How do we work with mappings? The homework
reveals many questions that were not asked in lecture.
Several exercises are expressed in terms of mappings,
and the statements seem clear enough until one starts
to construct a proof. The numerical functions met
in other courses were usually given by formulas, but
mappings between finite sets may need to be described
by giving acomplete list of values. Mappingsthattake
the same value at each point are considered equal, so
the list of values tells usverythingabout the mapping.

It also shows that the number of mappings frdano

B is b* whereb is the number of elements B anda

is the number of elements i For each elementof

A, there aré possible values of (x), and the value

at one point has no effect on the values at other points,
so the number of different mappings is a produci of
factors ofb.

The casé = 2 looks like another formula we have
seen. the number of subsets 4f This is not an
accident: a functiory from A to {0, 1} determines
the subset

Xr={xeA: fx=1}
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In addition to these expressions of quantifiers, the in-
dividual variables are also used to select elements of
a set.

Exercise 1.3#21 A discussion of this was begun in
a previous lecture, but not finished. There was also
an error written on the blackboard that has made its
way into notes taken at the time, and from there to
the submitted solution of this exercise. A correction
is required.

In this exercise$ denotes the set of rational numbers,
and fora, b € S witha # 0we construcl, , € A(S)
using the formula

faps =as +b.

Discussion in the text, when expressed using terms
introduced in chapter 2, shows that the set of all such
fa.b is a subgroup ofA(S). Let's call this subgroup

G for the rest of the discussion. ff, , = f,.», then
fap0 = fopy0andf, 1 = fr 1, from which we
can conclude that = ¢’ andb = b’. Thus different
namesf, , describe different elements 6f. A little
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and a subseX C A determines the functioiiy with

1 ifxeX

fx() = 0 otherwise

These constructions are seen to be inverses of one
another.

Note that the definition of’y used an extra variable

x € A in order to allow the individual values of the
mapping to be described. This answers the question
introducing this section: to use a mappifgin a
proof, introduce (at least) a variablgepresenting an
element of the domain of,, and express the property
of f being studied as a property of the individyfdlk).

To say thatf: A — B is onto, use the formal state-
ment
VMyeB)(Fx e A)fx=y.

To say thatf is one-to-one, say
(Vxo € A)(Vx1 € A)[fxo = fx1 =— xo=x1].

See the “essay” on workshop 1 available on the web
page for a discussion of the use of this to solve work-
shop problem 2.
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algebra shows what the operationdris:
Jabvfeas = fap(cs+d) =ales+d)+b
= (ac)s + (ad +b) = fac,ad+bs»

SO fubfe.d = fac.aa+» @nd (doing the correct sub-
stitution this time)f. 4 fa.0 = fea.cb+a. (INStead of
deriving these formulas for the operationdh one
could work with the formulas for the valuessathat
were used to derive the formulas, but the exercise in-
troduces quantifiers an, b, ¢, andd, so it seems use-
ful to use a statement in whichno longer appears.)
Since A(S) is infinite, we also need to identify the
identity and inverses of all elements Gfbefore we
can claim to have found a subgroup. Since the iden-
tity i satisfiesi(s) = s, we recognize thafio = i.

We can then use our formula for composition to deter-
mine the inverse of each element®f We were asked

to give an enumerative or othsimpledescription of
the set

{fc,d €G: (Vfa,b € G)fa,bfc,d = fc,dfa,b }

Using the language introduced in example 11 of Sec-
tion 2.3, we seek theenter Z(G) of the groupG. It
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is claimed that this is a general example of a subgroup
of G. In particular, the identity will lie in this set.

Quantifying ovelG is an abbreviation for quantifying
over the rational numbers (with a side condition say-
ing that certain variables must be nonzero). Our for-
mula for composition leads to the equatiens= ca
andad + b = cb + d. Note thatc = 1 andd = 0,
which corresponds to the identity 6f causes these
equations to assert onty = a andb = b, so the
identity is in the set. Conversely, substituting various
values fo andb (which is justified because the equa-
tions are required to hold f&ll a andb with a # 0)

will give enough equations to force a unique solution
for ¢ andd. For exampleg = b = 1 givesc = 1.
Then, any other value af(except the forbidden value
of 0) leads tad = 0.

Exercise 1.4#12 | won't say anything more about
how to prove thateacfi € S, has some powef* that

is the identity, but | will give an example to show that
this is false forSS in spite of the superficial similarity
with A(S). Thus, any proof must use the existence of
an inverse off .
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of S = {a,b} andT = {a} will be shown at the
blackboard. Examples are important, even if they
stay in your personal notes and appear to contribute
nothing to your proofs. Indeed, if you don't plan to
show the example to anyone, you can explore it in
minute detail, even if these details would be found
dull.

Mathematical induction. The principle of mathe-
matical induction is a recipe for writing a finite proof
that can be interpreted as a description of a proof that
establishes the statementg0), P(1), ... one after
another. You start the induction proof the same way
that the infinite proof it describes starts — by proving
an initial case. If you have a uniform way to prove
each remaining case from its immediate predecessor,
all cases can be obtained by repeating this argument
with successive values of the parameteso a proof

in which n is a free variable is all that is needed to
complete the description of the proof.

Factor groups. We have seen that the kernel of a
homomorphism$: G — G’ is a normal subgroup of
G. The construction of thfactor group G/N shows
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The example has = 2, and we can tak§ = {0, 1}.
The functionf has fO = f1 = 0. Then, for all
k>0, fk=rf.

Exercise 1.4#21 In this exercise, we are given a
subsefl" of S which is used to define a subsetAxs)

UT)={feAS):VteT)fteT}.

We are asked to show that this is a two properties used
in testing it for being a subgroup. The membership
test can also be stated:tife T, thenfr € T. First,

we show that the identitiyof A(S) belongs taJ (T).

All that is needed is to note that, givens T, since

T C S,it =t,and thenir = ¢t € T. Then, we
show thatU (T) is closed under composition. This
follows from the transitivity of implication, and will

be shown at the blackboard. No proof tli&tT) is
closed under inverses is requested; indeed, this is a
good thing since that is not trueif andU — T are
both infinite.

The process of understanding what needs to be proved
is often helped by constructing examples. The case
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that we don't need to know anything more abaut
thanN < G to find a homomorphism whose kernel is
exactlynN.

We have already noted Theorem 2.5.6 that normal
subgroups are characterized by the property that, for
allg e G,gN = Ng.

If ¢ is ahomomorphism with kern&!, theng (gn) =
¢(g) forall n € N, so thatg is constant on cosets.
Moreover, no other elemept € G can haves (g') =
#(g), since that would give aewelementg—1g’ in
the kernel.

We should try to make the set of cosetsfin G
into a group, so we need to define a composition.
There isn't much choice! If we are to have a homo-
morphismg with ¢(g) = gN, then the requirement
that ¢ (gog1) = ¢(go)¢(g1) says that each product
(gono)(g1n1) needs to lie ingog1) N. The equation

(gono)(g1n1) = (gog1)(gy Ynogina

shows that the coset of the product depends only on
the cosets of the factors, and this gives the operation
on cosets.
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We now have the operation 6f/ N, but we do not yet
know that this operation defines a group. The details
will be supplied at the blackboard, but the verification
of each axiom depends mainly on the corresponding
statement irG.
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