Motivation from geometry and calculation. The
tangent line to the graph of a function was central to
many of the applications of single variable calculus.

One way to express th property of the tangent is Tay-

lor's formula
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If Xo is a number, an equation saying tlyatquals the
sum of the first two terms on the right is the equation
of a line. The last term is aarror term giving the
difference between the valugx) on the given curve
and they coordinate of the point on the tangent line for
the same. Theé in this formula is a value between
Xo andx whoseexistencas asserted by Taylor’s the-
orem although no attempt is made to find it. Instead,
one uses its rough location to argue thét (¢)| is

not too large. Wheihx — Xxp| is small, this error term

IS not just the smallest term in the expression, but
much smaller than the other terms. This says that
the function may be reasonably well approximated
by the tangent line in some interval arouxgl The

f(x) = f(x0) + f'(X0)(X — Xo) + (X — Xo)°.

tangent lines of space curves met in Chapter 13 have
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similar properties although proofs look a little differ-
ent because space curves, including lines in space &
defined parametrically.

The definition of the tangent plane will require that
one plane approximates the surface near a point ur
formly in all directions. Some surfaces that are oth
erwise well-behaved, like the cozé = x2 + y2 fail

to have such a tangent plane at the origin. Although |
has many planes with some of the properties of a tar
gent, it is better not to try to weaken the definition to
allow more tangent planes. The strict requirement he
so many useful consequences, and is satisfied in ma
cases, that little is lost be leaving a few examples ot
of the theory.

Derivatives and tangent planes The geometric ver-
sion of the existence of a derivative of a functién
at a point(a, b) is the existence of a tangent plane ta
the surface = f (x, y) at the point wher& = a and

y = b. A tangent plane has an equation of the forn
z = Ax+ By+C for constant#, B andC, whichwe
abbreviate = L (X, y) — L standing fotinear. The
definition giving the most efficient characterization of
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tangent planes is to require that, foral- 0,

£ Y) = LG Y| < €/ (x— @)+ (y — b)?

for all (x, y) sufficiently close tqa, b), independent
of direction. The expression on the right is chosen
so that given any nonzero linear expresdigit must

fail to boundL close to(a, b) for somee. This allows
the proof of the main theorem to be modified to show
that there is at most one suth

Using tangent lines to find tangent planesTangent
lines to curves could have been defined in the same
way. Hence, intersecting with the plage= b gives

a curve whose equationzs= f (x, b) and a tangent
line to this curve at the point where = a. Since
tangent lines could have been characterized by the
samee-§ definition as tangent planes, these tangent
lines mustlie in the tangent plane. Finally, writing
the equation of the tangent plane in the form

z=L(X,y)=Ax—a)+B(y—b)+C

we can use what we know about tangent lines to show
thatC = f (a, b), Ais the derivative off (x, b) with
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respecttx evaluated at = a, andB is the derivative
of f(a, y) with respect toy evaluated ay = b.

Finally, some calculus The coefficients in the equa-
tion of the tangent line have been identified as value
of derivatives, so finding them leads us, after a long
detour into theory, to finding derivatives. The point of
the theory has been to show the importance of the oj
eration of differentiating with respect to one variable
while holding other variables constant. Thisis easy t
do: you simply follow the rules from single-variable
calculus. It only remains to describe the notatiore If
has been defined by some expression in the variabl
x andy, then the derivative of with respect tox,
treatingy as a constant, is denoted

0Z
— or Dyz.
dX

As usual, the result of finding this derivative is an
expression that usually involvesandy. To use this
result to find a tangent line, you will need to evaluate
the expression atx, y) = (a, b). There is no nice
notation for this.
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Alternatively, you can think of the given expression
as definingz as a function ofx andy, which you
typically write z = f (X, y). This notation means
that the functionf requires two input variables and
the value of the function is found by using the given
expression with the first variable assignedxtand
the second tg/. One of the things that is typically
done with functions is to evaluate them at arbitrary
expressions. Thus, if

fXy) =X+ Y2

then
f(y,x) =y+ X2

What this example shows is that one should never
assume that the variables used to describe a func-
tion have any significance whatsoever. Unfortunately,
most of the other notations used in the textbook vi-
olate this rule. The only notation that doesn’t is one
that usesf; to stand for the derivative of the function

f with respecttoits first variable. This has the advan-
tage that one can writé (a, b) for the result of evalu-
ating this function at the poirgt, b), i.e., the result of
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first differentiating the function and then evaluation
the result at the base point.

Higher derivatives. Once one has a derivative, either
as an expression or as a function, one can think c
differentiatingthat If one expects to do a lot of that
sort of thing, an abbreviation is needed. Thus on
writes

3%z 3 (9z\ 0%z d [0z

—Zfor— — ), —— for — | — |;

X OX \ 0X/ 0dyoX ay \ oX
and fq2 for (f1)2.

Fortunately, you only need to be careful about the
order of the variables in this expression when makin:
the definition, sincef1» = f»1 for functions that you
will meet in practice.
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Exercises 14.4~ind equation of tangent plane at in-
dicated point.

z=y>— x> (-4,59 (1)
zZ= \/4—x2—2y2 1, -1,1) (3)
z=In(2x +y) (-1,3,0 (5

z = € cogXYy) 0,0, 1) (13)

Exercises 14.3-ind partial derivatives.

3x — 2y* (11)
X—=Yy

1
X+Yy (19

/X2 + Y2 (33
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