
Later proofs will be easier if we fix notation from the
start. That is the main purpose of chapter 1.

Section 1points out that the wordaxiom in this sub-
ject meansone of the defining properties of the system
we are studying. This is what makes the subjectAb-
stract. The properties ofgroups, rings, andfields
developed in the course will be proved starting from
a few simple axioms As the subject grows, theorems
can be found that would have been difficult to prove,
or possibly even to state, when the axioms were first
met. Yet the systematic development gives us confi-
dence in these results.

What makes the subjectAlgebra is that the main ex-
amples are familiar objects likeIntegers, Real Num-
bers, matrices, with operations on them likeaddi-
tion andmultiplication . The axioms express prop-
erties likeassociativityandcommutativity that play
an important role in our understanding of these oper-
ations. The assigned exercise in Section 1 asks you
to study the behavior ofsubtraction with respect to
possible axioms of algebraic systems.
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The other exercises in this section will be discussed
in class.

Section 2introduces the language ofsets— not really
settheoryas suggested by the title of the section —
but a language that will be used to state axioms and
describe examples. The operations ofunion, denoted
A∪B, andintersection, denoteA∩B of setsA and
B are described, as is theempty set, denoted∅. This
could be the beginning of analgebraof sets, but the
only algebraic property that we meet is

A ∪ B = (A ∩ B) ∪ (A− B) ∪ (B − A),
whereA−B, called thedifferenceofAandB denotes
the elements ofA that are not elements ofB.

Another general construction is theCartesian prod-
uct, denotedA×B whose elements areordered pairs
(a, b).

The basic statements about sets are proved by consid-
ering the elements of the sets in the statement. Simple
statements are often illustrated with a picture, but the
pictures that are usually drawn are too special to be
useful except in simple cases.
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Exercises 5 thru 11 will be discussed, followed by
exercise 20 and 21.

Section 3introduces the wordmappingas a synonym
for function, with the interpretation that it is a rule that
assigns elements of one set to elements of another. A
mappingf from S to T is denoted

f : S → T .

To use the word “mapping” (or “function”) we re-
quire that the symbolf (s) should have a meaning for
every s ∈ S, and this meaning should be aunique
element ofT . This allows us to define acomposition
of mappings

(g B f ): S → U

whenever

f : S → T andg: T → U.

The definition is

(g B f )(s) = g( f (s) )
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In other subjects, functions appear to be qualitatively
different from the elements to which they apply, and
the parentheses reinforce this appearance of differ-
ence. In algebra, these parentheses only get in the
way. What isreally important is the convention that
the symbol representing the mapping is written to the
left of the element to which it applies. Stripped of
inessentials, the definition of composition now reads

(gf )s = g(f s),

which resembles theassociative law. This leads to
the importantLemma 1.31which says that composi-
tion of mappings obeys the associative law.

Some special properties of mappings that will play an
important role areone-to-oneandonto.

Exercises for discussion are 6, 7, 10, 11.
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