Overview of chapter 12 Just as curves in the plane
are described (at least locally) as graphs of function:
surfacesin space are described as the set of poir
(x, v, z) € R3satisfyingz = f(x, y) with f a func-
tion of two variables.

Formal Derivatives. Most functions will be given
by expressions, and the differential calculus of func
tions of several variables uses the same rules as sing
variable calculus. The rules are the same ones us
by Maple — identify one independent variable, and
treat all other variables as constants. The formula
of elementary calculus apply. Most attention will be
devoted to functions of two variables, since that ste
Introduces most of the new features.
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Domain and range Before getting into the calculus,
there are some theoretical issues. Ttoeenain of a
function f(x, y) is the set of pairgx, y) € R? for
which you are allowed to use the formula. It should
take into account rules likeo not divide by zeroor
only take square roots of nonnegative numb&rs
somearbitrary restrictions may be added to the de-
scription of the function. It is almost always easy to
find the domain of a function.

Therange s the set of numerical values that can be
attained by the function. For simple examples, yol
are able to find the range “by inspection”, but the
general problem of finding the range includes finding
the maximum and minimum of the function, which is
the goal of the chapter.
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Limits and continuity . Applications of the deriva-
tive are based on being able to define derivatives ¢
limits. As in the study of functions of one variable,
a function is calleccontinuouson its domain if the
limit of the function as one approaches a pathbof
the domain is the value of at P. Almost all func-
tions given by expressions that we know how to write
are easily proved to be continuous. This allows limits
of functions at points outside the domain, but on the
boundary of the domain, to be found by replacing the
expression for the function by an equivalent one tha
can be defined at the desired point. In contrast to th
single variable casdhis rarely works

Definitions are given, as in the single variable case, i
terms of those annoying characterands. In some
sense, the definitions are the same, so any proofs w
look familiar. However, the examples are different:
functions of two variables can fail to be continuous Iin
more interesting ways.
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Tangent planes Just as a lot of single variable cal-
culus dealt with tangent lines to curves, the concer
of atangent planeto a surface at a point provides
focus to the study of derivatives of functions of two
variables. With few exceptions, if yazpom inon a
surface neat’, the surface looks like a plane. For
the graph ot = f(x, y), the plane found in this way
can be calculated using derivatives of While for-
mal derivatives are used to find tangent planes, th
defining property asserts that the graph will dq@
proximated by this tangent plane ne&. Once more
calculus leads to simple computation of useful things

Total derivatives and gradients Motivated by the
way in which the derivative will be used, the deriva-
tives we calculate are considered todagtial deriva-
tives that are the components ofactor called the
gradient of the function. Similar considerations lead
to a related quantity called thetal differential . The
gradientshould be preferred, sinceitcanbe usedtoe
press results igeometricterms that areoordinate-
free
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The chain rule. When we think you are ready for
it, we introduce achain rule. Again the problem of
finding dz/dt whenz = f(x,y) andx andy are
functions ofr contains most of the new features.

Lagrange multipliers. To find the maximum and
minimum of a function of three variables on a surface
in R3, special techniques are used. There is som
difficulty proving that the method works, but the result
IS easy to state — and easy to use. If you want to fin
the extreme values of (x, y, z) on the surface given
by g(x, vy, z) = 0, you find the points op(x, y, z) =

O where the gradients of and g are parallel. For
smooth functions, the value of the functionaher
points can be shownot to be an extreme value. If
you know for other reasons that thehas extreme
values on the surface, then you have identified a sme
set (frequently dinite set) of values that need to be
examined closely.
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Exercise 11.9.27 This was started at end of the last
lecture before exam, but not done in an efficient man
ner. The following treatment s slightly different from
the method developed in the text, and leads talan
gorithm for curvature that is not easily summarized
In a formula. We are looking for a calculation of the
scalar coefficients of andN in

d?s ds\?
r"y=—T — ] N,
)= +K(dt>

when
r(t) =(t —sint)i+ (1 —cost)j.

In stating the problem, the word “components” is usec
to refer to these coefficients, which should suggest

ds = compr '’ (1)
dr? Pr

= comp, I’ (t)
sinceT || r'(z)
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@) - r@)
O]

In this case,
r(t) = ( —sint)i + (1 — cost)|
r'(t) = (1 —cost)i + sint |
r’(t) = sinti + cost |
\r’(t)\z — 2 — 2cogt)
r'(¢) -r"(¢t) = sint
Thus,

d?s ~1/2

5= sinz(2 — 2 cogr) )

Also,

projr r” () = projy, r' ()
') -r"() ,

= r(t)
()%
sint . o
— 2—2C05(t)((1_COSt)I + sintj )
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If this is subtracted fromn”(¢), one gets a vector per-
pendicular toT (a fact which can be used to derive
these formulas easily). Simplifying this gives

ds 2N—lsinzfi 1(1 COSt) |
“Nar) VT2 2 J-

This vector iclearly perpendicular td, and finding
Its length gives

ds\> 1 1/2
K(E> —5(2—2005(1‘)) .
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Definition of limit . Itis useful at this point to review
the definition of limit, extended to cover functions of
several variables. For simplicity, we use only two
variables.

We say that

lim (x,y)=L (%)
(x,y)—(a,b) Jey

If we can forcef(x, y) to be arbitrarily close td.
(within ane given byel Exigenté by demanding that
(x, y) be sufficiently close t@a, b) (at a distance no
more than & that we choose), independent of direc-
tion.

Note that it is the whole sentenc¢e) that is defined.
The use of the equal sign in that definition is justifiec
by....

The maintheorem Limits are unique. Thatis, given
the function f and the point(a, b), there isat most
onechoice ofL satisfying(x).
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Proof. If not, let Lo andL4 be two different numbers
that both satisfy(x). The triangle inequality gives

[Lo— Li| < |Lo— f(x, I+ 1f(x,y)— Ll (D

for any point(x, y) in the domain off. If you persist
In claiming thatLg andL 4 both satisfy(x), | calculate

d =|Lo— L1|.

To say thatLg # L1 Is to say that/ > O (strictly).
Then | choose = d/2. Then, if(x, y) Is any point
that you think is close enough @, ), then both
terms on the right side @ff) are less thad /2, which
contradicty(T).

Non-existence of limits The idea of this proofis used
to identify cases in which limits do not exist. If there
are two different valuesg andv such thatf (x, y) =

vo for some pointg(x, y) arbitrarily close to(a, b)
while f(x, y) = v1 for other points arbitrarily close
to(a, b), thenitis not possible fof (x, y) atall points
(x, y) close to(a, b) to be within|vg — v1| /2 of any
single value.
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Continuity . Almostevery function that we know how
to express has the property that, at points where the e
pression for the function can be evaluated, that valu
may be used fol. in (x). This property is called
continuity. Continuity means that that the value of
a function at a point can be approximated by eval
uating the function at a nearby point. This is what
we do every time we trust our calculators to do muct
more than verify that 1 = 2, so continuity is an
abstraction of the idea @lomputable The rules for
building functions that we use are easily seen to pre
serve continuity, although complicated functions (for
which § is small) may require extraordinary care to
give reasonable accuracy.

Derivatives and tangent planes The geometric ver-
sion of the existence of a derivative of a functign
at a point(a, b) Is the existence of a tangent plane to
the surface = f(x, y) at the point where = a and

y = b. A tangent plane has an equation of the forn
z = Ax+ By+C for constant$i, B andC, which we
abbreviate = L(x, y) — L standing follinear. The
definition giving the most efficient characterization of
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tangent planes is to require that, foralt O,

£y = L,y < e (x —a)2+ (v — b)?

for all (x, y) sufficiently close taa, b), iIndependent
of direction. The expression on the right is chosel
so that given any nonzero linear expressigm must
fail to boundL close to(a, b) for somee. This allows
the proof of the main theorem to be modified to show
that there is at most one sugh

Using tangent lines to find tangent planesTangent
lines to curves could have been defined in the san
way. Hence, intersecting with the plame= b gives

a curve whose equationis= f(x, b) and a tangent
line to this curve at the point where = a. Since
tangent lines could have been characterized by tr
samee-§ definition as tangent planes, these tanger
lines mustlie in the tangent plane. Finally, writing
the equation of the tangent plane in the form

z=Lx,y)=A(x—a)+B(y—>b)+C

we can use what we know about tangent lines to sho
thatC = f(a, b), A Is the derivative off (x, b) with
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respect ta evaluated at = a, andB is the derivative
of f(a, y) with respect toy evaluated ay = b.

Finally, some calculus The coefficients in the equa-
tion of the tangent line have been identified as value
of derivatives, so finding them leads us, after a lonq
detour into theory, to finding derivatives. The point of
the theory has been to show the importance of the o
eration of differentiating with respect to one variable
while holding other variables constant. This is easy t«
do: you simply follow the rules from single-variable
calculus. It only remains to describe the notatiory, If
has been defined by some expression in the variabl
x andy, then the derivative of with respect tar,
treatingy as a constant, is denoted

07
- Or DxZ.
0x

As usual, the result of finding this derivative Is an
expression that usually involveasandy. To use this
result to find a tangent line, you will need to evaluate
the expression atx, y) = (a,b). There Is no nice
notation for this.

12.3.5



Alternatively, you can think of the given expression
as definingz as a function ofx and y, which you
typically write z = f(x, y). This notation means
that the functionf requires two input variables and
the value of the function is found by using the given
expression with the first variable assignedxtand
the second tg). One of the things that is typically
done with functions is to evaluate them at arbitrar
expressions. Thus, if

f,y) =x +y2%

then
f,x) =y +x°

What this example shows is that one should neve
assume that the variables used to describe a fun
tion have any significance whatsoever. Unfortunately
most of the other notations used in the textbook vi
olate this rule. The only notation that doesn’t is one
that usesfy to stand for the derivative of the function
f with respectto its first variable. This has the advan
tage that one can writé (a, b) for the result of evalu-
ating this function at the poirit:, b), 1.e., the result of
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first differentiating the function and then evaluation
the result at the base point.

Higher derivatives. Once one has a derivative, either
as an expression or as a function, one can think c
differentiatingthat If one expects to do a lot of that
sort of thing, an abbreviation is needed. Thus on
writes

327 d [0z 3%z 0 [0z
—— for . for .
92 dx \dx / 0dyox dy \ 0x

and f12 for (f1)2.

Fortunately, you only need to be careful about the
order of the variables in this expression when makin
the definition, sincef12 = f>1 for functions that you
will meet in practice.
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The chain rule.There are other derivatives involving
functions of several variables that can be found. Sug
pose that is given in terms ok andy, and thatc and

y are each given in terms of You could (andMaple
does) use this to fingdin terms oft and then calculate
D,z (this is the neatest notation for this discussion).

Alternatively, you could apply the rules of differenti-
ation to the expressions that you are given. Whateve
the expression for tells you is the last step in its
computation is the first differentiation formula to be
applied. In this process, expressions equdbtoare
obtained that can contam y, ¢, D;x andD;y. Since

x andy are given in terms of, their expressions are
used when you need to expabeglx andD;y in terms

of . The idea behind the chain rule for functions of
several variables is to delay the expansiomaf and
D,y as long as possible. This gives an expression fc
D,z iInwhichr has yet to appear outside of a subscript

12.5.1



The fundamental linearity of differentiation for-
mulas. Let's take a close look at the formulas of
elementary calculus:

Di(x +y) = Dix + Dy (S)
Di(x-y)=Dix-y+x-Dy (P)
Di(f(x)) = f'(x) - Dx (C)

These rules suffice to differentiate all the functions
met so far, when supplemented by special formula
for differentiating functions given byf(x) = one
the following expressions: a constant,, ¢*, Inx,
sinx, or cosx, arctanx. A few more formulas are
obtained to avoid deriving them from other formulas
every time they are needed, but this short list of for:
mulas is a good summary of elementary calculus. C
course, the course really deals with the understandir
of functions that allows you to use these formulas an
apply the results to things in the real world that car
be modeled by this mathematical abstraction.
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The thing to notice about formulds), (P) and(C)

IS that eachterm contains afactor that is a single
application ofD;. This means that, in the setting at
the start of this lecture,

Diz=A-Dix+ B-Dyy, ()

whereA and B are expressions involvingandy.

Connection with partial derivatives. Formula(x)
holds independent of the dependence ahdy onz.
The special cases used to define partial derivatives (c
at least, their values at particular points) are obtaine
by using the parameterizations: (1)= ¢, y = b;
or(2)x =a,y =t. This shows thad = D,z and

B = Dyz. The usual statements of the chain rule ar
obtained by translating this statement into differen
notations.
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A word about proving the chain rule. This discus-
sion has emphasized how the chain rule appears
calculations, suppressing all aspects of proof. How
ever, this is not completely lacking in mathematica
rigor. The rules of elementary calculus were obtaine
with proofs based on a definitions in terms of limits.
In fact, it would have been better to use the “gooc
linear approximation” version introduced in connec-
tion with our discussion of the tangent plane. Inside
these proofs are rules for obtaining &rom a given

e, although we usually don’t look that closely.

For functions given by expressions that we recognize
our calculation is a proof that the derivatives exist. Ir
fact, a close examination of what we have when wi
have reached the stage of form@ia shows that the
surface defined by the given expression af terms
of x andy has atangent plane wherever the calculatio
IS valid.
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What this approach doastdo is tell how to deal with

a new function of several variables. What should b
done, if such afunctionis ever met, is to show from the
definition of the function that it has a tangent plane
and then prove a version of the chain rule we hav
already stated Iin the case where the graph ef
f(x, y) has a tangent plane and the curve- g(¢),

y = h(t) Is differentiable.

Since we are not likely to meet any new functions o
several variables in this course, this approach is mol
suitable forAdvanced CalculusHowever, in a sense,
this was exactly what was done in deriving formulas
(S) and(P)! Look closely at the expressions+ vy
andx - y. What are the partial derivatives? Does this
agree with the statement given for the chain rule? (C
course, these questions are rhetorical.)
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Gradients. There is one more thing to be seergy.
Whenever one has a sum of terms, each of which |
a product of something of one type and something C
another, it should be viewed as a dot product of vec
tors. We have already met the vect@;x, D;y) as
the velocity vector whemn(r) = (x, y) gives the po-
sition of a point at time. This model suggests that it
won’t be long before we try to writé (¢) in the form
(ds/dr)T, but first we collect the other factors into a
vector(D,z, Dyz). When differentiating a functiogf
Instead of an expressianthis has the forng f1, 12).

In this form, itis easy to imagine the generalization tc
functions of any number of variables. This vector is
called thegradient of f and denoted’ f. Gradients
are very much a “function thing” since it emphasizes
the domain of the function rather than the range —
there is no good notation for the same object con
structed from an expression.

Like all other derivatives, gradients will be evaluated
at points of their domain when they appear in appli
cations.
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Directional derivatives. The chain rule can now be
expressed as

Dif(r(®))=Vf(r@)-r'@.

While f is an ordinary real valued function on some

R4 (with d = 2 ord = 3 for most of the examples in
this course, but a common description of those case
leads iImmediately to a vast generalizatioR)f Is

something else: for each poift € RY, V f(P) is a
vector inR? based atP. One term frequently used

for such a functiorR¢ — R4 is vector field. The
appearance oV f(P) in an inner product suggests
that its principal interpretation will be in terms of ex-
pressions of the forriv £ (P) - v. In particular, ifv is

a unit vector, this expression is called thesctional
derivative of f in the directionv. The special case
In whichv lies along one of the coordinate axes ha:
already been met under the name “partial derivative’

Now, as promised, we writ€ () = (ds/dt)T to ex-
pressD; f(r(r)) as the product of thepeedwith
which r(¢) is drawing the curve and the directional
derivative off in thetangential directiorof the curve.
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There are two important special caseas.L Vf Is
equivalent to the directional derivative being zero; the
directional derivative takes its maximal value wher
v | Vf. Since

V- (=v)==Vf.v,

the minimum value of the directional derivative Is In
theanti-parallel direction.

An important application is that level curves of func-

tions onR?, or level surfaces i3, are perpendicular
to the gradient of the function.

Changing coordinates Since the last step of com-

puting a gradient off is to draw that vector field at

points of the domain of, the coordinates used in its

computation have been pushed into the backgroun
This suggests that it should be possible to perforr
these computations in other coordinate systems ar
get the same geometric answer. This is indeed tru
with one important requirement — since inner prod-
ucts play an important role in the theory, only sys-
tems in which the coordinates are the component
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of a set ofmutually perpendicular unit vectorsan
be used. While it is usually better to use a disjoin
set of names for the elements of different coordinat
systems, the restriction to orthonormal coordinate
allows the same name to appear in different coordi
nate systems as long as it means the component wi
respect to the same vector.
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Afterthoughts on an exercise The comments on
Changing coordinatealso apply to implicit differen-
tiation problems in several variables. When doing ex
ercise 29 of section 12.5, there seemed to be one pol
iInwhichoz/o0x hadtwo different meanings. The text-
book avoided this in equatiofY) by introducing the
derivatives ofunctionsinstead of variables. Another
approach is to use different variables for variables i
different spaces. The setting in that problem then be
comes

RA(€, n) — R3(x, y,z) — R(w), (%)

where the coordinates in the spaces are indicated aft
the name of the space. The new feature isto reserve

y, andz for the orthogonal coordinatesiy. The first
arrow in(x) stands for thassumeability to describe
the surface as the graph of a functwga: g(x, y) giv-

Ing a mapping of thery-plane to the given surface.
However, we indicated that the variablesandy are
only available to represent rectangular coordinates |
space, not coordinates on the surface. e can accol
modate this pedantry by using the equivalentsand
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y in the Greek alphabet to represent the coordinate
In the xy plane. The first arrow Iir(x) Is then the
function (¢, n) — (&, n, g(€, n)), while the second
arrow Is the given functio' (x, y, z) that is assumed
constant on the surface.

It may be possible to blunder through simple prob.
lems, but the partial derivative notation can be mis
leading because it omits mention of the variables the
are assumed constant.

Maxima and minima. Everyone’s favorite problem
of differential calculus is the determination of maxima
and minima of a function on a region. An important
theoretical result asserts that, if the functiorcon-
tinuousand the regiortlosedandboundedin some
R, then these extreme values exist and are attaine
at points of the domain. Calculus improves this by
saying that, if the function idifferentiable then the
points at which the extreme values are taken on at
easy to find An important feature of the method is
that the emphasis has shifted from the values of th
function to points in the domain where the function
takes those values.
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To apply the methods of one-variable calculus to func
tions of several variables, we need the following

Secret Weapon.If A C B and if the maximum of a
function f on B is taken on at a point x € A, then
f(x) 1s also the maximum of f on A.

Proof. Think about it!

To apply this, letB be the given region iiR" and
let A be a curve lying inB. Composing the given
function onB with the parameterization of gives

a real valued function of a real variable, and one
dimensional calculus applies.

You may protest that we don’t know, but that will

be dealt with. What one-variable calculus gives us i
anecessary conditiorfor a point to be a maximum or
a minimum. If we can finédnycurveA for which this
condition fails, then the point is not an extreme value
of the function onB and we can look somewhere else.
It turns out that points on the boundary Bfbehave
differently than interior points. Interior points are
easier, so we do them first. However, it often turn:
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out that all interior points can be excluded as possibl
locations of extreme vales, so we need to look at th
boundary. InR?, this is almost good enough, since
the boundary will frequently be a curve for which we
know a parametric description. The general metho
turns out to be easier, even in this case, but we have
method that can find extrema.

The key special case What then do we take a%?
The simplest examples turn out to suffice: Aebe a
line segment parallel to one of the coordinate axes ar
lying in B. Every interior point has segments through
it parallel to each coordinate axis. The coordinate ol
the axis can be taken as the parameter on the segme
The derivative with respectto this parameter is exact|
the partial derivative of the given function with respect
to the selected coordinate. TBecret weaporthen
iImplies

Theorem. If f takes on its maximum (or minimum)
value on the set B at an interior point P, then all partial

derivatives of f are zero at P.

This result suffices to do the exercises.
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Interior points that are not ruled out by this result are
called critical points of the function. A boundary
point should not be called a critical point if we can
find a curve in the boundary such that the derivative
of the function restricted to that curve is not zero. An
appropriate criterion appears in section 12.8.

The second derivative test A slight generalization
of the same principle leads to a second derivative te
for distinguishing maxima and minima. For this test,
allow A to be any line segment containing an interior
critical point P and compute the second derivative of
the given function restricted td. Here is how this is

done inR?:

Let P = (xq, yo) and choosed to bex = xg + at,
y = yo + bt for some real numberg andb. If a
and b are not both zero, this is a line with= 0
corresponding to the poir. Put this intof(x, y)
and apply the chain rule:
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d

filxo+at,yo+bt)-a
+ fo(xo + at, yo + bt) - b.

Differentiating again gives sums of terms that are sec
ond partial derivatives of times second degree terms
In a andb. When we restrict this to= 0 we must get
an expression that does not change sign when eval
ated at all choices af andb. If P Is a maximum
point, the expression must not be positivepiss a
minimum point, it must not be negative.

If there are only a few critical points, it will be easier
to list them all with the value of the function at each,
than to perform a second derivative test. The chie
Interest in the test is theoretical. It demonstrates th
existence of critical points that can be neither minimz
nor maxima because there are both positive and neg

tive second derivatives. A simple examplefs— y?.
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Lagrange multipliers. We now characterize critical
points on the boundary of a region. LBtbe a point
on the boundary of the sé.

Suppose first that a smooth curve can be drawn on tf
boundary ofB through P. That is, there is a vector
functionr (r) whose domain contains a neighborhooc
of 0 and whose range lies entirely in the boundary o
B, withr(0) = P, andr’(0) # 0. The last part is
thesmoothnessondition. If B is a polygon, then any
r(¢t) for whichr(0) is a vertex of the polygon must
haver’(0) = 0 if the derivative exists. This follows
from the fact that a nonzerd has a well defined
direction, but this direction changes when when on
goes through a vertex.

Now, suppose thak is given in the form
[xeR":g(x) <0}.

The boundary is given by(x) = 0. Hence, the com-
positiong(r(z)) Is a constant function, so must have
derivative zero. The chain rule, evaluated at O,
gives

Vg(P)-r'(0) =0.
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This says that’(0) must be perpendicular 6g(P).

If the boundary ofB is smooth atP, then curves (¢)
can be found for whicl’(0) takes all values allowed
by this condition.

Now, look at the functionf (x) that we are trying
to maximize (or minimize). If we forny'(r(z)), this
function ofr must have a critical point at= 0, which
requires that

V£(P)-r'(0) = 0.

In words, every vector perpendicular%g (P) must
also be perpendicular 8 f (P). For points at which
the boundary is smooth, this forces the existence c
a value traditionally called. for which V f(P) =
AVg(P). InR" this givesn equations in. and then
coordinate functions. The conditiogp(P) = O gives
one more equation. We not have as many equatiotl
as we have variables, and we should be able to sol
this system of equations. Unfortunately, the algebr
for doing this is sometimes difficult. A systematic
approach to this algebra is possible, but we don’t hav
time to develop one. One consequence of this is th:
only simple examples will be considered.
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This approach can be extended to deal with smoot
points of an object of any dimensiahin any R",
but few examples reduce to algebra that can be dor
easily.

There is one easy application of Lagrange multiplier:
that appears in many variants. There are two form
that reduce to the same algebra:

(1) Let x andy be nonnegative withh + y = s (s
constant). Find the maximum of.

(2) Letx andy be positive withxy = p (p constant).
Find the minimum ofc + y.

Since our notation for gradients uses functions rathe
than expressions, introduce the functid(s, y) =

x +yandP(x,y) = xy. Then the Lagrange mul-
tiplier method for either problem (1) or problem (2)
says that extreme values occur whési || VP. Since
VS =(1,1) andVP = (y, x), this sayst = y. In
(1), the given constraint then givas= y = s/2
andxy = s%/4. In (2), we getx = y = ./p and
x+y=2/p.

In each problem, the method selects a unique poin
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The only other candidates for the location of extrem:
values of the function are the endpoints. In (1), the
product is zero at both endpoints; in (2), there art
no true endpoints, but + y — oo outside bounded
parts of the curve. This explains how we knew that the
Interior point gave a maximum in (1) and a minimum
in (2).

Quadric surfaces The general form of an equa-
tion of second degree is mentioned in the text (an
In Lab 2), but no techniques are given for studying
the equation in that generality. It is the case that
apart from some special cases like cones and cylir
ders, the equations studied in detail in the text rep
resent all cases. That is, there isigid change of
coordinates reducing any equation of second degre
to one of these types. (The word “rigid” refers to
compositions of translations and rotations.) Finding
such a change of coordinates would lead us into an a
vanced part of linear algebra, so we confine attentio
to the special cases.

If the equation has the form
Ax* 4 By* +Cz*+J =0,
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then the shape of surface depends on the signs of t
coefficients.

The case/ = 0 gives a cone (unless the remaining
coefficients all have the same sign). Ignoring thes
surfaces, we may take scale the equation soJjhat

—1. The shape of the surface then depends on tt
signs of the remaining coefficients, and we emphasiz

this by writingA = +1/a?, and similarly for the other
coefficients. The values af, » andc then refer to
scales on the different coordinate axes. These sce
factors introduce only a simple stretching of the figure
that does not affect the type of the surface. Finally
the order of the variables, y andz can be permuted
so that only the number of signs is significant. This
leaves only four examples:

X2+ y2 42 =1, (S)
Xy = =1 (H1)
X2 —y*—7"=1 (H2)
—x2—y2—Z2: 1. (E)

We recognizésS) as asphere, which becomes an ellip-
soid when scales are introduced. Al90) is empty,
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since the left side is negative and the right side is pos
itive. The remaining two cases give two distinct types
of hyperboloid. The analysis of equati¢h) give the
key to the general study of these surfaces: we can fi
z and investigate the equationxrmandy. This corre-
sponds to taking sections parallel to theplane. In
case(S), only —1 < z < 1 leads to nonempty sec-
tions, and those sections are ellipses; in qdéé),
there are elliptical sections for all and none are
small; in cas€ H2), these sections exist for all but
the sections are hyperbolas. Sections parallel to tr
yz-plane in case (H2) are ellipses, but are nonempt
only for |x| > 1. The surface in cagg?2) falls into
two parts, while the other cases are connected.

Be scaling coordinates, we produce equations th:
containx? + y? or y? + z2. These quantities give
the distance from the origin in a coordinate plane, in
dependent of direction, so the surface can be seen
a figure of rotation.

A similar analysis can be made for surfaces of the typ
z = Ax? + By?,
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which cover the remaining cases.

This latter family of examples give the general appeat
ance of surfaces which are the graphs of quadrat
functions. The second derivative test that we men
tioned briefly is based on showing that the graph o
a general function near a critical point resembles th
graph of the quadratic function with the same value
of second derivatives.
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