Cylindrical coordinates

If the rectangular coordinates are replaced by polar coordinates iytp&ane ,
the result is calledylindrical coordinates. Thus, the equations used are

X =T cosf
y =rsinf

Z=17



Figures of rotation

Cylindrical coordinates give especially good descriptions of figures having |
tional symmetry about theaxis. Such objects have equations that are indepen
of #, and properties of the region can be found by drawing a picture in a plane
rectangular coordinatesandz. In many cases, it is possible to restrict attentior
r > 0 since we allow to take all values from 0 tos2, allowing allrays from the
origin in thexy-plane to be described.



Spherical coordinates

Replacing these rectangular coordinates by polar coordinatesd ¢ with the
positivez axis as initial direction gives spherical coordinates. The equations rel
these systems are

Z = p COS¢

r =psing

0=0



Spherical coordinates, part 2

Since we expect to consider only positiveit is necessary only to consider<
¢ < andp > 0.

The textbook also gives formulas for the direct conversion between rectangul
spherical coordinates, but | see no reason to try to remember these formulas
are rather cumbersome and may actually take more effort than using cylin
coordinates as an intermediate step. It is curious that such formulas have ac
the status ofliced bread when one of the main themes of calculus is the expres
of operations as a composition of small steps.



Exercises 12.7

#55. Express? + y? = 2y in other coordinate systems.
#57. Describe? < 72 <2 —r?2,

#61. Describe-n/2 <0 <7/2,0< ¢ <7/6,0< p < secp.



Integrals in these systems

The formulas needed to evaluate integrals are exactly those arising in polar c
nates:dx dy=r dr dé becomes

dzdxdy=rdzdrd
anddz dr = p dp d¢ becomes

dzdrd = pdpde do.



Integrals in spherical coordinates

Combining these parts gives
dz dx dy= p?sin¢ dp d¢ d6.

This shows that it is possible to give formulas connecting rectangular and sph
coordinates, but it also shows that those formulas are direct consequences
much simpler formula for relating rectangular and polar coordinates in a plan



Exercises 15.8

In earlier exercises, the textbook tells you the system to use, which may be diff
from the system used to describe the region. Here, we will investigate all
options. Also, in general, we will use only verbal descriptions since the not:
for the integrals is only useful after you have identified the iterated integrals
you will be computing. Integration is always with respecttdume.

#7. Integrate,/x2 + y2 over the region insid&? + y2 = 16 and between = —5
andz = 4.



More Exercises 15.8
#11. Integratex? over the region insid&?® + y?> = 1, abovez = 0 and below
72 = 4x2 + 4y2.
#17. Integratex® + y2 + 72 over the balk? + y2 + 722 < 1.

#23. Find the volume of the solid that lies above the cone /3 and below the
sphereo = 4 cosp.



