Definition of limit . It is useful at this point to review
the definition of limit, extended to cover functions of
several variables. For simplicity, we use only two
variables.

We say that

im f(x,y)=1L *
oM (X, y) ()

if we can forcef (x, y) to be arbitrarily close td_
(within ane given byel Exigent¢ by demanding that
(X, y) be sufficiently close t@a, b) (at a distance no
more than & that we choose), independent of direc-
tion.

Note that it is the whole sentence) that is defined.
The use of the equal sign in that definition is justified
by....

The maintheorem Limits are unique. Thatis, given
the functionf and the point(a, b), there isat most
onechoice ofL satisfying(x).

14.1&2.1

Proof. If not, let Lo andL1 be two different numbers
that both satisfy(x). The triangle inequality gives

[ILo—Lil =lLo— fOWI+1f(Xy) — Lal (D

for any point(x, y) in the domain off . If you persist
in claiming thatl o andL 1 both satisfy(x), | calculate

d=|Lo— Lyl.

To say thatLg # L1 is to say thatd > O (strictly).
Then | choose = d/2. Then, if(x, y) is any point
that you think is close enough t@, b), then both
terms on the right side aff) are less thad/2, which
contradictyT).

Non-existence of limits The idea of this proofis used
to identify cases in which limits do not exist. If there
are two different valuesy andv1 such thatf (x, y) =

vo for some pointgx, y) arbitrarily close to(a, b)
while f (x, y) = v for other points arbitrarily close
to(a, b), thenitis not possible fof (x, y) atall points
(X, y) close to(a, b) to be within|vg — v1| /2 of any
single value.
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Continuity . Almostevery function that we know how
to express has the property that, at points where the ex-
pression for the function can be evaluated, that value
may be used foL in (x). This property is called
continuity. Continuity means that that the value of
a function at a point can be approximated by eval-
uating the function at a nearby point. This is what
we do every time we trust our calculators to do much
more than verify that 1 1 = 2, so continuity is an
abstraction of the idea @fomputable The rules for
building functions that we use are easily seen to pre-
serve continuity, although complicated functions (for
which é is small) may require extraordinary care to
give reasonable accuracy.

Exercises 14.1

7Forf(x,y) = e“~Y, find the domain and range of
f and the value off (2, 4).

9 For f(x, Y, 2) = X?In(x — y + 2), find the domain
and range off and the value off (3, 6, 4).
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Exercises 14.2

Investigate limits of the following expressions at any
point at which the expressions is not obviously con
tinuous.
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