The fundamental theorem for line integrals
If F = Vf,then the integrand in the line integral

/F-dr
e

fi(X,y,20dx+ fa(x,y,2dy+ f3(X,y,2)dz

which the chain rule for several variables says is ¢St (1)).

()



The fundamental theorem, part 2

The fundamental theorem of single variable calculus says that this integra
the difference of the values df at the points (t) obtained from the endpoints c
the interval int over which you are integrating. These values @f are just the
endpoints of the ar€. In particular,f (x, y, z) can be determined up to an additi
constant by integrating along any path from a fixed base poixy, yo, o) to
(X, Y, 2).



Caution

Most integrals are not independent of path
Most integrals are not independent of path
Most integrals are not independent of path

Most integrals are not independent of path



Inverting the gradient

If a vector fieldF satisfied= = V f for somescalar function f, the fundamental
theorem suggests thiecan be given by integrating. Indeed,

f(x,y,z):/F-dr
e

whereC is any curvejoining abase point(Xg, Yo, Zo) to the general poini, vy, z).

A convenient path is one that follows a line parallel toxrexis, then a line paralle
to they axis, and finally a line parallel to theaxis.



Indefinite integration

This process of integrating with respect to one coordinate at a time sugges
process for finding integrals by guessing a function having the right derivative

F=(P,Q,R),

the equatiorvV f = F requires

f f f
X = P(x,Y, 2), = Q(Xx, Y, 2), = R(X,Y, 2



Indefinite integration, part 2

If we solve the first of these equations by integratf, y, z) with respect tax
treatingy andz as constants (a process that might be calkedial integration ), f
is determined up to a “constant” that may depend on the quantidesz that were
treated as constants. Move on to the second equation by differentiating our ¢
expression forf with respect toy and equating the result ©(Xx, y, z). Solve this
for the derivative with respect tpof the “constant of integration” (depending gn

andz) introduced in the previous step.



Indefinite integration, part 3

If this expression depends anthe equation can’'t be solved, Bas not a gradient.
Otherwise, integrate with respect yareatingz as a constant. Now (x, v, z) is
known up to a function of. Differentiate the current expression fomwith respect
to z and equate tdR(x, y, z). Simplify the result to get an equation saying tf
the derivative with respect toof the second “constant of integration” is a knov
expression. This can be solved if the expression depends ordy on



An example

The vector field

F=(yz, xz, xy+2z)

appears in exercise 15 of section 16.3. The process sketched in the previous

says to begin by solving

ot _
ax Y

to obtain f (X, y,z) = xyz+ g(y, z). Equating the partial derivative of with
respect toy to the second component Bfgives

0
xz+—g = XZ, ora—g =0.
ay ay



An example, part 2

Thusg(y, z) is a function of onlyz. Equating the partial derivative dfwith respect
to z to the third component df gives

Xy+0'(2) =xy+2z org'(z) =2z

Thus,g(z) = 2+ C and f (x, Y, z2) = xyz+ 22+ C



Another example

The vector field
F=(X+vy,2x+vy)

is not a gradient. IfV f = F, then

of Xt
ax Y
sof(x,y) = x2/2+ Xy+g(y). Thenx +g'(y) =2x+yorg(y) = x —y, but

X — yis not independent ok



Maxima and minima, theory

Everyone’s favorite problem of differential calculus is the determination of max
and minima of a function on a region.

An important theoretical result asserts that, if the functionastinuous and the
regionclosedandboundedin someR", then these extreme values exist and .

attained at points of the domain.



Maxima and minima, method

To apply the methods of one-variable calculus to functions of several variable
need the following

Secret Weapon. If A C B and if the maximum of a function f on B is taken on

at a point X € A, then f (X) is also the maximum of f on A.

Proof. Think about it!



Preparing to narrow the search

In applications,B will be the given region ifR" and A will be a curve lying in
B. Composing the given function dd with the parameterization dk gives a real
valued function of a real variable, and one-dimensional calculus applies.

You may protest that we don’t know, but that will be dealt with.



Narrowing the search

What one-variable calculus gives us isi@essary conditiorfor a point to be a
maximum or a minimum. If we can finany curve A through a point? for which

this condition fails atP, then f (P) is not an extreme value df on B and we can
look somewhere else.

It turns out that points on the boundary®behave differently than interior point:
Interior points are easier, so we do them first.



The key special case

What then do we take a&? The simplest examples turn out to suffice: Aebe a
line segment parallel to one of the coordinate axes and lyiri8} iEvery interior
point has segments through it parallel to each coordinate axis. The coordin:
the axis can be taken as the parameter on the segment. The derivative with 1
to this parameter is exactly the partial derivative of the given function with res
to the selected coordinate.



The key special case, part 2

Thesecret weaporthen implies

Theorem. If f takes on its maximum (or minimum) value on the set B at an interior

point P, then all partial derivatives of f are zero at P.

Since the partial derivatives give all components of the gradient, such pohrage
Vfi(P)=0.



Boundary curves and vertices

If a portion of the boundary is a curve that can be parameterized, compbsiith
that parameterization produces a function of one variable that describes the be
of f on this portion of the boundary. In particular, any extreme valué oh this
curve leads to an extreme value of the composition. However, the compo
can be studied by methods of single-variable calculus, so we can usually re
attention to only a finite number of possible locations of extrema.

Corners are another matter. They are the endpoints of any parameterized
on the boundary, so they need to be treated separately — just like endpoints

single variable case.



Exercises 14.7
We just look at exercises that ask for maxima and minimd ©f, y) on a closed
bounded seb.
#27. f (X, y) =5— 3x + 4y. D is the triangle with verticed, 0), (4, 0), (4, 5).
#31. f (X, y) = 1+ xy— x — y. D is the region bounded by = x2 andy = 4.

#33. f(x, y) = 2x3 + y4. D is the circular disk wherg? + y? < 1.



The role of calculus

Calculus improves the existence theorem: if the functiafifisrentiable, then the
points at which the extreme values are taken orasy to find Note that this shifts
the emphasis from the values of the function to the points in the domain whei
function takes those values.

If a tangent plane t@ = f (X, y) at a point(xg, yo) is not horizontal, then it is
easy to find a direction in whiclfi takes larger values (it will take smaller values
the opposite direction). Thus — exactly as in the one-variable case — a maxi
or minimum at arinterior point of a domain can only occur at a point where
partial derivatives are zero.



The role of multivariable calculus

Since the partial derivatives are the components of the gradient, it is equival
haveV f = 0.

A function cannot take a maximum or minimum atiaterior point of a domain
that is a saddle point. A fairly complicategcond derivative tesis necessary in
order to automatically exclude saddle points. Usually there aren’t many pos
extrema, so it may be better to include them in the list.

We now develop an approach to extrema on the boundary.



Lagrange multipliers, part 1

To study the function restricted to the boundd@ythe familiar method of assumin
an explicit form and describing its properties in terms of the implicit definition \
be used.

Thus, suppose there is a vector functigh) whose domain contains a neighborho
of 0 and whose range lies entirely By with r (0) = P, andr’(0) ## 0. The last
part is thesmoothnes<ondition. Then the restriction df to B can be represente
as f (r(t)), and the derivative with respecttds V f - r’(t). At any max or min on
this curve, we must then have thatt) is perpendicular td/ f.



Lagrange multipliers, part 2

However,B has been given in the form

{xeR":g(x)=0]}.
Hence, the compositiog(r ()) is a constant function, so must have derivative ze
The chain rule, evaluated &= 0, gives

Vg(P)-r'(0) = 0.

This says that’(0) must be perpendicular tég(P). However, we have alread

seen that
ViP) -r'0)=0.



Lagrange multipliers, part 3

For points at which the boundary is smooth, this forces the existence of a
traditionally called for which V f (P) = AVg(P). In R? this gives 2 equations ir
A and the 2 coordinate functions. The conditigti?) = 0 gives one more equatior
We have as many equations as we have variables, so we should be able t
this system of equations. Unfortunately, the algebra for doing this is some
difficult. A systematic approach to this algebra is possible, but we don't have
to develop one. One practical consequence of this is that only simple example
be considered.



Examples of Lagrange multipliers, part 1
There is one easy application of Lagrange multipliers that appears in many val
There are two forms that reduce to the same algebra:

(1) Letx andy be nonnegative withk + y = s (s constant). Find the maximum c
XYy.

(2) Letx andy be positive withxy = p (p constant). Find the minimum of + y.



Examples of Lagrange multipliers, part 2

Since our notation for gradients uses functions rather than expressions, intr
the functionsS(x, y) = x + y and P(x, y) = xy. Then the Lagrange multiplie
method for either problem (1) or problem (2) says that extreme values occur
VS| VP. SinceVS= (1,1) andVP = (y, x), this sayx = y. In (1), the given
constraint then gives = y = s/2 andxy = s2/4. In (2), we gek = y = J/pand

X+Yy=2/p.



Examples of Lagrange multipliers, part 3

In each problem, the method selects a unique point. The only other candidat
the location of extreme values of the function are the endpoints. In (1), the pre
is zero at both endpoints; in (2), there are no true endpointg,-byt — oo outside

bounded parts of the curve. This explains how we knew that the interior point
a maximum in (1) and a minimum in (2).



Higher dimensions

In higher dimensions, there are two new difficulties. First, theB@bay have
dimension greater than 1, so that it cannot be described by a single real para
This is a theoretical restriction that is met by considering all smooth curves thr
P that lie onB. For sets ofcodimensionl described byg(P) = 0, this leads
to VI || Vg as before. Second, it may be necessary to conddef lower

dimension. In this case, there is more than gramd the condition is th& f be a
linear combination of alvVg. This requires more multipliers and a different mix

of equations.



Exercises

14.8#5. f (x, y) = x?y onx? + 2y? = 6.

14.8#17.1 (X, y, 2) = yz+ Xy on intersection oky = 1 andy? + 7% = 1.
and the examples from 14.7 discussed previously

f(X,y) =5— 3x +4y. D is the triangle with verticed, 0), (4, 0), (4, 5).
f(x,y) =14+ xy— x —y. D is the region bounded by = x? andy = 4.

f(x,y) = 2x3 + y*. D is the circular disk wherg? + y? < 1.



