
Overview of chapter 12. Just as curves in the plane
are described (at least locally) as graphs of functions,
surfaces in space are described as the set of point
(x, y, z) ∈ R3 satisfyingz = f (x, y) with f a func-
tion of two variables.

Formal Derivatives. Most functions will be given
by expressions, and the differential calculus of func-
tions of several variables uses the same rules as single
variable calculus. The rules are the same ones used
by Maple— identify one independent variable, and
treat all other variables as constants. The formulas
of elementary calculus apply. Most attention will be
devoted to functions of two variables, since that step
introduces most of the new features.
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Domain and range. Before getting into the calculus,
there are some theoretical issues. Thedomain of a
function f (x, y) is the set of pairs(x, y) ∈ R2 for
which you are allowed to use the formula. It should
take into account rules likedo not divide by zero, or
only take square roots of nonnegative numbers, but
somearbitrary restrictions may be added to the de-
scription of the function. It is almost always easy to
find the domain of a function.

The range is the set of numerical values that can be
attained by the function. For simple examples, you
are able to find the range “by inspection”, but the
general problem of finding the range includes finding
the maximum and minimum of the function, which is
the goal of the chapter.
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Limits and continuity . Applications of the deriva-
tive are based on being able to define derivatives as
limits . As in the study of functions of one variable,
a function is calledcontinuous on its domain if the
limit of the function as one approaches a pointP of
the domain is the value off atP . Almost all func-
tions given by expressions that we know how to write
are easily proved to be continuous. This allows limits
of functions at points outside the domain, but on the
boundary of the domain, to be found by replacing the
expression for the function by an equivalent one that
can be defined at the desired point. In contrast to the
single variable case,this rarely works.

Definitions are given, as in the single variable case, in
terms of those annoying charactersε andδ. In some
sense, the definitions are the same, so any proofs will
look familiar. However, the examples are different:
functions of two variables can fail to be continuous in
more interesting ways.
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Tangent planes. Just as a lot of single variable cal-
culus dealt with tangent lines to curves, the concept
of a tangent planeto a surface at a pointP provides
focus to the study of derivatives of functions of two
variables. With few exceptions, if youzoom inon a
surface nearP , the surface looks like a plane. For
the graph ofz = f (x, y), the plane found in this way
can be calculated using derivatives off . While for-
mal derivatives are used to find tangent planes, the
defining property asserts that the graph will beap-
proximated by this tangent plane nearP . Once more
calculus leads to simple computation of useful things.

Total derivatives and gradients. Motivated by the
way in which the derivative will be used, the deriva-
tives we calculate are considered to bepartial deriva-
tives that are the components of avector called the
gradient of the function. Similar considerations lead
to a related quantity called thetotal differential . The
gradient should be preferred, since it can be used to ex-
press results ingeometric terms that arecoordinate-
free.

12.0.4



The chain rule. When we think you are ready for
it, we introduce achain rule. Again the problem of
finding dz/dt when z = f (x, y) and x and y are
functions oft contains most of the new features.

Lagrange multipliers. To find the maximum and
minimum of a function of three variables on a surface
in R3, special techniques are used. There is some
difficulty proving that the method works, but the result
is easy to state — and easy to use. If you want to find
the extreme values off (x, y, z) on the surface given
byg(x, y, z) = 0, you find the points ong(x, y, z) =
0 where the gradients off andg are parallel. For
smooth functions, the value of the function atother
points can be shownnot to be an extreme value. If
you know for other reasons that thef has extreme
values on the surface, then you have identified a small
set (frequently afinite set) of values that need to be
examined closely.
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Exercise 11.9.27. This was started at end of the last
lecture before exam, but not done in an efficient man-
ner. The following treatment is slightly different from
the method developed in the text, and leads to anal-
gorithm for curvature that is not easily summarized
in a formula. We are looking for a calculation of the
scalar coefficients ofT andN in

r ′′(t) = d2s

dt2
T + κ

(
ds

dt

)2

N,

when

r (t) = (t − sint) i + (1− cost) j .

In stating the problem, the word “components” is used
to refer to these coefficients, which should suggest

d2s

dt2
= compT r ′′(t)

= compr ′(t) r ′′(t)

sinceT ‖ r ′(t)

12.1.1



= r ′(t) · r ′′(t)
|r ′(t)|

In this case,

r (t) = (t − sint) i + (1− cost) j

r ′(t) = (1− cost) i + sint j

r ′′(t) = sint i + cost j∣∣r ′(t)∣∣2 = 2− 2 cos(t)

r ′(t) · r ′′(t) = sint

Thus,

d2s

dt2
= sint

(
2− 2 cos(t)

)−1/2
.

Also,

projT r ′′(t) = projr ′(t) r ′′(t)

= r ′(t) · r ′′(t)
|r ′(t)|2 r ′(t)

= sint

2− 2 cos(t)

(
(1− cost) i + sint j

)
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If this is subtracted fromr ′′(t), one gets a vector per-
pendicular toT (a fact which can be used to derive
these formulas easily). Simplifying this gives

κ

(
ds

dt

)2

N = 1

2
sint i − 1

2
(1− cost) j .

This vector isclearlyperpendicular toT, and finding
its length gives

κ

(
ds

dt

)2

= 1

2

(
2− 2 cos(t)

)1/2
.
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Definition of limit . It is useful at this point to review
the definition of limit, extended to cover functions of
several variables. For simplicity, we use only two
variables.

We say that

lim
(x,y)→(a,b)

f (x, y) = L (∗)

if we can forcef (x, y) to be arbitrarily close toL
(within anε given byel Exigente) by demanding that
(x, y) be sufficiently close to(a, b) (at a distance no
more than aδ that we choose), independent of direc-
tion.

Note that it is the whole sentence(∗) that is defined.
The use of the equal sign in that definition is justified
by . . . .

The main theorem. Limits are unique. That is, given
the functionf and the point(a, b), there isat most
onechoice ofL satisfying(∗).
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Proof. If not, letL0 andL1 be two different numbers
that both satisfy(∗). The triangle inequality gives

|L0 − L1| ≤ |L0 − f (x, y)| + |f (x, y)− L1| (†)

for any point(x, y) in the domain off . If you persist
in claiming thatL0 andL1 both satisfy(∗), I calculate

d = |L0 − L1| .

To say thatL0 6= L1 is to say thatd > 0 (strictly).
Then I chooseε = d/2. Then, if(x, y) is any point
that you think is close enough to(a, b), then both
terms on the right side of(†) are less thand/2, which
contradicts(†).

Non-existence of limits. The idea of this proof is used
to identify cases in which limits do not exist. If there
are two different valuesv0 andv1 such thatf (x, y) =
v0 for some points(x, y) arbitrarily close to(a, b)
while f (x, y) = v1 for other points arbitrarily close
to(a, b), then it is not possible forf (x, y)atall points
(x, y) close to(a, b) to be within|v0 − v1| /2 of any
single value.
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Continuity . Almost every function that we know how
to express has the property that, at points where the ex-
pression for the function can be evaluated, that value
may be used forL in (∗). This property is called
continuity . Continuity means that that the value of
a function at a point can be approximated by eval-
uating the function at a nearby point. This is what
we do every time we trust our calculators to do much
more than verify that 1+ 1 = 2, so continuity is an
abstraction of the idea ofcomputable. The rules for
building functions that we use are easily seen to pre-
serve continuity, although complicated functions (for
which δ is small) may require extraordinary care to
give reasonable accuracy.

Derivatives and tangent planes. The geometric ver-
sion of the existence of a derivative of a functionf
at a point(a, b) is the existence of a tangent plane to
the surfacez = f (x, y) at the point wherex = a and
y = b. A tangent plane has an equation of the form
z = Ax+By+C for constantsA,B andC, which we
abbreviatez = L(x, y)—L standing forlinear. The
definition giving the most efficient characterization of
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tangent planes is to require that, for allε > 0,

|f (x, y)− L(x, y)| < ε

√
(x − a)2+ (y − b)2

for all (x, y) sufficiently close to(a, b), independent
of direction. The expression on the right is chosen
so that given any nonzero linear expressionL, it must
fail to boundL close to(a, b) for someε. This allows
the proof of the main theorem to be modified to show
that there is at most one suchL.

Using tangent lines to find tangent planes. Tangent
lines to curves could have been defined in the same
way. Hence, intersecting with the planey = b gives
a curve whose equation isz = f (x, b) and a tangent
line to this curve at the point wherex = a. Since
tangent lines could have been characterized by the
sameε-δ definition as tangent planes, these tangent
lines must lie in the tangent plane. Finally, writing
the equation of the tangent plane in the form

z = L(x, y) = A(x − a)+ B(y − b)+ C
we can use what we know about tangent lines to show
thatC = f (a, b), A is the derivative off (x, b) with

12.3.4



respect tox evaluated atx = a, andB is the derivative
of f (a, y) with respect toy evaluated aty = b.
Finally, some calculus. The coefficients in the equa-
tion of the tangent line have been identified as values
of derivatives, so finding them leads us, after a long
detour into theory, to finding derivatives. The point of
the theory has been to show the importance of the op-
eration of differentiating with respect to one variable
while holding other variables constant. This is easy to
do: you simply follow the rules from single-variable
calculus. It only remains to describe the notation. Ifz

has been defined by some expression in the variables
x andy, then the derivative ofz with respect tox,
treatingy as a constant, is denoted

∂z

∂x
orDxz.

As usual, the result of finding this derivative is an
expression that usually involvesx andy. To use this
result to find a tangent line, you will need to evaluate
the expression at(x, y) = (a, b). There is no nice
notation for this.
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Alternatively, you can think of the given expression
as definingz as a function ofx and y, which you
typically write z = f (x, y). This notation means
that the functionf requires two input variables and
the value of the function is found by using the given
expression with the first variable assigned tox and
the second toy. One of the things that is typically
done with functions is to evaluate them at arbitrary
expressions. Thus, if

f (x, y) = x + y2,

then
f (y, x) = y + x2.

What this example shows is that one should never
assume that the variables used to describe a func-
tion have any significance whatsoever. Unfortunately,
most of the other notations used in the textbook vi-
olate this rule. The only notation that doesn’t is one
that usesf1 to stand for the derivative of the function
f with respect to its first variable. This has the advan-
tage that one can writef1(a, b) for the result of evalu-
ating this function at the point(a, b), i.e., the result of
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first differentiating the function and then evaluation
the result at the base point.

Higher derivatives. Once one has a derivative, either
as an expression or as a function, one can think of
differentiatingthat. If one expects to do a lot of that
sort of thing, an abbreviation is needed. Thus one
writes

∂2z

∂x2
for

∂

∂x

(
∂z

∂x

)
; ∂

2z

∂y∂x
for

∂

∂y

(
∂z

∂x

)
;

andf12 for (f1)2.

Fortunately, you only need to be careful about the
order of the variables in this expression when making
the definition, sincef12 = f21 for functions that you
will meet in practice.
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The chain rule.There are other derivatives involving
functions of several variables that can be found. Sup-
pose thatz is given in terms ofx andy, and thatx and
y are each given in terms oft . You could (andMaple
does) use this to findz in terms oft and then calculate
Dtz (this is the neatest notation for this discussion).

Alternatively, you could apply the rules of differenti-
ation to the expressions that you are given. Whatever
the expression forz tells you is the last step in its
computation is the first differentiation formula to be
applied. In this process, expressions equal toDtz are
obtained that can containx, y, t ,Dtx andDty. Since
x andy are given in terms oft , their expressions are
used when you need to expandDtx andDty in terms
of t . The idea behind the chain rule for functions of
several variables is to delay the expansion ofDtx and
Dty as long as possible. This gives an expression for
Dtz in whicht has yet to appear outside of a subscript.
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The fundamental linearity of differentiation for-
mulas. Let’s take a close look at the formulas of
elementary calculus:

Dt(x + y) = Dtx +Dty (S)

Dt (x · y) = Dtx · y + x ·Dty (P )

Dt
(
f (x)

) = f ′(x) ·Dtx (C)

These rules suffice to differentiate all the functions
met so far, when supplemented by special formulas
for differentiating functions given byf (x) = one
the following expressions: a constant,xn, ex , ln x,
sinx, or cosx, arctanx. A few more formulas are
obtained to avoid deriving them from other formulas
every time they are needed, but this short list of for-
mulas is a good summary of elementary calculus. Of
course, the course really deals with the understanding
of functions that allows you to use these formulas and
apply the results to things in the real world that can
be modeled by this mathematical abstraction.
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The thing to notice about formulas(S), (P ) and(C)
is that eachterm contains afactor that is a single
application ofDt . This means that, in the setting at
the start of this lecture,

Dtz = A ·Dtx + B ·Dty, (∗)

whereA andB are expressions involvingx andy.

Connection with partial derivatives. Formula(∗)
holds independent of the dependence ofx andy on t .
The special cases used to define partial derivatives (or,
at least, their values at particular points) are obtained
by using the parameterizations: (1)x = t , y = b;
or (2) x = a, y = t . This shows thatA = Dxz and
B = Dyz. The usual statements of the chain rule are
obtained by translating this statement into different
notations.
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A word about proving the chain rule. This discus-
sion has emphasized how the chain rule appears in
calculations, suppressing all aspects of proof. How-
ever, this is not completely lacking in mathematical
rigor. The rules of elementary calculus were obtained
with proofs based on a definitions in terms of limits.
In fact, it would have been better to use the “good
linear approximation” version introduced in connec-
tion with our discussion of the tangent plane. Inside
these proofs are rules for obtaining aδ from a given
ε, although we usually don’t look that closely.

For functions given by expressions that we recognize,
our calculation is a proof that the derivatives exist. In
fact, a close examination of what we have when we
have reached the stage of formula(∗) shows that the
surface defined by the given expression ofz in terms
ofx andy has a tangent plane wherever the calculation
is valid.
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What this approach doesnotdo is tell how to deal with
a new function of several variables. What should be
done, if such a function is ever met, is to show from the
definition of the function that it has a tangent plane,
and then prove a version of the chain rule we have
already stated in the case where the graph ofz =
f (x, y) has a tangent plane and the curvex = g(t),
y = h(t) is differentiable.

Since we are not likely to meet any new functions of
several variables in this course, this approach is more
suitable forAdvanced Calculus. However, in a sense,
this was exactly what was done in deriving formulas
(S) and(P )! Look closely at the expressionsx + y
andx · y. What are the partial derivatives? Does this
agree with the statement given for the chain rule? (Of
course, these questions are rhetorical.)
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Gradients. There is one more thing to be seen in(∗).
Whenever one has a sum of terms, each of which is
a product of something of one type and something of
another, it should be viewed as a dot product of vec-
tors. We have already met the vector〈Dtx,Dty〉 as
the velocity vector whenr (t) = 〈x, y〉 gives the po-
sition of a point at timet . This model suggests that it
won’t be long before we try to writer ′(t) in the form
(ds/dt)T, but first we collect the other factors into a
vector

〈
Dxz,Dyz

〉
. When differentiating a functionf

instead of an expressionz, this has the form〈f1, f2〉.
In this form, it is easy to imagine the generalization to
functions of any number of variables. This vector is
called thegradient of f and denoted∇f . Gradients
are very much a “function thing” since it emphasizes
the domain of the function rather than the range —
there is no good notation for the same object con-
structed from an expression.

Like all other derivatives, gradients will be evaluated
at points of their domain when they appear in appli-
cations.
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Directional derivatives. The chain rule can now be
expressed as

Dtf
(

r (t)
) = ∇f ( r (t)

) · r ′(t).
While f is an ordinary real valued function on some
Rd (with d = 2 ord = 3 for most of the examples in
this course, but a common description of those cases
leads immediately to a vast generalization),∇f is
something else: for each pointP ∈ Rd , ∇f (P ) is a
vector inRd based atP . One term frequently used
for such a functionRd → Rd is vector field. The
appearance of∇f (P ) in an inner product suggests
that its principal interpretation will be in terms of ex-
pressions of the form∇f (P ) · v. In particular, ifv is
a unit vector, this expression is called thedirectional
derivative of f in the directionv. The special case
in which v lies along one of the coordinate axes has
already been met under the name “partial derivative”.

Now, as promised, we writer ′(t) = (ds/dt)T to ex-
pressDtf

(
r (t)

)
as the product of thespeedwith

which r (t) is drawing the curve and the directional
derivative off in thetangential directionof the curve.
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There are two important special cases:v ⊥ ∇f is
equivalent to the directional derivative being zero; the
directional derivative takes its maximal value when
v ‖ ∇f . Since

∇f · (−v) = −∇f · v,

the minimum value of the directional derivative is in
theanti-parallel direction.

An important application is that level curves of func-
tions onR2, or level surfaces inR3, are perpendicular
to the gradient of the function.

Changing coordinates. Since the last step of com-
puting a gradient off is to draw that vector field at
points of the domain off , the coordinates used in its
computation have been pushed into the background.
This suggests that it should be possible to perform
these computations in other coordinate systems and
get the same geometric answer. This is indeed true,
with one important requirement — since inner prod-
ucts play an important role in the theory, only sys-
tems in which the coordinates are the components
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of a set ofmutually perpendicular unit vectorscan
be used. While it is usually better to use a disjoint
set of names for the elements of different coordinate
systems, the restriction to orthonormal coordinates
allows the same name to appear in different coordi-
nate systems as long as it means the component with
respect to the same vector.
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Afterthoughts on an exercise. The comments on
Changing coordinatesalso apply to implicit differen-
tiation problems in several variables. When doing ex-
ercise 29 of section 12.5, there seemed to be one point
in which∂z/∂x had two different meanings. The text-
book avoided this in equation(7) by introducing the
derivatives offunctionsinstead of variables. Another
approach is to use different variables for variables in
different spaces. The setting in that problem then be-
comes

R2(ξ, η)→ R3(x, y, z)→ R(w), (∗)

where the coordinates in the spaces are indicated after
the name of the space. The new feature is to reservex,
y, andz for the orthogonal coordinates inR3. The first
arrow in(∗) stands for theassumedability to describe
the surface as the graph of a functionz = g(x, y) giv-
ing a mapping of thexy-plane to the given surface.
However, we indicated that the variablesx andy are
only available to represent rectangular coordinates in
space, not coordinates on the surface. We can accom-
modate this pedantry by using the equivalents ofx and
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y in the Greek alphabet to represent the coordinates
in the xy plane. The first arrow in(∗) is then the
function (ξ, η) 7→ (ξ, η, g(ξ, η)), while the second
arrow is the given functionF(x, y, z) that is assumed
constant on the surface.

It may be possible to blunder through simple prob-
lems, but the partial derivative notation can be mis-
leading because it omits mention of the variables that
are assumed constant.

Maxima and minima. Everyone’s favorite problem
of differential calculus is the determination of maxima
and minima of a function on a region. An important
theoretical result asserts that, if the function iscon-
tinuousand the regionclosedandboundedin some
Rn, then these extreme values exist and are attained
at points of the domain. Calculus improves this by
saying that, if the function isdifferentiable, then the
points at which the extreme values are taken on are
easy to find. An important feature of the method is
that the emphasis has shifted from the values of the
function to points in the domain where the function
takes those values.
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To apply the methods of one-variable calculus to func-
tions of several variables, we need the following

Secret Weapon.If A ⊆ B and if the maximum of a
function f on B is taken on at a point x ∈ A, then
f (x) is also the maximum of f on A.

Proof. Think about it!

To apply this, letB be the given region inRn and
let A be a curve lying inB. Composing the given
function onB with the parameterization ofA gives
a real valued function of a real variable, and one-
dimensional calculus applies.

You may protest that we don’t knowA, but that will
be dealt with. What one-variable calculus gives us is
anecessary conditionfor a point to be a maximum or
a minimum. If we can findanycurveA for which this
condition fails, then the point is not an extreme value
of the function onB and we can look somewhere else.
It turns out that points on the boundary ofB behave
differently than interior points. Interior points are
easier, so we do them first. However, it often turns
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out that all interior points can be excluded as possible
locations of extreme vales, so we need to look at the
boundary. InR2, this is almost good enough, since
the boundary will frequently be a curve for which we
know a parametric description. The general method
turns out to be easier, even in this case, but we have a
method that can find extrema.

The key special case. What then do we take asA?
The simplest examples turn out to suffice: letA be a
line segment parallel to one of the coordinate axes and
lying inB. Every interior point has segments through
it parallel to each coordinate axis. The coordinate on
the axis can be taken as the parameter on the segment.
The derivative with respect to this parameter is exactly
the partial derivative of the given function with respect
to the selected coordinate. Thesecret weaponthen
implies

Theorem. If f takes on its maximum (or minimum)
value on the setB at an interior pointP , then all partial
derivatives of f are zero at P .

This result suffices to do the exercises.
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Interior points that are not ruled out by this result are
called critical points of the function. A boundary
point should not be called a critical point if we can
find a curve in the boundary such that the derivative
of the function restricted to that curve is not zero. An
appropriate criterion appears in section 12.8.

The second derivative test. A slight generalization
of the same principle leads to a second derivative test
for distinguishing maxima and minima. For this test,
allowA to be any line segment containing an interior
critical pointP and compute the second derivative of
the given function restricted toA. Here is how this is
done inR2:

Let P = (x0, y0) and chooseA to bex = x0 + at ,
y = y0 + bt for some real numbersa andb. If a
and b are not both zero, this is a line witht = 0
corresponding to the pointP . Put this intof (x, y)
and apply the chain rule:
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d

dt
f (x0 + at, y0 + bt) =
f1(x0 + at, y0 + bt) · a
+f2(x0 + at, y0 + bt) · b.

Differentiating again gives sums of terms that are sec-
ond partial derivatives off times second degree terms
in a andb. When we restrict this tot = 0 we must get
an expression that does not change sign when evalu-
ated at all choices ofa andb. If P is a maximum
point, the expression must not be positive; isp is a
minimum point, it must not be negative.

If there are only a few critical points, it will be easier
to list them all with the value of the function at each,
than to perform a second derivative test. The chief
interest in the test is theoretical. It demonstrates the
existence of critical points that can be neither minima
nor maxima because there are both positive and nega-
tive second derivatives. A simple example isx2−y2.
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Lagrange multipliers. We now characterize critical
points on the boundary of a region. LetP be a point
on the boundary of the setB.

Suppose first that a smooth curve can be drawn on the
boundary ofB throughP . That is, there is a vector
functionr (t)whose domain contains a neighborhood
of 0 and whose range lies entirely in the boundary of
B, with r (0) = P , andr ′(0) 6= 0. The last part is
thesmoothnesscondition. IfB is a polygon, then any
r (t) for which r (0) is a vertex of the polygon must
haver ′(0) = 0 if the derivative exists. This follows
from the fact that a nonzeror ′ has a well defined
direction, but this direction changes when when one
goes through a vertex.

Now, suppose thatB is given in the form{
x ∈ Rn : g(x) ≤ 0

}
.

The boundary is given byg(x) = 0. Hence, the com-
positiong(r (t)) is a constant function, so must have
derivative zero. The chain rule, evaluated att = 0,
gives

∇g(P ) · r ′(0) = 0.
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This says thatr ′(0)must be perpendicular to∇g(P ).
If the boundary ofB is smooth atP , then curvesr (t)
can be found for whichr ′(0) takes all values allowed
by this condition.

Now, look at the functionf (x) that we are trying
to maximize (or minimize). If we formf (r (t)), this
function oft must have a critical point att = 0, which
requires that

∇f (P ) · r ′(0) = 0.

In words, every vector perpendicular to∇g(P ) must
also be perpendicular to∇f (P ). For points at which
the boundary is smooth, this forces the existence of
a value traditionally calledλ for which ∇f (P ) =
λ∇g(P ). In Rn this givesn equations inλ and then
coordinate functions. The condition,g(P ) = 0 gives
one more equation. We not have as many equations
as we have variables, and we should be able to solve
this system of equations. Unfortunately, the algebra
for doing this is sometimes difficult. A systematic
approach to this algebra is possible, but we don’t have
time to develop one. One consequence of this is that
only simple examples will be considered.
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This approach can be extended to deal with smooth
points of an object of any dimensiond in anyRn,
but few examples reduce to algebra that can be done
easily.

There is one easy application of Lagrange multipliers
that appears in many variants. There are two forms
that reduce to the same algebra:

(1) Let x andy be nonnegative withx + y = s (s
constant). Find the maximum ofxy.

(2) Letx andy be positive withxy = p (p constant).
Find the minimum ofx + y.

Since our notation for gradients uses functions rather
than expressions, introduce the functionsS(x, y) =
x + y andP(x, y) = xy. Then the Lagrange mul-
tiplier method for either problem (1) or problem (2)
says that extreme values occur when∇S ‖ ∇P . Since
∇S = 〈1,1〉 and∇P = 〈y, x〉, this saysx = y. In
(1), the given constraint then givesx = y = s/2
andxy = s2/4. In (2), we getx = y = √p and
x + y = 2

√
p.

In each problem, the method selects a unique point.
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The only other candidates for the location of extreme
values of the function are the endpoints. In (1), the
product is zero at both endpoints; in (2), there are
no true endpoints, butx + y → ∞ outside bounded
parts of the curve. This explains how we knew that the
interior point gave a maximum in (1) and a minimum
in (2).

Quadric surfaces. The general form of an equa-
tion of second degree is mentioned in the text (and
in Lab 2), but no techniques are given for studying
the equation in that generality. It is the case that,
apart from some special cases like cones and cylin-
ders, the equations studied in detail in the text rep-
resent all cases. That is, there is arigid change of
coordinates reducing any equation of second degree
to one of these types. (The word “rigid” refers to
compositions of translations and rotations.) Finding
such a change of coordinates would lead us into an ad-
vanced part of linear algebra, so we confine attention
to the special cases.

If the equation has the form

Ax2+ By2+ Cz2+ J = 0,
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then the shape of surface depends on the signs of the
coefficients.

The caseJ = 0 gives a cone (unless the remaining
coefficients all have the same sign). Ignoring these
surfaces, we may take scale the equation so thatJ =
−1. The shape of the surface then depends on the
signs of the remaining coefficients, and we emphasize
this by writingA = ±1/a2, and similarly for the other
coefficients. The values ofa, b andc then refer to
scales on the different coordinate axes. These scale
factors introduce only a simple stretching of the figure
that does not affect the type of the surface. Finally,
the order of the variablesx, y andz can be permuted
so that only the number of signs is significant. This
leaves only four examples:

x2+ y2+ z2 = 1; (S)

x2+ y2− z2 = 1; (H1)

x2− y2− z2 = 1; (H2)

−x2− y2− z2 = 1. (E)

We recognize(S)as a sphere, which becomes an ellip-
soid when scales are introduced. Also(E) is empty,
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since the left side is negative and the right side is pos-
itive. The remaining two cases give two distinct types
of hyperboloid. The analysis of equation(E) give the
key to the general study of these surfaces: we can fix
z and investigate the equation inx andy. This corre-
sponds to taking sections parallel to thexy-plane. In
case(S), only−1 ≤ z ≤ 1 leads to nonempty sec-
tions, and those sections are ellipses; in case(H1),
there are elliptical sections for allz, and none are
small; in case(H2), these sections exist for allz, but
the sections are hyperbolas. Sections parallel to the
yz-plane in case (H2) are ellipses, but are nonempty
only for |x| ≥ 1. The surface in case(H2) falls into
two parts, while the other cases are connected.

Be scaling coordinates, we produce equations that
containx2 + y2 or y2 + z2. These quantities give
the distance from the origin in a coordinate plane, in-
dependent of direction, so the surface can be seen as
a figure of rotation.

A similar analysis can be made for surfaces of the type

z = Ax2+ By2,
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which cover the remaining cases.

This latter family of examples give the general appear-
ance of surfaces which are the graphs of quadratic
functions. The second derivative test that we men-
tioned briefly is based on showing that the graph of
a general function near a critical point resembles the
graph of the quadratic function with the same values
of second derivatives.
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