
Apology. These notes will get a little sketchy towards
the end. Details will be filled in somehow.

Section 2.5. Homomorphisms and normal subgroups.
In general, the wordhomomorphism means struc-
ture=preserving mapping. IfG andG′ are groups, a
mappingφ fromG toG′ is called a homomorphism
if

φ(ab) = (φ(a) )(φ(b) ) (h)

for all a ∈ G andb ∈ G. Sinceφ(a) andφ(b) belong
toG′, the multiplication on the right side of(h) is done
in G′.

The definition of a group also mentions an identity
and inverses with respect to that identity. They are not
mentioned here because one canprovethat a mapping
between groups that preserves multiplication also pre-
serves the identity and inverses. This is Lemma 2.5.2
of the text. To prove this, first substitutea = e and
b = e, wheree is the identity element ofG in (h).
This givese∗e∗ = e∗ in G′, wheree∗ = φ(e). How-
ever, we have already noted that theonly element of
G′ with this property is the identity elemente′. Now
takea−1 to be a two-sided inverse ofa in G. Then
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(h) gives thatφ(a−1) is a two-sided inverse ofφ(a)
in G′.

It is the current fashion to see mappings everywhere.
Things that were previously done by special argu-
ments, usually falling back on our understanding of
sets, are now considered as special cases of mappings.
In particular, subsets are thought of as being defined
by aninclusion mappingrather than as being the vic-
tim of some selection process. In particular this al-
lows us to use a different description of the elements
of a subset without jeopardizing its relation to the
containing set. From this point of view, a subgroup is
characterized by the inclusion mapping being an iso-
morphism — that is, the multiplication of elements in
the subgroup is required to agree with the product in
the containing group.

Groups acting on a set. A homomorphismφ of a
groupG into A(X) for some setX is treated to an
abuse of notationin which(φ(g))x is abbreviatedgx,
which is how the operation would be denoted ifgwere
actually inA(X). As long as there is no other inter-
pretation ofgx lurking around, this is reasonable, and
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we can prove the expected rule(g0g1)x = g0(g1x).
If G is any group, andX is any set for which an op-
eration is defined fromG × X to X satisfying this
rule, we call it an action ofG onX. This is really the
same as a homomorphism ofG into A(X). Among
all examples of groups acting onX, A(X) is special
because its elements are characterized by their effect
on the elements ofx, and any function that can appear
in an action is represented inA(X).

If H is a subgroup ofG, we can form the set whose
elements are the left cosetsgH . The associative law
in G lead to a statement that can be written

g0(g1H) = (g0g1)H

which looks like it is statement aboutG acting on the
set of left cosets ofH inG. It is! Details will be given
in lecture, though not reproduced here.

The extreme cases. There are two constructions that
always lead to subgroups: (1) G is a subgroup of
itself; (2) the setE = {e} is a subgroup. In case (1),
there is only one coset, and the action of anyg ∈ G
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is to take this one coset to itself. In case (2), every
coset consists of a single element, so the group action
on these cosets looks just like the multiplication in
G (provided one identifies the one-element set that is
a coset with its unique element. This is a common
abuse of notationthat should be noticed in case it is
not safe to make that identification in a particular case.

The image of a homomorphism. Such a set, i.e.,{
g′ ∈ G′ : ∃g ∈ G, g′ = φ(g) },

is always a subgroup ofG′. The verification will be
given orally, but not repeated here. (This result is
Lemma 2.5.3, but that won’t help you find a proof.)
This shows that the general group homomorphism can
be written as a homomorphism onto its image, fol-
lowed by the inclusion of the image into the given
codomain.

The kernel of a homomorphism. Inclusion map-
pings are fairly well understood, so a general under-
standing of group homomorphisms seems to require
only an understanding of those that are onto. If such
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a mapping were also one-to-one, it would have an in-
verse and would only serve to use the elements ofG

to name those ofG′, so we concentrate on the extent
to which the mapping can fail to be one-to-one. That
is, we study the equation

φ(g0) = φ(g1). (8)

Sinceφ is a homomorphism, andG is a group, this
can be expressed asφ(g1g

−1
0 ) = e′ = φ(g−1

0 g1),
shifting attention to finding

K = { g ∈ G : φ(g) = e′ }.
It is easy to see thatK , called thekernel of φ is a
subgroup ofG, but more is true. Ifg ∈ G andk ∈ K,
thenφ(gkg−1) = e′, sogkg−1 ∈ K. Not every sub-
group has this property. For a simple example, take
your favorite subgroup of order 2 inS3. Subgroups
with this additional property are callednormal sub-
groups.

Returning to our interpretation of(8), we see that
g1 must lie in both the left cosetg0K and the right
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cosetKg0. Theorem 2.5.6 says that these sets are the
same if and only ifK is a normal subgroup. In other
words, once you know thatK is a normal subgroup
of G, denoteK G G, you know thatg1 ∈ Kg0 gives
the same information asg1 ∈ g0K. The mappingφ
establishes a one-to-one correspondence between the
image ofφ in G′ and the cosets ofK in G.

Factor groups. To complete the picture, we need to
show that that the cosets ofGwith respect to a normal
subgroupN can be made into a group such that the
mapping that sends each elementg ofG into the coset
gN is a homomorphism.

We first note that there is at most one way to define an
operation on cosets to have this property. Then, we
show that this operation does make the set of cosets
into a group.
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