
Math 251:10–12 — Spring 1999
MW6 CHM-106

Prof. Bumby
Tenth set of workshop problems — change of coordinates, Stokes’ Theorem, Divergence Theorem.

Textbook Sections 13.9, 14.8, 14.9

1. Consider the integral
∫∫

R cos
(
(x + y)2 ) dA, whereR is the triangular region with vertices(0,0), (π,0),

and(0, π).
(a) Write this integral as an iterated integral, integrating first with respect tox and then with respect to

y.
(b) Reverse the order of integration for the integral in (a).
(c)Consider the change of variableu = x+y, v = y. Sketch the regionS in theuv plane corresponding

to the regionR in thexy plane.
(d) Write the integral as an iterated integral inu andv, integrating first with respect tou and then with

respect tov.
(e)Reverse the order of integration for the integral in (d).
(f) Evaluate

∫∫
R cos

(
(x + y)2 ) dA by usingoneof the four formulas you have found.

2. Let S be a smooth surface with whose boundary is a simple closed curveC. Assume thatf andg are
functions with continuous second-order partial derivatives andF is a vector field with continuous partial
derivatives..

(a) Show that
∇ × ( f F

) = f (∇ × F
)+ (∇f )× F.

(b) Use Stokes’ Theorem and (a) to show that∫
C

(
f ∇g ) · dr =

∫∫
S

(∇f ×∇g ) · n dS
(c) Use (b) to show ∫

C

(
f ∇f ) · dr = 0.

(d) Show ∫
C

(
f ∇g + g∇f ) · dr = 0.

. . .more



3. LetE be a solid region with boundary surfaceS and outward normal vectorn. Letf be a scalar function
andG a vector field with continuous second order partial derivatives defined in an open region containing
E.

(a) Show that
∇ · ( f F

) = f (∇ · F )+ (∇f ) · F.
(b) Use the Divergence Theorem and (a) to prove∫∫

S

f G · n dS =
∫∫∫

E

f ∇ ·G+∇f ·G dV .

(c) Use (b) withG = ∇g to show∫∫
S

f ∇g · n dS =
∫∫∫

E

f ∇2g +∇f · ∇g dV,

where∇2 is theLaplace operatordefined on p. 907 of the textbook.
(d) Show ∫∫

S

g∇f · n dS =
∫∫∫

E

g∇2f +∇f · ∇g dV.

(e)Use (c) and (d) to show∫∫
S

(
f ∇g − g∇f ) · n dS = ∫∫∫

E

f ∇2g − g∇2f dV.

Remarks. The notationG · n dS has been used to describe the surface integral of the vector fieldG that
appears in Stokes’ Theorem and the divergence theorem. In caseG = ∇g, ∇g · n is the derivative of
the functiong with respect to the outward unit normal vectorn, and the surface integrals of this problem
may be interpreted as integrals with respect to surfaceareawhose integrand contains geometrically defined
directional derivatives. In this form, the results of (c) and (e) are known as Green’s identities.

The cross product, and the related operation of the curl of a vector field, uses special properties of three
dimensional Euclidean space in its definition. A more general approach, with new notation, is needed to
define oriented integrals onh dimensional surfaces in ak dimensional space and relate them by a form of
Stokes’ theorem.

This general theory is not needed to extend the proof of the divergence theorem to domains inRk for
arbitraryk, as long as one has a clear idea ofk−1 dimensional “area” on the boundary. In particular, Green’s
identities are not restricted to three dimensional space, and this problem is an outline of the general proof .


