This may not have been done correctly last time.

Exercise 11.1.%Are the points
P(1,2,3) Q(0,3,7) R(35 11)
collinear?

Solution. Find distances
IPO| =+/12 +12 + 42 = /18
PR = V22 + 32+ 8 = /77

IOR| = /324 22 4 42 = /29
Is the largest equal to the sum of the other two?

V184429 ? V77

Square
47+ 2v522 7?2 77
Subtract 47, divide by 2

v/522 ? 15
Square
522 ? 225

NO.
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In elementary geometry, you learn that a triangle it
determined by the lengths of its sides. In trigonom:
etry, the law of cosines is derived to show that the
angled between sides andb and opposite side is
determined by

c? = g2 + b — 2ab cOsh.

If we use vectora andb for the vectors pointing away
from the vertexC, then a vector along the third side
Isa— b, and

¢? =la—Db|?.

If a = (a1, ap, az) andb = (b4, by, b3), then
¢® = (a1 — b1)* + (a2 — b2)* + (a3 — b3)°
= af — 2a1b1 + b%
+ a5 — 2asby + b5
+ a:,z, — 2a3b3 + b%
= a® + +b?
Comparing this with the law of cosines, gives

ab CcosO = a1b1 + a2br + a3zbs.
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The expression on the right is taken as the definitio
of thedot product a - b, and the geometric interpre-
tation is a theorem. The form of the definition shows
that the dot product inear in each factor. A special
case of the definition shows that a = |a|?, and the
Pythagorean theorem shows that nonzero vedcors
andb are perpendicularifandonlyd&-b = 0. ltis
convenient to extend the use of the word “perpendic
ular” so the a zero vector is considered perpendiculz
to all vectors.

Projections and components We have the formulas

The cross product The formula summarized by

I ] k
ai da as ()
b1 by b3
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clearly gives a vector perpendicular to
a = (a1, az, az) andb = (b1, b2, b3),

using a systematic formula. Itis zero wheeij b, and
only in this case. Direct computation shows that the
length of this vector is the product of the lengthsaof
andb and the sine of the angle between them. Thi
shows that the length is the area of the parallelograt
spanned by andb. The only surprise is that inter-
changing the roles ad andb sends the product into
Its negative. Formulax) defines the cross product
a x b. In addition to giving directions perpendicu-
lar to two given directions and finding areas, it gives
a computational way to describe orientation in spac
— the distinction betweeleft andright.
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Equation of line. A line in space is determined by
a point Po(xo, vo, zo) and a directiorv = {(a, b, c).
Once you have the six numbers, all that is needed 1
get the equation is to write them in the right places
Things are slightly complicated by three ways of writ-
Ing the equation being incommon use. The keyword
identifying these forms must be known.

Vector form. The form closest to the geometry of the
line uses the idea that vectors in the same direction a
related by being scalar multiples of one another. Thus

the vectorPy P from the given pointPy to the variable
point P(x, y, z) should be a multiple of the vecteor
The scalar multiple is usually denoted hyalthough
different letters should be used for different lines In
the same problem. Changing the parentheses arou
the quantities ilPp andP to angle brackets transforms

: —> —>
them into the vectorsg = O Pp andr = O P, and
the vector equation becomes

r=1rqg+tV.
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Parametric form. The vector equation is an abbrevi-
ation for the three scalar equations obtained by equa
Ing the components. For the data given above, thi
IS

X = xo + at
y = yo + bt
Z=20+ct

Symmetric form. Each of these equations can be
solved for the parameter The pointP lies on the
line if you always get the same answer. This puts th
equation in a form that emphasizes a test for whethe
P lies on the line:

X—X0 Y—Yo Z—20

a b C

This may even be used if some of the coefficients
b or c are zero. The other forms show that this shoulc
be Interpreted as requiring that a zero denominatc
requires the corresponding numerator to be zero.
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How else could a line be give® Another way to give
aline is by specifying two pointBy andPy (x1, y1, 21)
on the line. This is immediately converted into the

original form by takingv = Py P;.

A line may also be given as an intersection of twc
planes. We will return to this after discussing how
planes are given.

Parallel lines; intersections of lines; skew lines
Lines are said to be parallel if they have the sam:
direction. Thus,Pg + tvg Is parallel toP; + uvy if
there Is a constamnt such thatvg = Avy. Thein-
clusiveform of this definition means thatlentical
lines are considered to be parallel. In our example

the lines are identical iP°oP1, vg, andvy all have

the same direction. Although the same line may hav
two equations that appear different, it is easy to chec
whether different equations represent the same line

Two lines intersect if you can findandu so that
Po + tvg = P14+ uvs.

In scalar form, this gives three equations relating th
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two variables andu. This suggests that pairs of lines
do not usually intersect. A simple example is

t(1,0,0) and(0, 0, 1) + (0, 1, 0).

Lines that are not parallel and do not intersect ar
calledskew

The equation of a plane A single eguation
ax +by+cz=d (%)

defines a plane. To see this, suppose you have o
solution (xo, yo, zo) of (*), which could be obtained
by settingx = xg andy = yg arbitrarily and solving
(%) for z to find zg. Then(x) Is equivalent to

a(x —x0) +b(y —yo) +c(z—z0) =0. (k%)

This says that the general vector in the pladne)

?%?’) IS perpendicular tm = (a, b, ¢). This leads to

a geometric way of recognizing the solutions(ej

as a plane. It also says that the equation can be wri
ten if one knows a point in the plane and a directior
perpendicular to the plane.
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The plane through three points A common way to
describe a plane is to give three poiig P1, P> In
the plane. ThernPyP, and Py P> are two directions
In the plane and’y P, x Po P> is perpendicular to the
plane. This, together with the poify in the plane
gives the information needed to write the equation.

Intersection of line and plane In general, an equa-
tion gives a condition on the coordinates y, z) of a
general point foritto lie in a set. The intersection of a
line, given in parametric form, and a plane, given by
an equation, is found by substituting the parametri
description of the points on the line into the equatior
for the plane. This gives a single equation in the pa
rameter. Solve this equation and use that value in tF
description of the line to find the coordinates of the
Intersection.
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Intersection of two planes The easiest way to find
the line of intersection of two planes is to use the
geometric interpretation of the equation of a plane
The coefficients give a direction perpendicular to the
plane, i.e. perpendiculartoeachdirectioninthe plane
The direction of the line of intersection is thus perpen
dicular to the two vectors giving the directions of the
planes, so its direction is given by the cross produc
It remains to find a point on the line. This can be
done by choosing the-coordinate arbitrarily{ = O

IS a good choice). The equations of the planes the
give two equations i andy that are easy to solve
simultaneously.
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Vector functions. We consider functions fromR to
R3. The appropriate notion of continuity of such func-
tions is that each component be continuous. Sim
larly, to differentiate such a function, use the deriva-
tives of the components as the components of a ve
tor. These properties are not arbitrary: they can b
proved from a general definition of limit. If the val-
ues of a vector function are plotted, one getpace
curve. The simplest example is a linear function,
whose graph is a line. Several other examples appe
In the text. An interesting example is thelix, given

by (cost, sint, t). On the surface where? + y? = 1,
this curve moves evenly around the cylinder and u
the axis.

Tangent vector and arc length If the vector func-
tion r(¢) Is thought of as giving position as a func-
tion of time, then its derivative’(¢) givesvelocity.
The length ofr’(¢) measures thepeedand we shall
see that the distance travelled along the curve is tf
Integral of speed. A unit vector in the direction of
r'(¢) is called theunit tangent vector and denoted
T. Since It is obtained by scaling the vector betweel
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nearby points on the curve, it measures the directio
of motion as a function of. A line in this direction

Is defined to be the tangent line to the curve. Yol
should look at some examples to convince yourse
that this is a reasonable definition. If a different pa-
rametel: is used to describe the curve, witheing an
Increasing function ofi, dr /du = (dt/du)(dr /dt).
The first factor is a scalar, so it does not aff@ct
The usual rules of calculus for sums and products al
easily proved for derivatives of vectors. One conse
guence of this is that i&(z) is of constant length, so
thata(z) - a(z) Is a constant function, then

O=a(r)-a )+ a@)-al) =2a@)-al)
so thata/(¢) is always perpendicular taz).

Normals and curvature, From the last result, we get
that T'(¢) is perpendicular td (). The direction of
T'(¢) is called theprincipal normal and denoted\.
Changing the parameter multiplies the derivativé of
by a scalar (positive if the parameters are increasin
functions of one another), $¢is independent of the
parameterization. If you takarc lengthas the pa-
rameter, then the magnitude of the derivative is als
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significant. This value Is calledurvature, and de-
notedk, here described hyefinition (8). Finally, itis
not actually necessary to construct this parameteriz;
tion, since the value at any point can be found from th
chain rule. This give$ormula (9), which we use in
the example below. However, this gives all geometric
features as functions of the original parameter.

The main example If r(¢) = (a cost, a sint), de-
scribing a circle of radiug in thexy plane,r’(r) =

(—a sint, a cost), and we carseeits length and di-
rection.ds/dt = a andT = (—sint, cost). Then

dT  dT/dt  (—cost, —sint)
ds ds/dt a

In this case. Geometrically, we see tiNis a unit
vector pointing towards the center of the circle, anc
Kk =1/a.
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Another curvature formula. Another formula for
curvature differentiates’(¢) directly without rescal-
Ing itinto T(¢). This appears abheorem (10)

The proof is direct. The product rule gives

d?s ds
r' (t i
(1) = dr T+ dt

SinceT | r’(¢), the first term contributes nothing
when you take the cross product witlgs), and

2
r'(t) xr’’ (1) = (§> TxT.

dt

Finally, T L T’, so the length of the cross product
IS the product of the lengths, afidis a unit vector,
while the length ofT” (from (9)) isk(ds/dt). This
formula is most useful ifls /dt i1s complicated.
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Motion in space These formulas are used in me-
chanics. Ifr(¢) represents thposition of a body as

a function of time, them’(z) is velocity andr”(z) is
acceleration The key idea in Newton’s explanation
of motion was that motion represented the effect o
forcesandforce is masstimesacceleration All of
these quantities exceptassare vectorsmassis a
scalar that is constant for ordinary objects. If you
observe the position functiarn(z), you determine the
acceleratiorr” () and use that to help identify the
force.

In Section 11.8, the formula

d?s ds
"ty = —T+ —T.
Q dt? + dt

was derived. We also havé = «(ds/dt)N, so

d?s ds\?
() = —T — ] N.
0= +K(dt>
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Writing v In place ofds /dt gives formula(7) of Sec-
tion 11.9. The quantity represent thepeedof the
object. The vector§ andN are perpendicular unit
vectors that are part of a coordinate system that move
with the object. In particular is “straight ahead”. In
this coordinate system, the first part of the expressio
for r”(¢) describes the part of the acceleration (and
hence, of the force) that leads to a change of spee
while the second part describes the part of the acce
eration that leads to a change of direction.

The textbook leads you through the use of this ap
proach to derive Kepler's observations about plane
tary motion from Newton’s hypothesis about the na
ture of the gravitational force. While exam questions
In this course will concentrate on more primitive top-
Ics, this example establishes the historical importanc
of this use of vectors.
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Exercise 11.9.27 This was started at end of the last
lecture before exam, but not done in an efficient man
ner. The following treatment s slightly different from
the method developed in the text, and leads talan
gorithm for curvature that is not easily summarized
In a formula. We are looking for a calculation of the
scalar coefficients of andN in

d?s ds\?
r"y=—T — ] N,
)= +K(dt>

when
r(t) =(t —sint)i+ (1 —cost)j.

In stating the problem, the word “components” is usec
to refer to these coefficients, which should suggest

ds = compr '’ (1)
dr? Pr

= comp, I’ (t)
sinceT || r'(z)
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@) - r@)
O]

In this case,
r(t) = ( —sint)i + (1 — cost)|
r'(t) = (1 —cost)i + sint |
r’(t) = sinti + cost |
\r’(t)\z — 2 — 2cogt)
r'(¢) -r"(¢t) = sint
Thus,

d?s ~1/2

5= sinz(2 — 2 cogr) )

Also,

projr r” () = projy, r' ()
') -r"() ,

= r(t)
()%
sint . o
— 2—2C05(t)((1_COSt)I + sintj )
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If this is subtracted fromn”(¢), one gets a vector per-
pendicular toT (a fact which can be used to derive
these formulas easily). Simplifying this gives

ds 2N—lsinzfi 1(1 COSt) |
“Nar) VT2 2 J-

This vector iclearly perpendicular td, and finding
Its length gives

ds\> 1 1/2
K(E> —5(2—2005(1‘)) .
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