Area on a sphere The ability to compute surface

area allows us to measure familiar objects and refine

our intuition about them. The formulas allow us to

easily compute the area of the portion of the sphere
between two parallels of latitude. Of course, the area
of such a region is larger near the equator than near

the pole, but a quantitative description will allow it to

be compared to other measurements of the figure, and

we will find a value for the area that is striking in its
simplicity.

Following the conventions dpherical and cylindri-
cal coordinatesa sphere of radiug will be formed
by rotating a circle in amz-plane (with the positive
r-axis horizontal and pointing to the right and the
positive z-axis pointing upward) of that radius about
thez-axis. Using a convention different from geogra-
phy, the circle will be parameterized using the angle
¢ measured clockwise from the positizeaxis. This
gives

Z = pcosg andr = psing,

and the range < ¢ < m gives the semicircle in
the right half plane. Rotating this semicircle all the
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way around the-axis (through an angle ofd gives
the whole sphere. The region we want is given by
rotating an arc between two fixed valuesgoéll the
way around the-axis. Aswith any problem involving
figures of rotation, the parameterization of the surfac
will involve whatever parameter is used to describe
the curve in the z-plane that is to be rotated and a
second parametér (longitude) giving the angle of
rotation to reach the actual point on the surface. If th
integration with respect tis done last, the symmetry
of the surface assures us that it will be the integral of.
constant from O to2, so that it will only multiply the
value of the inner integral by/2 This allowed many
of these examples to be included in single variabls
calculus using d@and-wavingargument to describe
the role of rotation.

The parameterization of the surface (in rectangula
coordinates) is

(p sing cosh, p Sing sinb, p Cose)
and the partial derivatives with respecit@ndé are
{(p COS¢ COSH, p COSP SING, —p SING),
(—psing sing, p sing cosw, 0).
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The cross product of these simplifies to
<,02 sin? ¢ cosd, p? sir’ ¢ sind, p? sing cos¢>.

which is a vector of lengtjp? sing in the radial direc-
tion. This length is the integrand in the surface area
integral. Integrating with respect b gives the dif-

ference in values qf? cosg (sincep is constant), and
integrating with respect té multiplies by 2r as has
already been noted. Thus the band betwgesa ¢g
and¢ = ¢1 has area

(27p) (o COSp1 — p COSeho).

The first factor is the length of a great circle. The
second factor ig; — zg. In particular, if our sphere
were surrounded by a cylinder of equal radius and
our region projected to that cylinder from the com-
mon axis of the two figures, the spherical band and its
projection on the cylinder would have equal area.

Integrals of vector fields over surfaces Many phys-
ical applications involve vector fields interpreted as
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flowsand require the measurement of thux through
asurface. The contribution to the flow of a small piece
of the surface should be the product of its area and tt
component of the flow perpendicular to it (since flow
parallel to the surface does not cross it). There is a
underlying assumption that the flow is@ctor quan-
tity and that it behaves inlaear fashion when vec-
tors are added or multiplied by scalars. For anythin
with this behavior, it is essential that it be measure
by a quantity that is sensitive only to normal compo-
nents. These integrals are atstented, in the sense
that reversing the direction of the flow should give the
negative of the previous measurement. This require
that the surfaces have a cleaside andoutside In
many of the exercises, the surface is the graph of
functionz = f (x, y) and anupward direction (i.e.,

a positive third component) can be used as a substitu
for “outward”.

There are surfaces that do not have a global orient:
tion. That it, you can walk around the surface car
rying a continuously varying unit normal vector and
get back to the same point with the normal having re
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versed its direction. The Mdbius band is a common
example: a rectangle is given a half-twist before glu-
ing its ends together, so points that were on one side
of the surface now find themselves next to points that
were originally on the other side. We won't do any-
thing with such surfaces except to acknowledge their
existence.

In a later section, we will use surface integrals around
closed surfaces to measure properties of the region in-
side the surface. For such results to make any sense,
the surface mudtavean inside — i.e., it must have

a global orientation. This is an extra concern in for-
mulating theorems in this area, but it turns out not to
cause any real trouble.

Computing surface integrals When you want to
do calculus, you determine what the expression you
are computing looks like in the special case of the
graph of a function. Since we are now concerned with
surfaces, this mears= f(x, y). We have already
noted that a consistent orientation can be provided by
the notion ofupward. It remains only to convert the
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flux integral

[[Fonas

into something that we can compute.

Although the notation suggests that we should find
andd Sseparately and substitute our findings into the
definition, these two terms should be considered as
single object. The reason for this is the formula from
the last lecture, which in it oriented form reads

dS _dxdy dzdx dydz
JA2yB2+C2 C B A

where the quantitiedx, dy, andd zare written in that
cyclic order to find the order to be used for an adjacer
pair. The homogeneous nature of this formula mear
that (A, B, C) can be taken to be any normal vector.
If you multiply by (A, B, C), the first expression is
exactlynd S and the others are the expressions to b
used in computation. In one versidajs written as
(P, Q, R) and the separate terms are written in the
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simplest form to get

f/dedZ+ Qdzdx+ Rdxdy (%)

Another formwhich is suitable for graphs of functions
used the vector witle = 1 as a normal to get

[ (-+2 -2 + ) oxo

The connection between these expressions is given
by replacingdz by its expression in terms afx and
dy and treatinglx dxordy dyas zero, andy dxas
—dx dy.
Exercises

Find ff F - ndSover the given region (with upward

orientation).

#19. F = (xy,yz zx) onz = 4 — x? — y? above
O0<x<1,0<y<l

#21.F = (xye', —xz¢€, z) on the portion ok +y +
z = 1 in the first octant.
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An example usingx) is

#27. F = (X, 2y, 3z) on the surface of the cube with
vertices(+1, 1, +£1) with outward orientation.

Another problem using unusual roles for the coordi
nate variables is

#25. F = (0, y, —z) with the outward orientation
on the closed surface formed by the parabolpig
X2+ Z2for0 <y < 1 and the disk®? + z2 < 1 in
the planey = 1.
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