gives y> = 1, and

x y

the four points: (£v/3,%1), (£v/3,F1) with 2 = £3+/3. In addition the constraint (3)
implies that x and y can’t both be 0, so by equation (2), y # 0. But it is possible that
=0 = X and y? = 4. However, these points give z = 0. Thus the maximum is z = 33/2,
attained at (+v/3,+1), and the minimum is z = —33/2 attained at (£+/3, F1).

2. Find all the critical points of f(z,y) = 223y — 6xy + y?, and classify them as local
maxima, local minima or saddle points.

Solution: The critical points are the solutions of

fx:6a:2y—6y:0
fy:2:133—6:13—|—2y:0'

From f, = 0 we get y(z?> —1) =0,s0y =0 or x = £1. Ify = 0, then f, = 0 leads to
z3 — 3z = 0, giving three critical points: © = 0 or £v/3, with y = 0. On the other hand
ifx =1, then f, = 0 leads to y = 2, and similarly x = —1 leads to y = —2. In all there
are 5 critical points: (0,0), (£v/3,0), (1,2), and (-1, —2).

Next, A = fuz = 122y, B = f,y = 62? — 6, and C = f,, = 2. Hence at (0,0) and
(£v/3,0), AC — B2 = —B? < 0, so these are saddle points. On the other hand at (1,2)
and (—1,-2), A > 0 and AC — B? > 0, so these two points are local minima.
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3. Evaluate / / 5y dA where R is the region above the z-axis, above the line y = —x

R
and inside the disk 22 + y? < 6.

Solution:

In polar coordinates, R is described by 0 < r < /6
and 0 < 0 < 3w /4. The integral is

3w /4
/ / Srsin @ - r dr d@
r=0 9
3r/4
—5/ r2dr-/ sin 0 df
0 0

532 [ V2
‘5‘“(7)-

4. Consider /// 2?yzdV where S is the quadrant of the ball 22 + y? + 22 < A? for

S
which y > 0 and z > 0. (Here A is a positive constant.)
(a) Set up the integral in cylindrical coordinates.

Solution:

VAZ 2
///x yzdV = / / / (r cos 8)*(r sin 8)(2)r dz dr df
0=0 Jr=0Jz=
VAZ 2
/ / / rtz cos® O sin 0 dz dr df
0=0 Jr=0Jz=

o= AT
for (c) / / —r*2? cos? O sin b
0=0Jr= 0
=0

= / / —r2) cos? @sin 0 dr df
0=0Jr=
AT 2 2A7

= §/r:0(r4A2_r6)dr-/0 cos® @sinf df = 3= 108

(b) Set it up in spherical coordinates as well.



Solution:

//y:ﬁyzm/LLW!LA!/%(Pﬁn¢ﬂﬁeyﬁwm¢smﬁﬂpam¢nﬁ$n¢d¢@nw
S

=0Jp=0J$=0

T A %
= / / / 0% cos? 6 sin 6 sin® ¢ cos ¢ do dp d
6=0J p=0 J p=0

" 2 3 4 6 % .4 2 A7
for (c) = cos” 0sinf db - p°dp - sin ¢cos¢d¢:§-7
0 0

1
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(c) Evaluate one of these integrals.
Solution: See above. The substitutions u = cos  and v = sin ¢ were used.

5. A plane lamina, sitting in the z,y-plane, lies between the parabolas y = z? and
y = —z2, and is bounded by the line # = 1. The density of the lamina at (z,y) is
§(x,y) = x3.

(a) Find the mass of the lamina.

Solution:

1 z?
m://5(x,y)dA:/ / 3 dy dx
(. z=0Jy=—2x2

2

1 Yy=x 1 —y N\
2 y=X
= / 3y dr = / 22° dx = 5 x=1
z=0 P 0 D
y=—x"2

(b) Find the center of mass of the lamina.

Solution: v = 0 since both D and § are symmetric about the x-axis, and

1 z? 1
2
mfz//mﬁ(m,y)d/l:/ / :c-:c?’dydx:/ 2:c6d:c:?.
=0 =—x2 0
D

2
Therefore T = 2—% = g, so (Z,7) = <g,0>.

6. Consider the surface 23 — 22%yz? + z%y? = 4.

(a) As (z,y, z) varies on the surface near the point (1,—1,—1), z is a function of = and

0z 0z

y. Give general formulas for — and — valid near (1, -1, —1).
ox 0y
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Solution: Let F(z,y,z) = 23 — 22%yz® + z*y?. Then
0z F, —4xyz? + 4a3y? 0z F, —2x%22 + 22ty
_— = —— = — an _— = —— = — .
oz F, 322 — 4dx2yz Oy F, 322 — 4dx2yz

(b) Find an equation for the tangent line to this surface at (1, -1, —1).

ﬁSolution: The surface is a level surface of F' so a normal vector is

VF‘(l’_l,_l) = ( —dwyz? 4 423y?, —2222% + 221y, 327 — 4x2yz>|(1,_1,_1) = (8,—4,-1).
The tangent plane has equation 8x — 4y — z = 13.

7. Evaluate / 22% dx + xy dy, where C is the (directed) line segment from (2,3) to

C
(3,5). Solution: The line between (2,3) and (3,5) has equation y = 2z — 1. Since
different points of C' have different x-coordinates we can use t = x as a parameter. Then

d
C is parametrized as x =t, y = 2t — 1. Thus dx = dt and dy = d—gz dt = 2dt. Therefore

3 3
/29:2d9:—|—9:ydy:/ (2% + t(2t — 1) - 2) dt:/ 6t° — 2t dt = 33.
C 2 2

5 522
8.  Write / / e“®** dydr as an equivalent iterated integral with the order of
xr

=0 Jy=0
integration reversed. DO NOT EVALUATE.
Solution:
y The point P is (5,53). Also for x > 0, y = 5x? is

P equivalent to x = \/y/5. The equivalent integral

is
52 45
/ / e dx dy.
y=0 Jz=4/y/5




