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Workshop 7, Introduction to rings.

15. Let R be any commutative ring. Let

M2(R)={<i Z) :a,b,c,deR}

with entry-wise addition and the usual formula for matrix multiplication. This can be shown to be a ring
either by direct verification of all axioms or by identifying2(R) as R module homomorphisms of the
module of allcolumn vector®f length 2 with entries irR. We assume this has been done.

(a) Let
a b
v=(L )

A = ad — be. If A~ existsinR, find a formula form 1.

(b) If M = M1, show thatl + A)b = (1+ A)c =0 and(1 — A?)a = (1 — A?)d = 0.

(c) If R = Z, show that there are infinitely many solutionsdf= M 1. In particular, find a solution
with a = 7 and another solution with = 7.

16. As part of showing that problem 4 of Section 4.3 (which you are doing as a homework exercise) leads
to a solution of problem 5 of that section, show the following properties of aRifmgwhich x2 = x for all
x € R.

(a) For anyx, if e = x2, thene? = e.

(b) If x> =0in R, thenx = 0.

(c) Use the result of problem 4 to show thateff = ¢ andx is any element ok, thenex = xe.
Combining this with (a), gives that every square of an eleme® cdmmutes with all elements &.

(d) Supply reasons for the chain of equations

xy = (x3)° = xy(xy)? = x(xy)?y = xyxy® = yx®y? = 3% = yx.

This shows that any two elements Bfcommute.

17. Let O be the set of rational numbers that can be written with an odd denominator. We will find all ideals
of 0. There is always an ideal consisting only of zero. Having note this, webetan ideal that contains
a nonzero element.

(a) Show thatl contains a positive integer. Letbe the smallest positive integerin

(b) If I contains an odd integer, show thag1/, and hencd = O.

(c) Show that: is always a power of 2.

(d) Show that/ = nO.

(e) Show that every ideal other thanitself is contained in 2.

...continued on other side



18. Consider the rings = Z[i] whose elements are
{a+bi:abel}

with i2 = —1. The operations could be defined by considering this as a subriigotiefined directly.

(a) Show that, if an ideal of G containsa + bi, thena? + b2 € I. If not botha andb are zero, this
guantity is a positive integer, so every nonzero ideal contains a positive integerbé& e smallest positive
integer in/. Note that we also have € I, so/ contains an element with a nonzero coefficient.of

(b) If I'is anideal ofG, let

t()={b:Fa)[a+bicl]}.

Show thatr (1) is an ideal ofZ.
(c) Every nonzero ideal of. consists of all multiples of the smallest positive integer in the ideal.
Suppose that(7) consists of the multiples ef. Then, show that

[a—l—bi € I] == [c|a&c|b]

wherec|a means ¢ dividesa”. This allows/! to be written as a product efand an ideall with t(J) = Z.
(d) If z(I) = Z, then there is an integarsuch that« +i € 1.
(e)With n from (a) andu from (d),

I={nx+w+i)y:x,yeZ}.

We shall say that is generated by andu + i in this case. Show that| (u? + 1). Write u? + 1 = nn’.

(f) Show that? - (—u + i) = n - I’ wherel’ is the ideal generated by andu — i.

(g) If 1 is generated by andu + i, thenu can be replaced by anything congruent to it modulso
we may assumpx| < n/2. Withn’ constructed as in (e), this gives

, n®+4
< .
- dn

n

Show that 0< n’ < n/2 if n > 2. Thus, repeating this construction will lead to an ideal that contains 1,
which must be all of5.

(h) This construction is the inductive step in showing that all idealrafonsist of the multiples of a
single element. Rather than giving this general proof. lllustrate the method by finding this element in the
case whem = 65 andu = 18.
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