The setting for Stokes’ Theorem

It is conventional to state theorems before proving them, but this sometimes
to unmotivated work establishing the definitions needed to state the result.
the motivation lies in the proof, we give the proof first, and then interpret it. W
use(x, y, z) for the coordinates in th&3 where all objects are constructed.

One part of the theorem concerns@aface § that we begin by assuming to b
the graph of a function z = g(x, y). This suffices for our needs since we ne
only have enough of a proof to provide clues to the correct statement of the ge
theorem and interpretations of the formulas it relates.



The setting for Stokes’ Theorem, part 2

Another part of the theorem requireslased curveC lying in the surface 8. As
usual,C is assumed to begiven by a parameterization

rt) = (x), y), zt))

SinceC is contained in§, we must have(t) = g(x(t), y(t) ) Also, letCq be the
projection of € into thexy-plane, so that it is parameterized (by(t) ) )



The line integral in Stokes’ Theorem

One side of the Stokes Theorem equation isitiegral of a vector field F around
C.

Write thevector field as

F=(P(X,y,2), QX,¥.2), R(X,Y,2)).



The line integral in Stokes’ Theorem, part 2

Thenyg F - dr is an abbreviation for the expression
e

b
/ P(x(), y), zt)) x'(t) +
a

Q(x(), y(®), z(®)) y'(t) +
R(x(), yt), z(t)) Z(t) dt,

where the values = a andt = b correspond ta@oing once aroundC in the
counterclockwise direction when viewed from above.



Projection

We next write expressions for the interpretations of these integréfedstegrals
on Cop. This involves replacing every mention by g(x, y). This is straightfor-
ward in the first two terms, but in the third term,

Z(t) = gr(x(t), y®) ) X'(t) + g2( x(t), yt) ) y'(t).

whereg; indicates thepartial derivative of the function g with respect to it
argument. Omittingexplicit mention of t, the integral can be written asliae
integral



Projection, part 2

fe (P(X,y,9(%Y)) + R(X,y,9(X, ¥)) g1(x, y)) dx +
0

(Q(x, ¥, 9(x, ¥)) + R(X, ¥y, 9(x, ¥) ) g2(x, y)) dy.
This line integral in thexy plane is equal, bysreen’s Theorem to thedouble
integral over the region §g bounded byeg of

9
a—X(Q(x, Y. 9, y)) + R(X, Y, g(X, y) )g2(X, y)) —

5
3y (P Y90 9)) + R(x.y. 9. 1) )au(x. y)).



Simplifying the integrand

One term:

9
5(Q(x, Y, 9%, y)) + R(X, y, g(X, ¥) )g2(X, ) =
Q1(X, ¥, g(X, ¥) ) + Qa( X, y, g(x, y) )gu(X, )+
R(X, Y, 9(X, ¥) )G21(X, ¥) + Ru(X, ¥, 9(X, ¥) ) G2(X, )+

Ra(X, Y. 9(X, y) )g1(X, Y)G2(X, Y)



Simplifying the integrand, part 2

The other term

3
@(P(x, Y. 9%, y)) 4+ R(X., Y. g(X, ¥) )g1(X, y)) =

Pa(X, Y, 9(X, y)) + P3(X, y, (X, y) ) g2(X, y)+

R(X? Y, 9(X, y) )912(X9 y) + RZ(X’ Y, 9(X,y) )gl(x’ y)+

Rs( X, Y. (X, ¥) )g1(X, Y)G2(X, y)



Interpreting the planar integral

The terms containing second derivativegyair products of two first derivatives o
g in this expression cancel, and the remaining terms may be grouped as

(R2 — Q3)(—01) + (P3 — R1)(—02) + (Q1 — Po).

The second factors in these terms are the componehts oh, —02, 1) which is
perpendicular to 8. The first factor must then be the components efetor field
being integrated over the surface. Note that the normalization of our normal v
to have third coordinate 1 signifies upward orientation and integration with re:
todx dy.



Interpreting the planar integral, part 2

The other factor is a vector field constructed from derivatives. dFhis expression
is often described &€ x F since the pattern of partial derivatives follows #wmme
pattern as termsin a cross product. This construction is called thiel of F.



Other coordinate planes

The previous analysis applies on any piece of the surface veleene be givenas a
function ofx andy. A computation of the surface integral using parameters o
thanx andy only requires a differergcaling of the normal vector.

For example, the rightward orientation for an integral with respegtaindz would
have first coordinate-1.



Orientation in coordinate planes

The classicaky plane withhorizontal x-axis andvertical y-axis corresponds t
the view of the plane from the positizeaxis. The signs that come from expandi
determinants show that the corresponding views form the positiaris has a
horizontal y-axis and verticalkz-axis; and from the positive-axis, a horizontal
z-axis and verticak-axis.



From particular to general

All of our oriented integrals are such that cutting the region into pieces give
integral as the sum over the pieces. Timplicit Function Theorem tells us that
a nonzero component of the normal at a point allows a small piece containin
point to be found on which the selected variable is a function of the remai
variables. Sinceny coordinate plane could have been used in our proof, the w
surface is thus broken into pieces covered by our special case.



Conservative vector fields

One observation connected to Stokes’ Theorem is that the componevits ¢
are exactly the things that must be tested to show Ehigtconservative Since
the line integral of a conservative field is zero around every curve, it is natur
expect that its corresponding surface integral would also be identically zero.
the case of Green’s Theorem, one can use Stokes’ Theorem to replace alinei
by a surface integral to remove conservative vector fields that may complical
computation without affecting the value of the integral.



Conservative vector fields, part 2

Although we will see that surface integrals usually depend on the surface, the s
integrals in Stokes’ Theorem give the same value for integrals over any sur
having the same boundary curve.



The significance of Stokes’ Theorem

If Cis a closed curve, we have shown that

fF-dr://VxF-ndS
e S

for any surfaceS bounded bye, but how do we evaluate the integral?

If you have a parameterization @f the line integral is easy to evaluate direct
Sometimesv x F is much simpler thaf itself, so it may be tempting to evaluat
the flux integral, but then we ne&d



The significance of Stokes’ Theorem, part 2

If a surface isn't given isn’t given (and even sometimes whergiven), it needs to
be constructed from the description@f No single recipe is available for findin
8, but if you can find a surface, use it.

A striking property of Stokes’ Theorem is that the integral doesn’t depen§l c
This allows you to use the simplest admissible surface to compute the flux int
It will usually be computed by projecting into a coordinate plane — as in the p
of the theorem — but a parameterization may be use if one is available.



The significance of Stokes’ Theorem, part 3

It is also possible — as with Green’s Theorem — that the line integral coul
used to evaluate the flux integral. To do this, one would need to re€dvem its

curl. The exercises in the text avoid this biying F. However, not every vecto
field is the curl of another vector field, so only special flux integrals are equive

to line interals.



Flux integrals

The integrals arising in Stokes’ Theorem #uex integrals. Thatis, they extract the
normal componentof the vector field in the integrand by forming thet product
with a vector perpendicular to the surface.

While thedirection of the normal vector is determined, it is scaled dependinc
the variables of integration. A natural choice would be to useianormal vector,
and interpret the length aslacobianfor a change of variables. Since the Jacob
is thelocal ratio of area in the two coordinate systems, the length of our origil
vector should be the area in the tangent plane that projects into a unit area
Xy-plane.



Flux integrals, part 2

The relations between cross products and area tells us that this is the area
tangent plane. The notationd S expresses this, wherES suggest an element c
surface area.. However, this is used onlytidking about the integral. Surface
area plays no role in the computation of the integral Computation is done by
projecting into one of the coordinate planes, or pgrameterizing the surface.
We shall see that the integrals giving surface area are rarely computable in
form, but thesdlux integrals depend nicely on the equation of the surface.



Integrals of vector fields over surfaces, part 1

Many physical applications involve vector fields interpretedi@ass and require
the measurement of tHfeux through a surface. The contribution to the flux of
small piece of the surface should be the product of its area and the component
flow perpendicular to it (since flow parallel to the surface does not cross it). T
is an underlying assumption that the flow isector quantity and that it behave
in alinear fashion when vectors are added or multiplied by scalars. For anyt
with this behavior, it is essential that it be measured by a quantity that is sen
only to normal components.



Integrals of vector fields over surfaces, part 2

These integrals are alswiented, in the sense that reversing the direction of 1
flow should give the negative of the previous measurement. This requires th
surfaces have a clearside andoutside. In many of the exercises, the surface
the graph of a functioz = f (x, y) and anupward direction (i.e., a positive thirc
component) can be used as a substitute for “outward”.

There are surfaces that do not have a global orientation. That it, you can
around the surface carrying a continuously varying unit normal vector and get
to the same point with the normal having reversed its direction.



Integrals of vector fields over surfaces, part 3

The Mobius band is a common example: a rectangle is given a half-twist b
gluing its ends together, so points that were on one side of the surface nov
themselves next to points that were originally on the other side. We won
anything with such surfaces except to acknowledge their existence.

In a later section, we will use surface integrals around closed surfaces to me
properties of the region inside the surface. For such results to make any sen
surface mushave an inside— i.e., it must have a global orientation. This is
extra concern in formulating theorems in this area, but it turns out not to caus
real trouble.



Computing surface integrals, part 1

When you want to do calculus, you determine what the expression you are
puting looks like in the special case of the graph of a function. Since we are
concerned with surfaces, this means= f(x, y). We have already noted that
consistent orientation can be provided by the notiorupfvard. It remains only

| Fonas

into something that we can compute.

to convert the flux integral



Computing surface integrals, part 2

Although the notation suggests that we should finendd S separately and sub
stitute our findings into the definition, these two terms should be considerec
single object. The reason for this is the formula

ds _dxdy dxdz dydz
AZyBZ+C2 C B A

The homogeneous nature of this formula means {haB, C) can be taken to be
any normal vector.




Computing surface integrals, part 3

This isn’t quite right since we are integrating a quantity that may change sigr
we need some way to be sure that our answer has the correct sign. This is be:
with be making the process completely formal, but it is difficult to appreciate
abstraction required until you have some experience where it is required.

If you multiply by (A, B, C), the first expression is exactiyd S and the others are
the expressions to be used in computation. In one verBimwritten as(P, Q, R)
and the separate terms are written in the simplest form to get

//dedz—i—dedx-i— Rdxdy (%)



Computing surface integrals, part 4

Another form which is suitable for graphs of functions used the vector @ith 1

as a normal to get
//( g—Q +R>dxdy

The connection between these expressions is given by repldzmgts expression
in terms ofdx anddy and treatingx dxor dy dyas zero, andy dxas—dx dy.



Exercises, Section 16.7

Find // F - nd Sover the given region (with upward orientation).

#19.F = (xy,yz zxyonz=4—x%2—y?above0<x <1,0<y<1.

#21.F = (xye’, —xz#&, z) on the portion ok + y + z = 1 in the first octant.



More Exercises, Section 16.7

An example usingx) is

#27. F = (X, 2y, 3z) on the surface of the cube with verticesl, +1, +1) with
outward orientation.

Another problem using unusual roles for the coordinate variables is

#25.F = (0, y, —z) with the outward orientation on the closed surface formec
the paraboloidy = x% + z% for 0 < y < 1 and the disk? + z2 < 1 in the plane
y=1



