Why “divergence”? The divergence theorem gives
a physical interpretation of the divergence of a vec-
tor field. The surface integral of the vector field over
any closed surface is equal to the integral of the di-
vergence of the vector field over the body bounded by
that surface. If the body is a small spherical ball, then
the latter integral is equal to the volume of the ball
times the average value of the divergence in the ball.

In the fluid flow model, the surface integral represents
the amount of fluid passing through the boundary of
the sphere. For this to be positive, it must be created
in some way inside the body. If there are no sources,
then the fluid must be expanding. In this case, that
expansion is measured by the divergence.

Change of variables Ifthex andy coordinates of our
favorite plane are expressed in terms of another pair of
variablesu andv, we would like to know how to use
these new variables to compute integrals. We have
seen the example of polar coordinates. By repeating
the construction of the integral from Riemann sums,
usingpolar rectanglesnstead of ordinary rectangles,
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we found that
dA=dxdy=rdrdo.

Lurking behind this argument was a belief that are:
had a number of nice properties that we were pre
pared to take as axioms. Some of these have be:
proved in the course of doing some exercises in ca
culus. In particular, we really do know that polar
rectangles have the expected area when computed |
ing Riemann sums based on ordinary rectangles, ar
vice versa

To do this more generally andv should be taken
as rectangular coordinates in a plane of their owr
In nice cases, the equations defin@ndy can be
solved foru andv giving a well-defined region in this
uv plane corresponding to any given region in ¥e
plane. In the most familiar case of polar coordinates
itis necessary to require> 0 and 0< 0 < 27 to get

a unigue choice of polar coordinates corresponding t
given rectangular coordinates other th@n0). The
origin plays a special role, as a single point in ihe
plane represented by polar coordinates with 0 and
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any value of). Since we are concerned with formulas
for area, this causes no difficulty since lines have area
zero.

Computation with coordinates and v can be de-
scribed in terms of integrals in the plane. To in-
terpret results in they plane, we construct the sets
that are the images of the rectangles used for Riemann
sums in thauv plane. This was what was done when
we spoke of polar rectangles — they really were rect-
angles in am 6 plane that we never described. Since
thexyplane is supposed to describe reality, every area
in theuv plane must be multiplied by a factor giving
the ratio of the area of its image in tkxg/ plane to

the area seen in thew plane before being used in a
Riemann sum. Since the Riemann sums are only a
technical device which leads to the integral by find-
ing a limit, it is the limit of the ratio of areas that is
needed. Some technical analysis is needed to make
sure that all integrals exist and the ratios behave in
the way that we expect, but the picture used in this
outline illustrates the change-of-variables formula in
the context of the definition of the integral.
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In the limit, the image of a rectangle with sides of
lengthdu anddv based at a pointu, v) in the uv
plane will look like a parallelogram based @&, y)
whose sides are the vectors

(Xu, Yu)du and(xy, y,)dv.
The quantityd = xyY, — X, Yu measures the ratio of

areas (with the sign giving the relation between the
orientation of the two figures). For polar coordinates

Xr Xo\ __ (cCOS9 —rsiné
Vi Vo) \sind rcosd )’

J=rcosO+rsintd=r.

SO

The quantityd is called theJacobianof the function
expressing andy in terms ofu andv.

The full rule for changing coordinates in a double
integral calls for using the given expressionsXand

y to replace all appearances of these variables in tf
integrand with expressions inandv, and replacing
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the expressionx dyby J du dv. In general,J will andv, we need to write
be an expression inandv.
dx = xy du+ x, dv,
Relation to Green’s theorem Another proof of this
formula can be given by finding the effect of changes
of coordinates on line integrals. The proof of Green’s Thus,
theorem shows that every double integral in ihe
can be evaluated as a suitable line integral around its _
boundary. This is converted to a line integral in the = 5£(qu T QW) du+ (PX, + Qyy) do.

uv plane. This line integral is converted by Green’s _ , _ _
theorem into a double integral in the plane. In this Applying Green's theorem in thev-plane gives an

proof, we can start with a line integral integrand of the double integral that is

dy = y,du+ vy, dv.

(va + va)u - (qu + Qyu)v =

| — % P dx+ Qdy. PXyu + QYou + (PxXy + PyYu)Xy
+(QxXu + QyYu)Yu
_PXUU - QyUU — (PXXv + Pva)Xu
Here,P andQ will be functions ofx andy. We then —(QxXy + QyYu)Yu
expressx andy in terms ofu andv, which will be = (Qx — Py)(XuYy — XuYu)
expressed in terms af andv by composition with
the functions givingk andy in terms ofu andv. This Here the first part is the integrand of the original dou:
substitution will express as a line integral in thav- ble integral in thexy plane composed with the defi-
plane. In addition to obtainin§ andQ in terms ofu nition of x andy in terms ofu andv, and the second
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factor is the expression that our previous analysis has

shown us to expect.
Surface integrals To evaluate a surface integral on
the graph of a functioa = f (x, y), one writes

dS = (—fx, — fy, 1)dx dy

to express the integral in the upward orientation. If
the surface has a parametric description, thgnand
z on the surfaceare functions ot andv. Making the

assumption that the surface can be given as the graph

of a function allows the integral to be written as an
integral over the projection into they-plane. Since
this is the projection of a region on the surfacend

y have exactly the same meaning as they have on the

surface. In the resulting integral, the expression of
andy in terms ofu andv may be made. Although the
function givingzinterms ofx andy may not be known
explicitly, when we compose the expression zan
terms ofx andy with the definitions of these variables
in terms ofu andv, we get thegiven expression for

in terms ofu andv. When a normal to the surface is
scaled so that the product withu dyis dS, the third
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component must be the Jacobian of the expression
x andy in terms ofu andv. This scaling is exactly
the one given by the cross product of tangents to th
grid curves.

Typically, only a small part of the surface can be con
sidered to be the graph of a function, but there is nott
ing special about to make it the dependent variable.
The same approach applies whenever one of the va
ables is a function of the other two, and any genera
formula proved under these assumptions will be vali
whenever the surface can be written as a union ¢
pieces such that each piece has one of the variables
a function of the other two. This covers essentially al
surfaces. The divergence theorem then allows wh:
we know about changes of variable in double inte
grals to be applied to triple integrals. The result will
express the Jacobian as the determinant of the 3 by
matrix of partial derivatives. Since this determinan
gives the ration of volumes of small parallelepipeds
in the two coordinate systems, the result is exactl
what is expected. This can be used to develop a thi
ory of integration in Euclidean spaces of any numbe
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of dimensions, where am dimensional space is de-
scribed byhypothesizinghe existence of mutually
perpendicular vectors.

Exercises Give the Jacobians for each of the follow-
ing changes of variable.

#l.X=U—+4v,y = 3u — 2v.
v
u—vuv

#3.X = Y =

u-+v
#5. X = Uv, Y = vw, Z = Uw.

#9. Find the image of the triangle with verticgs 0),
(1, 1), (0, 1) in theuv-plane undex = u?, y = v.

Coordinate systems in Maple Maple has the abil-

ity to work with curves described in many different
coordinate systems. This includes polar coordinates
and its three dimensional relatives, but also some that
never make it into basic textbooks. Since these co-
ordinate systems are actually used somewhere, they
make more interesting examples for computing Jaco-
bians, as well as for studying the nature of the grid
curves in the space with rectangular coordinates
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andy (andz for three dimensional examples). Al-
though the general methods can compute with ar
(X(u, v), y(u, v)), the useful examples often have grid
curves that are mutually perpendicular (as in pola
coordinates). In this case, the Jacobian is simple tt
product of the lengths of the tangent vectors to the gri
curves. Sometimes there are constant factors in tt
formulas that seem arbitrary, but have their roots i
some general methods for producing such function
and lead to more pleasing geometric properties. Al
though we are concerned here only with the Jacobic
determinant, Linear Algebra allows one to interpre
the whole matrix of partial derivatives. Indeed, is is
that algebra of that matrix that expresses thain
rule for the change of coordinates. For the example
we write the matrix, although you may choose to se
only its determinant.

We give some two dimensional examples. There ar
many more, as well as a wealth of three dimension:e
examples.
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Parabolic coordinates

X = 1/2(112 — Uz)

y = Uuv

The matrix of partial derivatives is
u —vu
v u

Hyperbolic coordinates

x:\/ u?+v2+u
y:\/\/u2+v2—u

The matrix of partial derivatives is (usingandy as
abbreviations for their expressions in termsuaind

v)

—y

1%
24/ u24+v2  2ya/u24p2

X v
( 2/ U402 2x4/ U402 )
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Notice thatx?y? = v2, which can be helpful in rec-
ognizing the grid curves and inverting this change o
variables.

Elliptic coordinates.

X = coshu cosv

y = sinhusinv

The matrix of partial derivatives is

sinhucosv — coshusinv
coshu sinv sinhu cosv
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