
Math 351:03 — Fall 1999
MW4 SEC-217

Prof. Bumby
Workshop 12, Review of whole course.

What can be assumed?The first exercises on a topic are often designed to call attention to something
that will be developed later. Since no theory exists, the proof is often long and full of technical details.
Later, the details of the proof have been summarized in statements of theorems. Although you should be
able to demonstrate that you can work with these details, a subject should be remembered through its main
theorems. To use a theorem, you need to quote it accurately and verify its hypotheses before jumping to its
conclusion. Although you frequently see shortcuts in print, they are not available to you on an exam. At
this stage, you are still required to give a complete proof of everything that you claim. Even if you are not
asked to prove somethingfrom first principles, there will be some routine verifications that should not be
omitted unless you are told that it has been verified. For example, you should not assume that a set with an
operation is a group unless told to do so. The whole point of the exercise may be to test your understanding
of the axioms and their verification.
A reconsideration. Some results are so fundamental that they become part of the standard notation. Looking
back on the result, one sometimes needs a clue to know what requires proof. For example, in the last class,
we looked at Problem 34 from Section 2.4. Lots of details were given, and the proof also included most of
a solution of the unassigned Problem 33. However, the proof did not useLagrange’s theorem, because I
had forgotten that this result had been proved in this section. It would have been better to organize a proof
around that result.

My approach was also a reflection of having never seen any evidence that the difficulties with Problem 12
of Section 1.4 were overcome. We can use the statement of Lagrange’s Theorem to give a short proof. The
saving comes from having a statement whose conclusion establishes divisibility. In Lagrange’s theorem,
the divisibilitym|n is obtained by writing a set ofn elements as a disjoint union of a number of sets, all of
sizem. In our direct proof, divisibility was proved using the Euclidean algorithm to writen = mq + r with
0 ≤ r < m. The numberm was characterized as the least positive integer with a certain property, andr was
shown to have the same property. This led tor = 0, provingm|n. For the abstract proof to work, the main
consequences of defining property ofm must be part of the theory. In particular, it is necessary to have a
groupof ordern with asubgroupof orderm in order to satisfy the hypothesis of Lagrange’s Theorem.

Part of the given information was thatf was an element of orderp in A(S). Thedefinitionof order of
an element includes the solution of Problem 12 of Section 1.4, so it is not necessary to repeat that method of
solution. This may not have been noticed since the details were left to the reader when this was introduced
on p. 60 in Section 2.4. The earlier exercise shows that the least positivem with fm = e is the number
of different elements of the formf k. Now, this number is identified as the size of a set. Givens ∈ S, we
defined thestabilizer of s to beSs = { g ∈ A(S) : gs = s }. It is easy to show that this is a subgroup of
A(S). The left cosets ofSs are identified with the elements in the orbit ofs. The first time you make this
identification, a detailed proof is required. After you start using definitions that depend on this proof, the
proof is almost part of the notation.
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Automorphisms. Given a groupG and an elementσ ∈ G, Example 9 of Section 2.5 defined a mapping
φ:G→ G by φ(g) = σ−1gσ . Sinceφ(gh) = σ−1ghσ and

φ(g)φ(h) = (σ−1gσ)(σ−1hσ)

= σ−1g(σσ−1)hσ

= σ−1ghσ

we see thatφ is a group homomorphism. Since only multiplication inG was used in the definition ofφ,
products could be rearranged using the general associative law. This proof is automatically invoked whenever
we refer toφ as the “inner automorphism induced byσ ”. Problem 26 of Section 2.5 built on this to consider
the mapping fromG to the groupA(G) of all permutations of (the underlying set of)G. The exercise asked
to show thatσ 7→ φ is a group homomorphism. That is, the composition of mappingsα = φ0 B φ1 is
the inner automorphismβ induced by the productσ0σ1 in G. (I have changed notation on purpose.) This
requires showing that(∀g ∈ G)[α(g) = β(g)]. Since there are so few tools available, it is not surprising
that, once notation has been fully expanded, this will follow from the associative law for the operation inG.
Every group homomorphism defines an important subgroup of its domain — the kernel. The second part of
this asks for the kernel of this homomorphism, which is the set of elementsσ ∈ G for whichφ is the identity
mapping. Using the definitions, this requiresσgσ−1 = g for all g ∈ G. The problem asks to show that this
condition defines the same subset as the propertyσg = gσ for all g ∈ G, that definesZ(G). This should
look obvious. The proof consists of showing that the axioms of a group establish the equivalence of the
two statements. The general associative law allows us to hide the details of computation in notation. If you
need to emphasize the details, to show meet the standards ofproof, you should use parentheses to identify
different ways of associating an expression. Separate proofs of the two implications in an equivalence can
also help to avoid the appearance of assuming the result you are trying to prove. In general, a proof should
begin by using the definitions of objects in the statement, and then employing methods appropriate to the
level of detail of the resulting statements.

In Problem 28 of Section 2.5, which was not assigned, the set of automorphisms ofG was shown to
be a subgroup ofA(G). This required only consideration of the behavior of compositions and inverses of
automorphisms on a product of elements ofG. This group was denotedA(G) in Problem 34, which was
assigned. That problem asked to show that the group of inner automorphisms, constructed in Problem 26, is
a normalsubgroup of this group of all automorphisms. (When you are showing something to be a normal
subgroup, the fact that it is a subgroup may have already been established. That is the case here — although
you need to interpret previous results to see that this is included.) Although this result is fairly difficult, a
clear formulation of what is required shows the path to the solution.

Inner automorphisms play an important role in the cycle notation forSn. If you have the cycle description
of σ , andτ ∈ Sn is any permutation, thenτστ−1 is obtained by applyingτ to the description ofσ . This
played a role in workshop problems 9, 13, 14, and the assigned problems from Section 3.2. It is easy to
determine if two elements written in cycle notation are the same. This can be described in terms of the
notation rather than the permutation being represented. Disjoint cycles commute with one another, and the
elements in a cycle can becycledto give another description of the same permutation, butthat is all. To
describe the elements ofA(S) whereS is ordered, you can put elements in anormal formin which the first
cycle starts with the first element ofS and follows its orbit; as long as there are more elements inS, each
new cycle should begin with the first element ofS that has not yet appeared.
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A common application of this is to use standard methods of enumerative combinatorics to find the
elements with a particular cycle structure. The characterization of inner automorphisms shows that this is
also a single conjugacy class. An extension of Problem 26 of Section 2.5, which appears as Lemma 2.11.1
(not included because that section was too much of a detour), and in Problems 24 and 25 of Section 3.2,
shows that the the size of a conjugacy class ofg is the index of the centralizerC(g). This centralizer is
a subgroup and must contain all powers ofg, so you have two different computations of the sizes of the
conjugacy classes. This together with the fact that you know the total number of elements provides enough
error detection that mistakes will not be believed for long. This was done forS4 in workshop problems. You
can expect to see a question of this nature forS5 on the final.
Direct Products. The direct productG0 × G1 of groupsG0 andG1 was introduced in Problem 4 of
Section 2.7. Its elements are ordered pairs(g0, g1) whereg0 ∈ G0 andg1 ∈ G1, and multiplication is
defined by(g0, g1)(h0, h1) = (g0g1, h0h1). You should check that this construction gives a group. The
exercise asked to show theN0 = { (g0, g1) ∈ G0×G1 : g1 is the identity ofG1 } is a normal subgroup of
G0×G1. You were also asked to show thatN0 ' G0. Wherever possible, groups should be shown isomorphic
by constructing the isomorphism. In this case, mapsG0→ N0 andN0→ G0 should immediately suggest
themselves. These maps should be shown to be group homomorphisms and composition in either order
shown to be the appropriate identity. Workshop problem 2 showed that the set-theoretic properties of
being one-to-one or onto is equivalent to the existence of a one-sided inverse, and it is usually much easier
to find the inverse than to give the set-theoretic argument. The rest of that exercise asked to show that
G0×G1/N0 ' G1. This can be done using the isomorphism theorems by introducing a subgroupN1 ' G1
and showing thatN0N1 = G0×G1 andN0∩N1 contains only the identity. In Section 2.9 we considered the
case in whichG0 = G1 and met a problem that studied the subgroupT = { (g0, g1) ∈ G×G : g0 = g1 }.
Matrix rings . The ringMn(R) of all n× n matrices with entries in a ringR is a useful example of a ring.
Even ifR is commutative, the full matrix ring is noncommutative forn > 1. Matrices are also useful for
constructing examples of rings. It is often easy to find a matrix that has some property, and then any subring
of Mn(R) containing that matrix will contain elements having that property.

For example, if you want a solution of the equation

x3 = ax2+ bx + c,

you can form the 3× 3 matrix (0 1 0
0 0 1
c b a

)
.

We have seen several examples of this construction inM2(R).
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Polynomials and the Euclidean Algorithm. The set of all polynomials with coefficients in a fieldF is an
important example of a ring. There is adivision algorithmin this ring that is expressed by: given polynomials
a(x) andb(x) with b(x) 6= 0, there are polynomialsq(x) andr(x) with a(x) = b(x)q(x) + r(x) and the
degree ofr(x) strictly less than the degree ofb(x). In fact, q(x) and r(x) are uniquely determined. If
r(x) = 0, which is allowed even if we prefer not to assign a degree to the zero polynomial, we say thatb(x)

dividesa(x).
Replacinga(x) by b(x) andb(x) by r(x) and continuing the process of applying the division algorithm

leads to aEuclidean Algorithmin which the last nonzero remainder is thegreatest common divisorof a(x)and
b(x). The terminology in the text is different, but the standard usage is given here. The equations obtained
in this way allow the greatest common divisor ofa(x) andb(x) to be written as a linear combination with
coefficients inF [x] of a(x) andb(x). This can be used to proveunique factorizationinF [x] by showing that
every ideal inF [x] is generated by an element of least degree in the ideal. Note that the linear combinations
of a(x) andb(x) are just the elements of the smallest ideal containing botha(x) andb(x).

As we saw on the second exam, polynomials with integer coefficients can be interpreted as being in
F [x] for anyF by identifying the positive integernwith the sum ofn copies of the multiplicative identity of
the field. However, because some integers may be zero in some fields, it is possible that results may depend
on the fieldF .

The assigned problems in Section 4.5 aimed at showing that certain polynomials were irreducible over
certain finite fieldsF . This is then used to obtain certain fieldsF [x]/I with pn elements for certain primesp
and integersn > 1. A hidden tool for solving these problems is the fact that a polynomial of degree 2 or 3 is
irreducible if it has no roots. This allows irreducibility to be checked for smallp. One should get out of the
habit of doing this before you get hurt. Not only is this limited to very low degree, but it is impractical except
for tiny primes. Of course, for tiny primes, there are simple hand computations that allow irreducibility to be
verified without a computer. However, computations in finite fields lead to important applications of Abstract
Algebra to everyday life — chiefly throughcoding theorywhich has been used to designerror-correction
in digital representations of data as well as providing encryption for secure communication.

Difficulty of managing the data in hand computation hides the fact that the Euclidean Algorithm is an
easy, fast and reliable process on a computer. When combined with the fact that every element in the field
with q elements satisfiesxq − x = 0, one gets that there is a single Euclidean algorithm calculation that
determines whether a polynomial has any factors of degreed for anyd. Performing this test ford up to half
the degree of a polynomial can certify that a polynomial is irreducible. The size of the fieldF enters only
through a requirement that calculations be done with quantities that give an unambiguous representation of
elements ofF . This leads to bounds on time and space requirements of the computation that are bounded
by a power of the logarithm of the number of elements in the field. This is much smaller than thecountof
the number of elements used in a search for a root of the polynomial.
Constructions of fields. If f (x) is an irreducible polynomial of degreen over the fieldF , andM is the ideal
of multiples off (x) in F [x], thenM is a maximal ideal andF [x]/M is an extension field ofF containing
a root off (x). If this field is considered as a vector space ofF (by forgettingall of the multiplication in
F [x]/M except when the first factor belongs toF ), it has a basis consisting of

{
xj : 0 ≤ j < n

}
, so has

dimensionn. This construction was considered in Section 5.3 and plays an important role in a number of
classical results towards we have aiming without actually reaching them.

On such result is the impossibility of trisecting a general angle (or, to be very specific, an angle of
π/3). In outline, this is done by showing that a single construction allowed by Euclidean geometry can only
introduce a point whose coordinates lie in a field extension of degree at most 2 over the field generated by the
coordinates of previously known points. No sequence of such operations can lead to an element satisfying
a cubic equation over the field of coordinates of initially-known points.
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Another result is the impossibility of solving (most) equations of degree 5 or more by the extraction
of roots. Formulas for solving equations of degree at most 4 were known since the middle of the 16th

century. By the 19th century, the process of solving equations had been abstracted to the point where one
could describe what happens in different methods of solving equations. TheGalois theorydrew on all of
the algebra that we have been developing to show that more than extraction of roots is needed to solve
equations. The key idea was to construct a field that containsall roots of the equation under consideration.
The operation of permuting the roots leads to a group of automorphisms of this field extension, and the order
of this group is equal to the degree of the field extension. If the equation can be solved by radicals, this
group will contain a chain of subgroups, each one normal in the next largest subgroup with abelian quotient.
However, the general equation of degreen is associated withSn, andSn, for n ≥ 5 has only the alternating
group as a proper normal subgroup, and the alternating group has no proper normal subgroups. There are
some technical difficulties requiring that allnth roots of unity be added to the field before attempting to
extractnth roots. This was annoying in the early days of the subject (before complex numbers), but cause
no difficulty in the modern treatment. To introduce this, some lecture time was devoted to the properties of
cubic equations and their solutions.

The problems dealing with extension fields should be done carefully because of their connection to
important problems in the history of the subject, even if they seem to barely scratch the surface.
More on algebraic numbers. The construction of field extensions can be copied over a ring if the polynomial
is monic, i.e., has all coefficients in the ring and coefficient of the highest degree term equal to 1. Rings
obtained by extending the integers by roots ofx2 + 1, x2 − x + 5, andx2 − 10 appeared in workshop
problems andx2 + 5 figured in a problem on the second exam. These rings have much in common with
the ring of integers. Even when they fail to have unique factorization, they have several useful properties
that serve as a replacement. Although the search for unique factorization played an important role in the
development of the theory of commutative rings, it is a very special property. It has become important to
know how we can work around it. Computation in these rings is a lively subject, to which we have given
only a brief introduction.

The abstract approach leads to a very easy way to write an equation satisfied by sums and products of
algebraic numbers whose defining equations are known. Problem 7 in Section 5.3 is a very simple example
of this — perhaps too simple. In general, one should look for a polynomial whose degree is the product of
the degrees of the numbers being combined. However, in return for accepting a large degree, you get a very
simple description of the polynomial.
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