Overview of beginning of chapter 14 If f(x, vy, 2)

is a real-valued function oR3, its gradient V f was
introduced in Section 14.6. When it was introduced,
we noted that it was an new kind of function called a
vectorfield. In Section 16.1, adefinition of this object
finally appears, with some examples from physics. It
is quickly noted that a vector fieklthat is of the form

V f is very special. The wordonservativeis intro-
duced to describe such vector fields, ahds given
the special designation of tipetential function of F.
This is supposed to inspire a feeling of warm fuzzies
among those who have met these terms in a physics
course. It is motivated by the concept pdtential
energy which is an invention that allows one to claim
a law of Conservation of energyThe change in the
more observablk&inetic energys given by thevork
integral, which is the integral of theangential com-
ponentwith respect of arc length of the force acting
on an object. Formulé&7) in Section 11.9 noted that
only the tangential component of acceleration con-
tributed to changes of speed, and this is what is being
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Integrals of vector fields The text mentions some
integrals of scalar functions with respect to arc length
along curves. Such integrals (except for the calcula-
tion of arc length itself) are artificial. Only integrals of
vector fields like thevork integral seem to appear in
applications, and only these integrals have interesting
mathematical properties. { is a curve parameter-
ized byr(t) fora < t < b, then we describe this

integral as
/ F-Tds
e

/F-dr,
e

and evaluate it as

b
/ F(r@))-r'@dt,
a

which we think of as a substitution in the previous ex-
pression. The value of this expression is independent
of parameterization. IF = (P, Q, R), then

/F-dr,
e

or
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measured here. This work integral takes the form

fF~Tds
C

The T andds in this formula should not be taken
seriously, they only serve to establish the link with
physics. TheC in this notation represents the curve
over which the object moves, andGfis given by a
vector functiorr (t), then

Tds=r'(t)dt

from the definitions ofTf ands. The chain rule of
elementary calculus shows that a change of param
ter gives the usual change of variable in this integral
and hence, does not change the value of the integr:
Thus, although welescribethe integral using ds,
we computeit usingr’(t) dt.

If F = V f, then the chain rule for functions of sev-
eral variables shows that this integral is equal to th
difference of the values of at the ends of the curve
C. This is the first generalization of the fundamenta
theorem to appear in this course.
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can be expanded as

/ Pdx+ Qdy+ Rdz (*)
C

In these formulasP, Q, andR are functions ok, vy,
andz. Expanding everything in terms of the param-
etert gives the same formula as before. This show
the power of the notation of expressions when doint
calculus. Indeed, some of the things that you thinl
you see in the forn(x) turn out to really be there
and allow simplifications. For example, if you have
[ xdx it is equal to the difference of the values of

x2/2 at the two ends of the path.

If you need to give a piecewise definition of the curve
G, then the resulting integral will normally be written
as the sum of the integrals over the pieces. For exan
ple, to integratd- in the counterclockwise direction
around the square with verticég, 0), (1, 0), (1, 1),

(0, 1), you form

1 1
/ F(x, 0) dx—i—f F(1,y dy
0 0
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0 0
+/ F(x, 1)dx+/ F(, y)dy.
1 1

The fundamental theorem If F = V f, then the
integrand in(x) is

fix,y,20dx+ fa(x,y,2)dy+ fa(x,y,2)dz

which the chain rule for several variables says is just
df(r(t)). The fundamental theorem of single vari-
able calculus says that this integrates to the difference
of the values off at the points (t) obtained from the
endpoints of the interval inover which you are inte-
grating. These values oft) are just the endpoints of
the arcC. In particular, f (X, y, z) can be determined
up to an additive constant by integratiRgalong any
path from a fixed base poiiixo, Yo, o) to (X, Y, ).

Independence of path The result just mentioned
shows that the integral of a conservative vector field
depends only on the endpoints of the @rand not on
the details of howe gets from one of those points to
the other. However, you should remember to verify
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Usually, one findsth&¥ f = F. Green’s theorem can
be used to formulate and proof a precise statement.

The key example If

FOGY) = (s =

9y_ X2+y2’X2—|—y2’
then it appears that our necessary condition is satis-
fied. HoweverF and its derivatives fail to be defined
at (0, 0). This cause$ to fail to be conservative. It

is easy to compute its integral around the unit circle,
X = cost, y = sint, fromt = 0tot = 2.

This simple example shows that independence of path
requires that it be possible to compute the integral
along a family of paths that describe how one can
deform one path into another. A single point that

prevents integrals through it from being defined can
cause independence of path to fail.

The value of the integral we have given on any path
not containing(0, O) is always an integer multiple of
2. That integer can be interpreted as the number of
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the hypothesis of this theorem before jumping to it:
conclusion. This is mostly a theoretical result, not
a shortcut for evaluating integrals. Direct use of the
definition is an important skill which should not be
abandoned before it is mastered.

Finding potential functions. Given a vector field
that is defined everywhere, we can build a path fron
(X0, Yo, 20) to (X, Y, 2) by following lines parallel to
the axes tax, yp, Zp) and(Xx, vy, zp). If F = V f, the
integral along this path gives a possible valuefof
and all other choices of differ from this by our old
friend “ + C”.

A necessary condition for a field to be conservative
Clairaut’s theorem tells thatj; = fji. If F = VT,

this says that the partial derivative of theh com-
ponent ofF with respect to thg-th variable is ev-
erywhere equal to the partial derivative of tieh

component of with respect to the-th variable.

If F does not have this property, it cannot be consel
vative. Conversely, if it has this property, the standart
path can be used to find a tentative choicd ofOne
can then compare the gradient of this functiorFto
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times the path goes around the origin in the counte!
clockwise sense (so that it4sl if you go once around
in the clockwise sense).

Exercises 16.2
Find/ F.dr.
e

#19.  F=(x%y3 yyX),
r=(t2, —t3),
O0<t<l1.

#21. F = (sinx, cosy, x2),
r=(t3, —t2t),

O0<t<l1.
Exercises 16.3

ISF=VI{?
#3. F = (6x + 5y, 5x + 4y)
#5. F = (x¢&Y, ye’).
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