Math 251:05-06 — Spring 2003

Lecture digest for third exam

Lecture #12

Examples of Surfaces

Section 12.6 section describes a few simple examples of surfaces. Generally, surfaces will be given by
an equatiog(x, y, z) = 0. The surfaces considered are (general) cylinders and cones, and surfaces given by
equations of degree s, which are cakkipahdrics. Although the examples of quadrics are in special position,
they include all types of surfaces.

Cylinders

An equation in which one of the variables does not appear describglinder. All values of the
missing variable are allowed while the included variables describe a curve in one of the coordinate planes
that gives the common cross-section. Note that the shape of the cross-section is arbitrary.

Cones

Another way to trace a surface with lines is to take a curve in the pasa€l and join all points on
the curve to the origin. Then a poif, y, z) with z = 0 lies on this surface if and only {&/z, y/z, 1) lies
on the given curve. If the curve has a polynomial equation, it can be multiplied by a powés obtain a
polynomial equation of the cone. This equation has the special property that all terms have the same degree.
Conversely, all suchomogeneougquations define cones.

Quadrics

A surface with an equation of second degree is callgdaric. Several such surfaces are explored in
Maple Lab 2. Only the special cases with equations

AX> + By’ +CZ+J=0

or
A+ By +2=0

will be considered here since the general equation can be putin one of these forms by arotation and translation
of coordinates.



A major tool in recognizing these surfaces is to consider the intersections with the coordinate planes.

Figures of Rotation

If A = B, the sections in th&z plane and the/z plane look the same. Indeed, one has the same
section in any plane through tlzeaxis. If we denote the distance from thexis byr, thenr? = x2 + y?
and the equation depends only bomndz. Thisr is ther of polar coordinatesin the xy plane. More
generally, we can use polar coordinateandé as an alternative to the rectangular coordinatesdy,
keeping az coordinate with its usual interpretation. This gives tyéindrical coordinates in space that
will be considered later in this course.

Changes of Scale

If x is replaced byx for some constant without changing the other coordinates, the effect may be
described by changing the scale on xhexis without changing the graph. If you prefer to have fixed scales
on the axes, this corresponds to shrinking or stretching uniformly in a direction parallelxaiie. Such
transformations take circles into ellipses.

Graphs of Functions

One of the easiest descriptions of surfaces is f (x, y). Theimplicit function theorem says that
our general formulagy(x, y, 27 = 0 may be assumed to be of this special form in a neighborhood of any
point with g3(X, Y, z) # 0. Hereggs refers to the partial derivative with respect to the third variable.

Some examples

#9. x? -y’ + 22 =1.

#11 4x? + 9y? + 267% = 36.
#15 y2 = x2 + 72

#31 z=x2+y2+1.

Using Green’s Theorem for change of coordinates, part 1

The proof of Green’s theorem shows that every double integral iR ytean be evaluated as a suitable
line integral around its boundary. ¥fandy are functions ofl andv, this is converted to aline integral in the
plane. Thislineintegralis converted by Green’'stheorem into a double integralin gi@ne. So far, we have
done this only for polar coordinates, and no separatelane, in which these arectangular coordinates
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was introduced. However, the proof via Green’s Theorem needs this planestmoadapplication of
Green’s Theorem. In this proof, we can start with a line integral

I =7§de+Qdy.

Here, P and Q will be functions ofx andy. We then express andy in terms ofu andv, which will be
expressed in terms of andv by composition with the functions giving andy in terms ofu andv. This
substitution will express$ as a line integral in thav-plane. In addition to obtaining andQ in terms ofu
andv, we need to write

dx = xy du+ x, do,

dy=y,du—+y,dv.

Using Green’s Theorem for change of coordinates, part 2

Thus,
= f(qu + Qyw du+ (P, + Q) dv.

Applying Green’s theorem in thev-plane gives an integrand of the double integral that is

(Px + Q¥o)u — (PXu + QWu)y =
PXpu + QYou + (PxXu + PyYu)Xy
+(QxXu + QyYu) Yo
—PXuy — QYuv — (PxXy + PyYy)Xu
—(QxXy + QyYu)Yu
= (Qx — Py)(XuYv — XpYu)

Here the first part is the integrand of the original double integral ixth@lane composed with the definition
of x andy in terms ofu and v, and the second factor is the ratio of areas in the two planes. In polar
coordinates, this reducestto

Lecture #13

Area of parallelograms, part 1

We noted in lecture 7 that The lengthafx b is the area of the parallelogram wighandb as sides.
We should take a closer look.
Suppose we have vectors

Vo = (ap, bg, Co) V1 = (ag, by, C1)



based at a poir(Xo, Yo, Zo) in R3. Then the four point®, P + vo, P + v1, P + vg + v1 are the vertices
of a parallelogran® in space, which lies in the plane

Ax+By+Cz=D

where
(A,B,C) =vg x V1

and
D = Ax+ By + Cx%.

Area of parallelograms, part 2

The area ofP is

|V0 XV1| = A2-|- BZ+C2.

If we project this figure into they plane, we get a parallelogram with one verte®atxo, Yo, 0) and sides
given by the vectors
Wo = (ap, bp, 0) w1 = (as, by, 0)

whose area is
lwo x w1| = [(0,0, C)| = |C]

The ratio of the area of the projection to the are@ a$

C|
JRiB i C?

Note that this quantity does not changeAf B, C, and D are all multiplied by a numbex to obtain a
different equation of the same plane.

Area of parallelograms, part 3

Also note that the projection has area zer@ i 0, which says that the equation of the plane does not
depend orz, or that the plane is perpendicular to theplane.

On the other hand, i€ # 0, we can invert this ratio to find the amount that the area of the projection
should be multiplied by to obtain the arealf This ratio has the form

A\? [B)\?
Z — 1,
(c) +(e) +
so it is always at least 1. The quantitiagC andB/C in this formula are the negatives of the coefficients
of x andy when the equation of the plane is solved zor
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Any coordinate plane could be used in place oftlgglane. One consequence of this is a “Pythagorean
Theorem for areas”: the square of the area of a plane figure is the sum of the squares of its projections into
the coordinate planes.

Exercises 12.4

#25. Find vector orthogonal to plane through
P(,0,0,), Q(0,2,0, R(0,0,3
and the area dAPQR
#27.Find vector orthogonal to plane through
P@,0,0), Q@ -1,1), R4,37)

and the area oAPQR

Area on the graph of a function, part 1

The main principle in the differential calculus of functions of several variables is that, if you confine
yourself to a set of small enough diameter, any reasonable function is approximately linear. If you really
believe this, you are led to the conclusion that the area of of the part of the graptxof) over a
neighborhood of a poin®y in the xy-plane can be approximated by considering the corresponding area in
the tangent plane at the point of this surface ablgyeThe sum of such areas for a partition of a region
in thexy-plane is a Riemann sum of

/f \/fl(x, Y)? + fa(x, y)2 + 1dA (A
D

The quantityd Ain this formula stands fatx dyorr dr df in rectangular and polar coordinates, respectively.

Area on the graph of a function, part 2

A rigorous study of surface area is very difficult. Riemann integrals are defined in terms of a very
general type of limit. The integrals exist under some fairly general assumptions, guaranteeing that the
Riemann sums approximate the value of the integral found by calculus if the partition is fine enough.
However, the Riemann sums just constructed involve approximating the surface by pieces that don't fit
together to form an approximate surface. If we want to believe that this integral really does give surface area,
it would be nice to connect it with the area of something that resembled the surface. A number of reasonable
ideas for constructing such measurements turn out to be more general than Riemann sums and often fail to
have limits. Although the values obtained from the inte@¢gl turn out to be correct whenever the integral
makes sense, we cannot do a better job of relating them to geometric measurements of the surface.
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Area on the graph of a function, part 3

There are only a few examples included in the exercises. The difficulty here is that most of the integrals
obtained from(A) cannot be evaluated in terms of familiar functions. This difficulty was already present
in connection with arc length. For example, the integral giving the perimeter of an ellipse usually cannot
be expressed in terms of familiar functions. The us€A)fto set up an integral representing a surface area
is one possible exercise. The warning, “Do not attempt to evaluate the integral”, is given in such cases to
signify that the result is not likely to be expressible in terms of familiar functions.

Surfaces of revolution, part 1

We show that this formula is consistent with the one used in section 10.3. For a surface of revolution
given by a function, we have

z=f(@r) r2=x%+y>~

Thenz, = f/(r)ry andzy = f'(r)ry from the first equation, while, = x/r andry = y/r from the second.
Thus, the area of the surface is given by integrating

g = i (ro?(()+ ()

=1+ (f1))°

with respect to area iry-plane.

Surfaces of revolution, part 2

There is no special significance to tkg plane in these calculations. It is equally easy to use one of
the other coordinate planes and the formulas will involve a different component of the vector perpendicular
to the surface. Thus, {fA, B, C) is perpendicular to a surface at a point, then the element of surface area at
that pointd Ssatisfies

ds _|dxdy| |dxdz |dydz
JAZ¥BZ+CcZ | C | | B | | A

Exercises 15.6

#3. Find the area of the portion of the plane -8 2y + z = 6 that lies in the first octant.
#9. Find the area of the potion af= xy that lies insidex? + y? = 1.




Area on a sphere, part 1

The ability to compute surface area allows us to measure familiar objects and refine our intuition about
them. The formulas allow us to easily compute the area of the portion of the sphere between two parallels of
latitude. Of course, the area of such a region is larger near the equator than near the pole, but a quantitative
description will allow it to be compared to other measurements of the figure, and we will find a value for the
area that is striking in its simplicity.

Following the conventions afpherical and cylindrical coordinatea sphere of radiys will be formed
by rotating a circle in anz-plane (with the positive-axis horizontal and pointing to the right and the positive
z-axis pointing upward) of that radius about th@xis. Using a convention different from geography, the
circle will be parameterized using the angleneasured clockwise from the positizeaxis. This gives

Z= pCOS¢p andr = psing,

and the range & ¢ < & gives the semicircle in the right half plane.

Area on a sphere, part 2

Rotating this semicircle all the way around thaxis (through an angle ot gives the whole sphere.
The region we want is given by rotating an arc between two fixed valugsaiif the way around the-
axis. As with any problem involving figures of rotation, the parameterization of the surface will involve
whatever parameter is used to describe the curve inztipdane that is to be rotated and a second parameter
6 (longitude) giving the angle of rotation to reach the actual point on the surface. If the integration with
respect t@ is done last, the symmetry of the surface assures us that it will be the integral of a constant
from 0 to 27, so that it will only multiply the value of the inner integral byt 2 This allowed many of these
examples to be included in single variable calculus usihgrad-wavingargument to describe the role of
rotation.

Area on a sphere, part 3

The parameterization of the surface (in rectangular coordinates) is
(p sing cosh, p sing sind, p cosy)
and the partial derivatives with respeci¢@ndé are

{p CcOSp CcOSH, p COSP SiNG, —p Sing),
(—p sing sind, p sing cosv, 0).

The cross product of these simplifies to
<p2 sin? ¢ coso, p? sin? ¢ sind, p?sing cos¢>.
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which is a vector of lengtip? sin¢ in the radial direction. This length is the integrand in the surface area
integral. Integrating with respect tb gives the difference in values of cos¢ (sincep is constant), and
integrating with respect t6 multiplies by 2r as has already been noted.

Area on a sphere, part 3

Thus the band betweeh= ¢g and¢ = ¢, has area

(27 p)(p COSP1 — p COSPo).

The first factor is the length of a great circle. The second factor is zg. In particular, if our sphere were
surrounded by a cylinder of equal radius and our region projected to that cylinder from the common axis of
the two figures, the spherical band and its projection on the cylinder would have equal area.

Lecture #14

Parametric surfaces, part 1

Section 16.6 extends the study of surface area to parametric surfaces.

Just as curves in space are best described by giving a vector fun¢@tjathat may be thought of as
describing how the curve is drawn, so surfaces should be given by a fum¢tion) expressing the space
coordinatex, y, andz in terms of two parametersandv that play the role of coordinates on the surface.

Surfaces of revolution are naturally parameterized by the adding an angular paratagherparameter
that draws the curve being rotated. If you are rotating about one of the coordinate axes, the distance along
that axis is part of the parametric description of the curve, and the other two coordinates are obtained by
multiplying the distance to that axis (the other part of the parametric description) Byazmssird.

Parametric surfaces, part 2

You can also get the surface traced out by the tangent lines to a space curve by (eiting the curve
andv the parameter that draws the tangent line(aj. You can also get the surface traced out by the tangent
lines to a space curve by lettimgu) be the curve and the parameter that draws the tangent line(aj.

Exercises 16.6

#39Find the area of the part of the spheret y? 4 z° = a2 the lies inside the cylinde® + y? = ax.




Integrals of vector fields over surfaces, part 1

Many physical applications involve vector fields interpreted@ss and require the measurement of
theflux through a surface. The contribution to the flux of a small piece of the surface should be the product
of its area and the component of the flow perpendicular to it (since flow parallel to the surface does not
cross it). There is an underlying assumption that the flowviscior quantity and that it behaves idiaear
fashion when vectors are added or multiplied by scalars. For anything with this behavior, it is essential that
it be measured by a quantity that is sensitive only to normal components. These integrals aneisd,
in the sense that reversing the direction of the flow should give the negative of the previous measurement.
This required that the surfaces have a claaide andoutside. In many of the exercises, the surface is the
graph of a functiorz = f (x, y) and anupward direction (i.e., a positive third component) can be used as a
substitute for “outward”.

Integrals of vector fields over surfaces, part 2

There are surfaces that do not have a global orientation. That it, you can walk around the surface
carrying a continuously varying unit normal vector and get back to the same point with the normal having
reversed its direction. The M0bius band is a common example: a rectangle is given a half-twist before
gluing its ends together, so points that were on one side of the surface now find themselves next to points
that were originally on the other side. We won’t do anything with such surfaces except to acknowledge their
existence.

In a later section, we will use surface integrals around closed surfaces to measure properties of the
region inside the surface. For such results to make any sense, the surfabaweastinside —i.e., it must
have a global orientation. This is an extra concern in formulating theorems in this area, but it turns out not
to cause any real trouble.

Computing surface integrals, part 1

When you want to do calculus, you determine what the expression you are computing looks like in the
special case of the graph of a function. Since we are now concerned with surfaces, thig mebs y).
We have already noted that a consistent orientation can be provided by the natiowarfd. It remains
only to convert the flux integral

// F-ndS

into something that we can compute.

Although the notation suggests that we should firahdd Sseparately and substitute our findings into
the definition, these two terms should be considered as a single object. The reason for this is the formula
from the last lecture

ds dxdy dxdz dydz
JAZyB2rCcZ C B A




Computing surface integrals, part 2

The homogeneous nature of this formula means{haB, C) can be taken to be any normal vector.

This isn’t quite right since we are integrating a quantity that may change sign and we need some way
to be sure that our answer has the correct sign. This is best dealt with be making the process completely
formal, but it is difficult to appreciate the abstraction required until you have some experience where it is
required.

If you multiply by (A, B, C), the first expression is exactiyd S and the others are the expressions to
be used in computation. In one versidnis written as(P, Q, R) and the separate terms are written in the
simplest form to get

//dedz+dedx+ Rdxdy (%)

Computing surface integrals, part 3

Another form which is suitable for graphs of functions used the vector@ith 1 as a normal to get

0z 0z
P¥ _o%¥ 4R .
f/( ax  Qay )dXdy

The connection between these expressions is given by replaziogits expression in terms afx anddy
and treatingdx dxor dy dyas zero, andy dxas—dx dy.

Exexcises

Find f/ F . ndSover the given region (with upward orientation).

#19.F = (xy,yz zxyonz=4—x%2—y?above0<x <1,0<y < 1.

#21.F = (xye, —xz€, z) on the portion ok + y + z = 1 in the first octant.

An example usingx) is

#27.F = (X, 2y, 3z) on the surface of the cube with verticesl, +1, +1) with outward orientation.

Another problem using unusual roles for the coordinate variables is

#25. F = (0, y, —z) with the outward orientation on the closed surface formed by the paraboloid
y = x?+ z2for 0 < y < 1 and the disk? + z2 < 1 in the planey = 1.

Lecture #15

The setting for Stokes’ Theorem
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Itis conventional to state theorems before proving them, but this sometimes leads to unmotivated work
establishing the definitions needed to state the result. Shecenotivation lies in the proof, we give
the proof first, and then interpret it. We uge, y, z) for the coordinates in th&3 where all objects are
constructed.

One part of the theorem concernswaface$ that we begin by assuming to bee graph of a function
Z = g(X, y). This suffices for our needs since we need only have enough of a proof to provide clues to the
correct statement of the theorem and interpretations of the formulas it relates.

Another part of the theorem requireslased curveC lying in the surface S. As usual € is assumed
to begiven by a parameterization

r(t) = (x(), y(t), z(t))

SinceC is contained in§, we must have(t) = g(x(t), y(t) ) Also, letCq be theprojection of € into
thexy-plane, so that it is parameterized py(t), y(1)).

The line integral in Stokes’ Theorem

One side of the Stokes Theorem equation isitibegral of a vector field F aroundC.
Write thevector field as

F=(PX V.2, QX.Y,2),RX,Y. 2).

Then% F - dr is an abbreviation for the expression
e

b
/ P(x(1). y(1). z(t) ) X'(t) +
a
Q(x(t), y(®), zt) ) y'(t) +
R(x(t), y(®),z(t)) Z(t) dt,

where the values = a andt = b correspond t@oing once aroundC. This integral is a sum of three terms
that can be treated separately.

Projection

We next write expressions for the interpretations of these integrhtseastegrals onCp. Thisinvolves
replacing every mention afby g(x, y). This is straightforward in the first two terms, but in the third term,

Z(t) = gu(x(t), yt) ) X'(t) + g2( x(®), y®) ) y'(v).

whereg; indicates thgartial derivative of the function g with respectto it argument. Omitting explicit
mention oft, the integral can be written adiae integral

jé (P(X,y,9(x.y)) + R(X,y,9(x, ¥)) g1(x, y)) dx +
0
(Q(X, ¥, 9%, ¥)) + R(X, ¥, 9(X, ) ) g2(x, y)) dy.
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This line integral in thexy plane is equal, breen’s Theorem to thedouble integral over the regionSg
bounded byeq of

0
&(Q(x, Y, 09X, y) ) + R(X,y, 9(X, ¥) )g2(X, ¥))—

5
a—y(F’(X, Y. 90X, ¥)) + R(X, ¥, g(x, ¥) ) a1 (X, y)).

Simplifying the integrand

9
a_x(Q(X’ Y. 9%, y)) + R(X, Y, g(X, ¥) )G2(X, y)) =

Qu(X, ¥, 9(X, y)) + Q3(x. ¥, (X, y) )g1(X, y)+

R(X, Y, g(X, ¥) )g21(X, ¥) + Ru( X, ¥, 9(X, y) ) ga(X, y)+
Ra( X, Y, g(X, y) )g1(X, Y)g2(X, Y)

and

0
gy (P(X¥: 906 9)) + R(%. . 906 ) )a1(x. y) =

Pa(X, Y, 9(X, ¥) ) + P3(X, ¥, 9(X, y) ) ga(X, Y)+
R(X, Y, 9(X, y))g12(X, ) + Ro(X, ¥, 9(X, ¥) ) Q1 (X, y)+
Ra(X, Y, (X, y) )g1(X, Y)g2(X, ¥)

Interpreting the planar integral

The terms containing second derivativesgobr products of two derivatives d in this expression
cancel, and the remaining terms may be grouped as

(R2 — Q3)(—01) + (P3 — R)(—02) + (Q1 — P2).

The second factors in these terms are the componeifts of, —go, 1) which is perpendicular t8. The
first factor must then be the components of a vector field being integrated over the surface. Note that the
normalization of our normal vector to have third coordinate 1 gives the expression for a flux integral for the
upward orientation with respect tx dy.

The other factor is a vector field constructed from derivativels.df his expression is often described
asV x F since the pattern of partial derivatives follows the same pattern as terms in a cross product. This
construction is called theurl of F.

From particular to general
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The previous analysis applies on any piece of the surface wttenebe givenas a function ok andy.
A computation of the surface integral using parameters othenttzandy only requires a differergcaling
of the normal vector.

For example, the rightward orientation for an integral with respegttiodz would have first coordinate
+1.

All of our oriented integrals are such that cutting the region into pieces gives the integral as the sum
over the pieces. The implicit function theorem tells us that a nhonzero component of the normal at a point
allows a small piece containing the point to be found on which the selected variable is a function of the
remaining variables. The whole surface is thus broken into pieces covered by our special case.

Conservative vector fields

One observation connected to Stokes’ Theorem is that the componénts Bfare exactly the things
that must be tested to show tHais conservative Since the line integral of a conservative field is zero
around every curve, it is natural to expect that its corresponding surface integral would also be identically
zero. Asin the case of Green’s Theorem, one can use Stokes’ Theorem to replace a line integral by a surface
integral to remove conservative vector fields that may complicate the computation without affecting the value
of the integral.

Although we will see that surface integrals usually depend on the surface, the surface integrals in Stokes’
Theorem give the same value for integrals over any surfaces having the same boundary curve.

Conventions for exercises

In the exercises for section 16.8, either a curve or a surface is given, and the orientation is such that
the surface has ampward normal (i.e, thehird component of the normal is positive). Equivalently, the
curve is traced in the counterclockwise direction when viewed from above. In all cases, the vector field
that appears in the line integral is given.

We ignore the instructions and examine various ways to compute the integral.

Exercise 16.8#3

F = (x%eYZ, y2e¥?, 72eY), € is boundary of part ok? + y? + z2 = 4 wherez > 0.

T
L

%

X
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Solution 16.8#3, part 1

€ r =(2cost, 2sint,0)for0 <t < 27

dr = ( — 2sint, 2 cost, O)dt

Fon€: (4codt, 4sirft, 0)

$o F-dr = [ —8cogtsint + 8sirft costdt = 0

V x F = (xZ2e"Y — xy?e*?, x?yeV? — yZ2ey, y?ze? — x?z¢'Y)

To integrate this over the sphere, we would probably choose to use a parametric description using
longitude and latitude. The normal vector is in the directio(‘xofy, z)

Solution 16.8#3, part 2

But there is detter way. Stokes’ Theorem allows any surface with boundaty be used, so we can
takeS to be a circular disk in th&y plane. This simplifies the calculation in two waysst, it substitutes
z=0intoV x F; secondndS= (0, 0, 1>dx dy. Together, this makes the integrand zero, so the integral is
zero.

Exercise 16.8#7

F=(x+y% y+ 2% z+ x?) Cis triangle with verticeg1, 0, 0), (0, 1, 0), (0,0, 1).

L
Qe
A
LY
IR

Solution 16.8#7

C: the three segments= (1—1t,t,0), (0,1 —t,t), (t,0,1—t) each with O< t < 1. On each of
thesedr is a constant vector timel — a different constant for each segment.

F on C: a quadratic function of on each segment. We don’t go any farther until exploring the surface
integral.

V x F=(-2z —2x,—2y)andndS= (1, 1, 1)dx dy.

Thus,V x F-ndSis —2(x + y+ z)dxdyonx 4+ y + z = 1. Thus, its integral ove$ is the integral
of —2 over the projection of the triangle in tig/ plane. The projection has aréa so the integral is-1.
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To check, the integral on each side if the triangle is

1
/ —1+42t —t3dt =1,
0

Exercise 16.8#9

F = (2z, 4x, 5y), C is intersection ok = x + 4 with x2 + y2 = 4.

5
R

QLR
L RS
SRR
R
QR
R

R
QR

Solution 16.8#9, part 1

€ r =(2cost, 2sint, 2cost + 4)for 0 <t < 27

dr = (— 2sint, 2 cost, —2 sint)dt

FonC: (4 cost + 8, 8cosdt, 10 sint). The integral involves only low powers of trigonometric functions,
so it would not be difficult to evaluate directly, but we first consider the surface integral given by Stokes’
theorem.

V xF=(5204)

Since§ can be taken to lie in the plare= x + 4, nd S can be taken to b(a— 1,0, 1)dx dyand
VxF-ndS=—-1dxdy.

The surface integral is the negative of the area of the projection inteytldane. That projection is
defined by the cylindex? + y? = 4, so it is a circle of radius 2. The integral-glr.

Solution 16.8#9, part 2

Direct evaluation of the line integral leads to

27
/ —8sint cost — 16 sint + 16 cogt — 20 sirf t dt.
0

This agrees with the value of the surface integral.
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Lecture #16

Parametric surfaces

We continue to assume that a surface is giverxby g(x, y). Then, both thesurface areaandflux
integrals can be expressed as integrals oveptbjection in the xy plane.

If the surface igeally given by aparametrization with x, y andz expressed in terms andv, then,
the change of variablesformula allows the integrals in terms nfandy to be written in terms ofl andv.
The key formula is

The parametric form of the integrals, part 1

In flux integrals, the quantity d Sbecomes
(— 01, —02. 1)dx dy

on the graph of a function. To see what this becomes for parametric surfaces, one should multiply each
component of this vector by

The parametric form of the integrals, part 2

Although there is an extra term in this expression, wheth terms are considered, we have
dy dy 9y 9z (ax dy 09X 8y>
The second component behaves similarly. If the surface is given parametrically, the resulting expressions
depend only on the parametric description and not on the (possibly fictitious) fulgction
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The resulting formula is

ar ar
ndS= — x — du dv.
ou v

Flux integrals

Thechange of variablesformula allowsn d Sto be written
(dydzdzdx dxdy)
where each is to be expressed in terms of the parameterdv. Because of this interpretatioorientation

must be considered Replacingdx dyby dy dxchanges the sign.
For area on a sphere, as in lecture 13, one gets the outward orientationl¢isifig
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