Simple regions We are now ready to give a form of
the fundamental theorem of calculus relating double
integrals over regions in the plane with line integrals
around the boundary of the region. There is an annoy-
ing complication that arises when trying to state such
a theorem: double integrals were described in an un-
oriented form useful for finding areas, moments and
other physical quantities, but line integrals were given
with an orientation that was a natural consequence of
the use of a parameterization to reduce their evalua-
tion to the familiar one-dimensional definite integral.

Setting up a double integral usually required a pic-
ture to check that all parts of the region were counted
exactly once. The regions that we met were usually
those described as “Type |”, with a description of the
form

R={(x,y):a<x<b g <y=<gX}

This saysthatavertical line that me&gneetsitinan
interval, and the vertical ling = ¢ meetsR only for

an interval of values of. The formalism serves only
to provide names to the endpoints of these intervals.

16.4.1

Integrals over more complicated regions can be foun
by writing the region as a union of Type | regions that
intersect only in line segments, so that the integre
over the whole will be the sum of integrals over the
pieces.

Similarly, there were regions of “Type II” in which
horizontal lines met the region in intervals.

A simple regionis something thatis of both Type | anc
Type Il. A typical example is the portion of the first

guadrant under the graph of a decreasing function. .
common problem involving simple regions is to be
given an integral using the Type | description of the
region that looks difficult to evaluate, and to convert it
to the equivalent integral using the Type Il descriptior
oftheregion. This equivalentformturns outto be eas
to evaluate, so you do it.

Proof of Green’s theorem Although we have not
yet stated the theorem, we have all that we need 1
prove it.

The evaluation of the integral df(x, y) over our re-
gion R of Type | as an iterated integral proceeds by
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finding a functionF (x, y) with F» = f so that

g2(X)
/() fx,y)dy = F(x. 0200 ) — F(x. g1(x) ).
g1(X

Then

b
// f(x,y)dxdy:/ F(X, g2(x)) dx
R a
b
—/ F(x, 91(x))dx.
a

To get our proof, we note that the integrals on the right
are of the form

f F(x,y) dx,
C

whereC is a curve forming part of the boundary of
R. The boundary ofR may also include line seg-
ments lying along = a or x = b, but these have no
contribution to an integral with dx factor. We may
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insert a multiple of such integrals to get a geometri
cally satisfying result without changing the value of
the integral.

Similar integrals with respect tpare found by using
a Type Il description to integrate(x, y) with respect
to Xx.

We need only interpret these results to get Green
theorem.

The boundary of a region Consider the case in
which R is the unit circular disk defined by

{(x,y):xz—l—yzsl}.

The boundary is the circle with equatio’ + y? =

1, which we always parameterize By= cost and

y = sint. In this parameterization, we go around the
circle in a counterclockwise direction, and the disk is
always to our left.

Something similar can be done for every simple re
gion. To keep the region to our left, we should go
from x = a to x = b along the bottom of the region,
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then up along = b, then fromx = btox = aalong
the top, and finally down along = a.

Note that, if a Type | region is cut along the graph of
a function, that curve would be traversed from left to

right as the bottom of the upper part of the region and

from right to left as the top of the lower part of the
region. Inthis way, we see that a line integral over the
boundary of the union of the two pieces is the sum of
line integrals over the boundaries of the two pieces.

If Cis a closed curve, bounding a regitn we use

%F-dr
e

to denote an integral that goes once aro@nd the
direction that keep® to the left. For simple regions,
this direction onC is easy to find. This construc-
tion extends to regions that can be cut into simple
parts. At some point, one should show that the ori-

ented boundary of a region does not depend on how

the region is cut into simple pieces. The regions for
which this gives a well-defined oriented boundary ex-
haust all regions that you are likely to meet, although
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the full mathematical generality allows regions tha
can be approximated by such regions.

A statement of Green’s theorem If D is a simple
region with boundarg, then

%P(x, y)dxsz —Po(x, y)dx dy
C D

ng(x, y)dysz Qi(x,y)dxdy
C D

Note that the choice of orientation of the boundary
leads to the pattern of signs in these formulas.

Formula(l) in Section 16.4 results from adding these
two formulas.

Conservative vector fields The testfor P, Q) being
conservative i€Q1 — P> = 0. Green’s theorem thus
includes the statement that the integral of a conserv
tive vector field around the boundary of any region is
zero. One needs these derivatives to exist inside tf
region bounded by the curve for this proof to work.
We have already mentioned an example where tr
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derivatives fail to exist at a single point and the in-
tegral is nonzero along closed curves enclosing that
point.

The typical exercise in the use of Green’s theorem
involves evaluation of line integrals around closed
curves by transforming them into double integrals.
Of course, the proof of Green’s theorem shows that
the evaluation of the double integral involves replac-
ing it by aline integral — but the resulting line integral
Is often much simpler than the one you started with.
The two line integrals related by this operation differ
by the integral of a conservative vector field.

The examples obtained by interchanging order of in-
tegration in simple regions also lead to line integrals
of vector fields whose difference is conservative.

Not so simple regions After performing detailed
calculations on simple regions, the results can be ap-
plied to more general regions by formal means. The
main tool cuts along a straight line. The integrals as-
sociated with the whole region are easily seen to be
the sum of corresponding integrals for the parts.
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The analysis of limits enters to show that certain line
integrals along paths confined to sets of small diarr
eter are bounded in terms of the area of the set. Sut
a bound is certainly necessary for Green’s theorem t
apply. As long as the estimates are good for sma
regions, the limit machinery will allow crude bounds
to be refined.

Since line integrals are simpler from the theoretica
point of view, they can be used to interpret what the
corresponding double integrals must be for Green’
theoremto remaintrue. This leadsto an interpretatio
of oriented and multiple areas. Although this make:
the double integral more difficult to interpret, it leads
to simpler rules for manipulating them, that is to a
calculus The calculation of the integrals no longer
requires a picture, although a picture may be neede
to interpret the result. That is, if you go around=
1+ 2cosy fromH = 0toh = 2, the region inside
the inner loop of the curve is counted twice, while the
portion between the two loops is counted once.

Changes of variable If we have functions giving®
andQ in terms ofx andy andx andy in terms ofu
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andv, and a closed curve described by givingi and
v (and hence alsg andy) in terms oft, then

/ Pdx+ Qdy
c

can be viewed as a line integral in tkg-plane, or

in a uv-plane, and can be evaluated as an ordinary
integral in terms ot. Formulating Green’s theorem

in the uv-plane gives a formula for allowing thev
coordinates to evaluate integrals formulated in terms
of x andy. A general discussion of this formula ap-
pears in section 15.9 although the special case of polar
coordinates has already been mentioned.

Deriving this formula from Green’s theorem allows
all of the mathematical difficulty to be confined to
this one theorem. The argument given to justify the
formula for polar coordinates appeared to depend on
having simple descriptions of a region in both rectan-
gular and polar coordinates. Of course, this will be
true in all cases in which you would use this formula
However, for regions not having such simple descrip-
tions, the approach through Green’s theorem assures
us that the interpretation of all integrals is correct.
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Exercises 16.4

Evaluate the integrqb?e P dx+ Qdyas many ways
as you can.

#3. P = xy, Q = x?y3, Cisthe triangle with vertices
(0,0, (1,0, (1, 2.

#7. P = &Y, Q = 2x¢&, @ is the square with sides
XxX—0,x=1,y=0,y=1.

#9. P = y+ eV, Q = 2x + coqy?), C is the

boundary of the region enclosed py= x2 andx =

y2.

#21.P = —y/2 Q = x/2 (area computation),
C = (coSt, sir’t)(0 < t < 27).

#21. Area of triangle with vertice®, 0), (Xo, Yo),
(X1, Y1)-
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