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1. Let N denote the set of nonnegative integers, andN+ the set of positive integers. We will give two
mappings that have attracted a lot of attention. However, this course concentrates on mappings that are one-
to-one and onto. In order to see if they belong in this course, you should ask: (a) is the mapping one-to-one?
(b) is the mapping onto? What are the answers for the functions

(I) A:N+ → N is defined by lettingA(n) be the sum of all divisors ofn that are smaller thann. Thus,
A(1) = 0 since it is an empty sum, andA(6) = 1+ 2+ 3= 6.

(II) C:N+ → N+ is defined by

C(n) =
{

3n+ 1 if n is odd
n/2 if n is even

2. Suppose we have mappingsf : S → T andg: T → S such thatfg = iT . Show thatf is onto andg
is one-to-one. Give an example in which neitherf nor g is an equivalence. What isgf : S → S in your
example?
3. Supposee: S → T is a bijection (i.e., one-to-one and onto), so that the discussion preceding Lemma 1.3.4
shows that there is a bijectione−1: T → S, and Lemma 1.3.4 itself shows thate Be−1 = iT ande−1 Be = iS .
If f ∈ A(S), defineφ(f ) ∈ A(T ) by

φ(f ) = e B f B e−1;
and ifg ∈ A(T ), defineβ(g) ∈ A(S) by

β(g) = e−1 B g B e.

This givesφ:A(S)→ A(T ) andβ:A(T )→ A(S). Show that

φ B β = iA(T ) andβ B φ = iA(S).

Note: together with problem 2, this establishes a correspondence betweenA(S) andA(T ) whenS is used
to name the elements ofT .
4. Let S = {0,1,2,3}, and modelS4 by A(S). Let i be the identity, given byin = n for n ∈ S; let f be
defined by

f 0= 1, f 1= 2, f 2= 3, f 3= 0;
and letg be defined by

g0= 1, g1= 0, g2= 2, g3= 3.

Find the powers off , and show thatf 4 = i. Show thatg2 = i. Show that all 24 elements ofA(S) can be
obtained as products of terms, each of which isf or g. (Hint: the easiest way to prove existence of such
expressions does not necessarily give the shortest expression for every element.)
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