The Divergence Theorem, part 1

The proof of the divergence theorem is a three dimensional version of the proo
of Green’s theorem It is proved first for regions for which all sections parall
to one of the coordinate axes are intervals (or empty). Evaluating a triple int
of an expressiorf over a solid bodyB as an iterated integral begins by using t
fundamental theorem of one-variable calculus to find an expre$8isach that
dR/9z = f. Theoriginal triple integral is then evaluated as tli®uble integral
over the projectionin thexy plane of the difference dR for zat the top and bottor
of B.



The Divergence Theorem, part 2

However, the operation of substituting the valuezai a surface and integratin
R with respect tox andy is exactly the same as the surface integraRkfover the

surface.

Any part of the surface perpendicular to the plane gives a zero contribution t
such a surface integral. Theitward normal to the boundary of B, normalized
to give an integral with respect to area in theplane has third compone#ntl on
the top and third componenrtl on the bottom. Since we have chosen a vector f
whose first two components are zero, it is only the third component of the nc
to the surface that contributes to the integral.



The Divergence Theorem, part 3

In the same way, on can integrate first with respect @ y. This gives the three
parts of the divergence theorem:
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The Divergence Theorem, part 4

Adding these shows that the the integral of a vector field ( P, Q, R) overs§ is
equal to the integral of thecalar quantity
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overB.

The quantity(x) is called thedivergenceof F and denoted - F. You shouldsee
how this notation is a mnemonic fg«).



The general form of the divergence theorem

The divergence theorem may be extended to more general regions that can by «
pieces having the form used in the proof. Siffoe surface integral is oriented
its value on a cut will be counted with opposite signs when considered as part
boundary of regions on the two sides of the cut. When one adds over the diss
of the region, the contribution of each cut simplifies to zero.



The general form of the divergence theorem, part 2

For simple regions, the evaluation of the surface integral appearing in the diver:
theorem givesxactly the integral over the projection into one of the coordin
planes resulting from evaluating the innermost integral in the description o

triple integral as an iterated integral.

This knowledge can be used to improve understanding of surface integrals.



How is the divergence theorem used? (part 1)

Most textbook exercises in the use of the divergence theorem use the triple in
to evaluate the surface integral. Since this is opposite to the direction of the |
some explanation should be given. There are several reasons for this.

(2) Itis certainly true, as in the proof of the divergence theorem, that the first
in the evaluation of a triple iterated integral o&&rcan be interpreted as a surfa
integral over the boundary &. However, what the calculatiomctually givesis
a double integral over the projection Bfinto one of the coordinate planes, whic
is a simple interpretation of the surface integral thgbears tobypass the genere
notation for surface integrals.



How is the divergence theorem used? (part 2)

(2) The different components of the surface integral appear in the proof o
divergence theorem as the results of using different approaches to setting
integral overB as in iterated integral. Normally, one only writes the integral in’
one form that will becasiest to evaluateWhen different terms of the triple integre
are evaluated using different orders of integration, you are essentially choos
assign those terms to different parts of the divergence. Howigneses operations
are independent The method used to evaluate the surface integral need n
dependent on the way that the integrand is constructed.



How is the divergence theorem used? (part 3)

(3) When the integrand in the surface integral is expressed in terms of polynor
it becomes simpler when differentiated. Thus the integrand of the triple inte
appears simpler than that of the surface integral.

(4) Certain triple integrals are known because they represent volumes or mo
that are remembered from previous computations. It is not necessary to |
these computations in order to get the answer, and the coordinate system
current problem may make those computations tedidisce the goal of these
calculations is to get correct answers, some effort should be made to formulat
problems in a way that simplifies computation.



Exercises 16.9 #3, part 1

F = (3%, xy, 2x2z). Region is cube in which each coordinate is between 0 and

The cube has 6 faces. Integration over each face looks very different frominteg
over a different face. Since the normal vectors to the faces are in the coort
directions,F - nd Swill extract single componentof F on each face.



Exercises 16.9 #3, part 2

We treat the faces one at a time.

x =1:n =i, F.-n =3, butthis is to be evaluatedatx = 1 giving the constant
function 3. Integrating over thenit square in the yz plane gives a value of 3.

Xx=0:n=—-i,F-n = —=3x, butthis is to be evaluatedat x = 0 giving the
constant function 0. Integrating over theit square in the yz plane gives a value
of 0.



Exercises 16.9 #3, part 3

y = 1:n=],F-n =Xy, butthis is to be evaluatedaty = 1 givingx. Integrating
over theunit square in the xz plane gives a value df,.

y=0:n=—j,F.-n = —xy, butthis is to be evaluatedat y = 0 giving the
constant function 0. Integrating over theit square in the xz plane gives a value
of 0.



Exercises 16.9 #3, part 4
z=1. n=Kk,F-n = 2xz butthis is to be evaluatedat z = 1 giving 2.
Integrating over thenit square in thexy plane gives a value of 1.

z=0:n= -k, F-n = —2xz butthis is to be evaluatedat z = 0 giving the
constant function 0. Integrating over theit square in the xy plane gives a value
of 0.

The sum of the face integrals is

1 9
3+04+-40+1+0==
+0+5+0+140=2



Exercises 16.9 #3, part 5

The divergence of is

bl d d
8—X(3x) +a—y(xy) + B_Z(ZXZ) =3+ X +2x =3+ 3x.

Integrating first with respect to gives
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Integrating this over a square of area 1 again gies



Exercises 16.9 #5, part 1

F = (xy, yz zX). Region is solid cylinder defined by + y?> < 1 and 0< z < 1.

The boundary consists of two circular faces in the planes0 andz = 1 and a
cylindrical band. In planes parallel to tixg plane, we will integrate with respec
to x andy — or perhaps convert to polar coordinatesndé. The cylinder should

be parameterized kyyandé with x = cosf andy = siné.



Exercises 16.9 #5, part 2
z=1:n =Kk, F-n = zx butthis is to be evaluatedatz = 1 givingx. Integrating
over the circlex? + y? < 1 gives 0, since the centroid of this circle is at the orig

z=0:n= -k F-n = —zx butthis is to be evaluatedat z = 0 giving 0.
Integrating gives O.



Exercises 16.9 #5, part 3

Our parameterization of the cylinder requires

_dr _dr

=(- sm@, cost,0) x (0,0,1)do dz
= ( cost, sing, 0)d6 dz
(where some pre-processing was involved to assure that.ilveard normal was

obtained). Note that this parameterization expresses the surface of the cylin
a rolled-upd z-plane.



Exercises 16.9 #5, part 4

On the cylinder,
F = ( cost sing, zsino, zcoso )

F.-ndS=cog6sind + zsinfo do dz

To cover the desired surfaexactly once requires 0< 0 < 27 and 0< z < 1.
Now,

o
/ co€ 0 sinf + zsifodo = nz
0

1
f nzdz=m/2
0



Exercises 16.9 #5, part 5

The divergence oF is

bl ad ad
a—x(xy)+a—y(yz)+a—z(xz) =y+z+x

The integrals ok, y andz are moments and symmetry tells us the location of
centroid to bd0, 0, %,). We also know the volume to be, so the integral isr/2.
Direct evaluation of these integrals is not difficult.



Further properties of divergence

We noted that Stokes’ theorem told us that the flux integral of the curl of a ve
field over a closed surface is always zero. The divergence theorem then su
that this must be due to the divergence of this vector field being zero. Itis ec
verify this directly using the equality of mixed partial derivatives.



Further properties of divergence, part 2

Green’s theorem was originally obtained as theding special casef Stokes’
theorem relating dow integral along a curve to a double integral over the reg
bounded by the curve. We did this because that wasithekind of line integral
that we knew. However, both the vector field and the tangent vector can be rof
through a right angle to interpret this integral &8 integral. This gives Green’
theorem as a two dimensional form of the divergence theorem.



