Mathematics 251 Assorted exercises
Lines, areas, double integrals and applications

Spring 2005

Lines

1. An arbitrary direction in thexy-plane is given by a vectar = (a, b). Use thecross productk x v
to produce a vector in they-plane perpendicular te. If (X, Yo) is a point on the line, theparametric
equations of the line are given Ky, y) = (Xo, Yo) + tv, but the line also has an equation of the form
Ax + By = C. Here,(A, B) is a vector perpendicular to the direction of the line. You already have such a
vector. For the vector you have, determi®én terms ofa, b, Xo, Yo.

2. Using either the formula obtained in exercise 1 or the method used to obtain it, find an equation of

the form Ax + By = C for the line throughP: (1, 2) andQ: (6, —1). UseP Q as a vector in the direction
of the line.

Areas

3. The equation above was obtained by equating
(A, B) - (X = X0, Y — Yo)

to zero. This quantity is/ A2 + B2 times the distance to the line, butAZ 4+ B2 is the length of the interval
between the point® and Q determining the line. Hence, the value&k + By — C at a pointR is twice
the area oA P Q R(with a sign that indicates therientation of the triangle). TakdR: (3, 1) with P andQ

given in exercise 2, and find the areazoP Q R Compare this to the general formula us@ x PR

4. Green’s theorem shows that

1
éixdy—ydx

gives the area of the region boundedbyApply this to the triangle with vertice®, 0), (Xo, Yo) and(X1, y1).

First show that the integral is zero along any segment of a line through the origin. This shows that the area
is given by the integral along the segment joinixg, yo) and(x1, y1). Find this integral: the result should

look familiar.
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Moments

5. Determine

/[ van

whereT is the triangle with vertice€), 0), (ag, b) and(as, b) by integrating first with respect ta. As noted

in the Theorems about momentssection of the lecture of Feb. 21, this gives the area of the triangle times
they coordinate of the centroid, and tgeometric interpretation of this calculation identifies the location

of the centroid. Your result should be consistent with the centroid being at the point ¥ef the vector

sum of the vertices of the triangle.

6. This tells us that, fo3 being the triangle with vertice®, 0), (6, 0) and(0, 3), the area is 9 and the
centroid is a2, 1), so that

// dA:9,//di:54,// ydA=27.
B B B

In other words, the integrals with respect to area of every polynomial of degree at mostA isvanown.
Then, Green’s theorem says that

?g(5x2—2xy+ 3x) dx + (2x% + xy — 4x) dy, (%)
e

whereC is the boundary oB (in the positive sense), can be expressed in terms of the integrals that we have
tabulated. Thus, the line integral can be found usingurther integration . Find the value of the line
integral (x).

7. By evaluating suitable double integrals, find the area and location of the centroid of the region above
y = x2 and belowy = 1. (A simple change of variables will allow this special case to be applied to an
arbitrary region between a parabola and a line.)
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