Triple integrals

The definition of triple integrals involves Riemann sums based on partitioning i
vals on the three coordinate axes into small subintervals. Such a definition is
to assure that certain physical and geometric quantities are given by integral
to prove the existence of the integral of functions that are continuous except c
of lower dimension. This allows the theory to be based on integrals over recta
with the extension to more general regions provided by multiplying he expe
integrand by a function that is 1 on the domain of interest and O elsewhere. T
a wonderfultheoretical tool, but it isnever used incalculus



lterated integrals

Inthis course, integrals are usually evaluated by using a geometric description
region in which the section parallel tme of the axess described. This works bes
when these intersections are always intervals. Then, the upper and lower enc
are given as functions of thether two variables — where the intersection i
nonempty. The set where there is a nonempty intersection s thection of the
three dimensional region into one of theordinate planes A similar description
of such plane regions was given in the discussion of double integrals.



Review of double integrals

Double integrals were first mentioned in Sections 15.1-3 (Feb. 21). Abriefme
of the use of Riemann sums was followed by the claimReetangles are dull
which was intended to discourage the expectation that constant limits of integ
would appear in exam problems. Although this led to a good result on Probl
of Exam 2, it bears repeating. Techniques for setting up double integrals w
re-examined as the first step in dealing with triple integrals.

This method will be usetlvice in setting up triple integrals: once in constructir
the section parallel to the first selected axis; and again in setting up a double in

over the projection.



Type | regions in the plane

The basic domains of integration for double integrals were those for whict

intersection with a vertical line is either empty or a single interval. The endpoin
b

this interval will depend ox. Thisis an extension of the applicationﬁf f(x)dx

a
as the area under the graphyot= f (x) between the vertical lines= aandx = b.
A description of a Type | region has the form

{x,y)ra<x<b gix) <y=<g®x}

which says that the test for a poifk, y) to be in the region consists of checkir
somenumerical bounds orx, and then bounds onthat depend om.



Type | regions in the plane, part 2

Implicit in this description is thag(x) < y < ga2(x) for all x betweena andb.
Frequently, one or both of the bounds »are consequences of this requireme
Geometrically, this is the case when the region hasraer rather than aertical

sideat this value.



Example 1

The portion of the first quadrant inside the unit circle.

To check the description, we ask Maple to draw a picture. The worksheet fo
lecture compares a direct graph of the region with the detailed description ne:
an integral.



Example 1, continued

First quadrant: (Ax > 0 and (B)y > O.
Inside the unit circle: (Cx2+ y2 < 1.

Solve (C) fory to get—+/1 — x2 < y < +/1 — x2. Since—+/1 — x2 < 0 whenever
it is defined, (B) and (C) give & y < /1 — x2.

Again 0 < /1 — x2 whenever it is defined, which is ferl < x < 1. Combining
this with (A) gives 0< x < 1. All of (A), (B) and (C) have been used.



Integrals over this region

If you have the precise description of the region by inequalities, that informe
can be written in the notation for the integral in what should be seen asitheal

1 pa/1-x2
/ / f(x,y)dydx
o Jo

Here, the functionf is whatever function you want to integrate over the

locationsto obtain

gion. For examplef(x,y) = 1 if you want to compute the area of the qua
rant, f (x,y) = x if your want the first moment with respect to tlyeaxis, or
f(x,y) = +/1+ 4x2 + 4y2 if you want the area of the portion of the parabolc
z = x? + y? above this region.



An important principle

In all applications, the limits of integration and integrand are determined
independently. The limits of integration are the same for all applications with
the same region, and the integrand is the same for all with the same physicz

or geometric interpretation.



Another example

Suppose we are told to integrate over the redietweeny = x andy = x2. ltis
common to begin with a picture, so we have produced one in Maple.

From the picture, it is easy to verify that the omlgundedregion between thes
curves isabovey = x2 andbelow y = x, leading tox? < y < x. The numerical
limits on x are found bysolving the inequality x? < x.



Evaluating iterated integrals

In single-variable calculus, it is possible to pretend that differentiation and inte
tion are just operations on functions. Téhe at the end of the notation for integra
seems like just something more to write in the initial examples. It becomes u
whenintegrating by substitution, but it is usually possible to minimize its role i

most problems.



Evaluating iterated integrals, part 2

With double integrals, systematic use of these differentials forces a clear org:
tion on the work. Everything between the initial integral sign with constant lir
and the finaldx is the description of the function ofto be integrated. In the cas
of a double integral, it is an integral with respectytéhat can contairx as a pa-
rametereverywhere in the limits of integration as well as in the integrand. Sir
the inner integral ends witlly, y is the only symbol that is considered a variak
in that integral. In other words, this isgartial integral to be found by obtaining
an expression whose partial derivative with respegt iothe given integrand.



Relation with Green’s Theorem

The first way of writing this partial integral is as a functiomoaindy. However,
these integrals ardefinite integrals in which one must substitute the limits
integration fory to obtain a function ok alone.

b
The general process of findinﬁ F(x, y) dx with the requirement thay be re-

a
placed by a certain function of is called aline integral, and it corresponds tc
integrating along a curve.



Relation with Green’s Theorem, part 2

The proof of Green’s Theorem consists of identifying line integrals of partia
tegrals around the boundary of a region that are equal to a given double int
After proving the theorem, itis possible to shift emphasis to show that a line int
around the boundary can be expressed as double integral over the interior of
kind of derivative of the expression in the line integral.



Advanced methods

Itis possible to change variables in double integrals. Animportant exampleis
by the use opolar coordinates. At one level, this consists only of additional wa
to discoverpartial integrals that express the double integral over a region as a
integral around the boundary. after all, the first step in evaluating an iterated in
is alwaysto obtain an equivalent line integral. The integrals obtained througt
use of polar coordinates are often simpler because of the use of symmetry or
other special role of the origin in the region.



Section 15.7, Exercise #3

Evaluate

1 prz px+z
/ / / 6xzdydxdz
0o JOo JO

The innermost integral is

X+z X+z
/ 6xz dy= 6xzy{ = 6XZ(X + Z) = 6X°Z + 6XZ
0 y=0

since the integrand isonstantas a function ofy.



Section 15.7, Exercise #3, part 2

Next, consider

Z zZ
/ 6x%z + 6XxZ dx = 2x3z + 3x%Z% — 27% + 374 = 57,
0

x=0

Finally, we have
1

=1
z=0

1
/ 52%dz= 2°
0




Section 15.7, Exercise #7

Evaluate

///mv
&
8={(x,y,z)|05y52,05xs\/4—y2,05zsy}

These inequalities are easily translated into Maple instructions for drawing the

where

of this body, and they are in the worksheet for this lecture.



Evaluation of Exercise #7, part 2

Sincey has constant limits, that should be the outer integral. Eitrerz could be
specified next since both have bounds depending only. dive takez next andx
as the innermost integral. Details are in the Maple worksheet.



Special integrands

Integrating the constant 1 over a region givegime. In the special case where w
are considering the regions under the graphef f (x, y), integrating with respec
to x gives the integral of (x, y) over the projection of the region into the plane.
This is such amasystep that it isalwaysbetter to write volumes as triple integra
to allow other ways to evaluate the integral.

Integratingx over the region gives thigrst moment with respect to the/z plane.
The value of this moment can be writt®tx, the product of the volume with the
coordinate of theentroid. Other first moments are similar.



More Special integrands

Integrating the square of one coordinate, &g.or the product of two coordinate:
e.gxz, givessecond moments

Although one could choose to integrateything, these examples are importa
enough to beemembered for many figures. After computing them once, tl
value becomes available to use wherever it appears. When these special val
combined with the generéhearity of the integral, fairly general expressions ¢
be integrated easily.



