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Workshop 9, Fields.
21 Itis possible to have unique factorization without a Euclidean algorithm. A ring with this property is
O_19=1—————:a,beZ,a=b (Mmod 2

(a) First, we need to see that these elements form a ring. The best way, although it is a little indirect,
is to note that = (1+ /—19)/2 satisfie? = ¢ — 5in C, so that numbers of the form+ d¢ are closed
under addition and multiplication and form a subring®fThen show that every + d& can be written in
the form of elements of_19, and every element of that form can be writtervas d¢.

(b) The defining equation dfis irreducible over the field of integers mod 2,8019/(2) has 4 elements.

(c) The defining equation dfis irreducible over the field of integers mod 3,8019/(3) has 3 elements.

(d) If m is odd anolmla2 + 192 wherea andb have no common odd factor, then gedb) = 1, so
bx = a (modm) has a solution. This solution can be chosen to be odd and of absolute value less than or
equal tom. This means that every ideal iD_19 is an integer times an ideal of the form

1—( k—«/—19>
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with oddm, oddk and—m < k < m andm|k? + 19.
(e) If we write k2 + 19 = 4mm’, thenm’ is odd and &m’ < m? + 19. Also,

; k++/—19 ( k++/—19 k2+19>
B e ——— m
2 2 ’ 4

<k+«/—19 ,)
“\T 2

=1"-m.
The ideall’ can be put in the same form dswith m’ in place ofm andk replaced by the appropriate

quantity congruent te-k modulom’. This is sure to be simpler thdnn the sense of having’ < m unless
4m? < m? + 19. This is equivalent tor82 < 19, but this is false for all oda: > 1.

...continued on other side



(f) If I’ consists of the multiples of a single element O_19, then the same will be true df, and
this gives the inductive step in a proof that all ideal®f;9 have single generators. Instead of giving the
abstract proof of this, you should just follow these steps to find a single generator of the ideal

I = (23’ ZI_T v_19>

(9) If there were a Euclidean algorithm, the smallest numbers, in the sense of that algorithm, other than
+1 would be required to allow remainders of only#1, but there are no elements that require fewer than
4 remainders.

22. WhenZ is extended to include the square root of a positive quantity, there is a similar way to characterize
ideals. For example)sg = Z[x]/(x? — 10) creates a ring that contains a square root of 10.

(a) Show that the elements of this ring can be written in the farmb+/10 with integers: andb.

(b) Show that every ideal of40 can be written in the form

c<n, V10— k)

wherec andn are positive integers; is an integern|k2 — 10 and 0< |k| < n/2.
(c) If

I = (n,«/l_O—k),

andk? — 10 = nn’ > 0, then

I-(\/l_C)—l—k):(«/E—l—k,n/)-n.

As long as this is possibley’ < n/4, so every ideals can be related to an ideal witke 10 andk €
{0, £1, £2, £3}.

(d) If n > /10, one more step will give an ideal with< +/10. Oncer has been made this small, it is
convenient to restrict tb > 0, and to take& as large as possible in the given residue class modulithis
keeps:’ from getting too large, and forces the process to cycle through finitely many different descriptions
of ideals. This will discover if an ideal has a single generator, although we don’t have everything necessary
to prove that. However, in contrast to problem 21, there is always a reason to continue this process, and the
cycling will lead to a unit in the ring other thahl. Find this unit forO40. Indeed, there are two different
cycles of these “reduced” ideals, but they lead to the same unit.
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