
S
u
p
p
le
m
e
n
ta
r
y
n
o
te
s
o
n
d
u
a
lity

M
a
th
3
5
4
,
S
p
r
in
g
2
0
0
6

T
h
is
is
a
su
p
p
lem
en
t
to
S
ection
s
3.1,
3.2,
an
d
3.3.
It
ad
d
resses
th
e

D
u
ality
T
h
eorem
of
S
ection
3.2
from
th
e
con
crete
p
ersp
ective
of
tab
leau
x
.

It
gives
m
ore
d
etails
ab
ou
t
th
e
im
p
ortan
t
id
ea
of
com
p
lem
en
tary
slack
n
ess.

F
in
ally
it
in
tro
d
u
ces
th
e
\p
rim
al-d
u
al"
m
eth
o
d
,
a
p
op
u
lar
varian
t
of
th
e

sim
p
lex
m
eth
o
d
,
n
ot
covered
in
th
e
tex
t.

L
et's
say
th
at
w
e
h
ave
a
L
P
P
(P
)
in
stan
d
ard
form
,
an
d
its
d
u
al
(D
):

(P
)

(D
)

M
ax
im
ize
z
P

=
c
T
x

M
in
im
ize
z
D

=
b
T
w

su
b
ject
to

su
b
ject
to

A
x

�
b

A
T
w

�
c

x

�
0

w

�
0

H
ere
A

is
an
y
m

�
n
m
atrix
,
x

=

[x
1

���
x
n
] T
is
th
e
colu
m
n
vector

of
p
rim
al
variab
les
an
d
w

=

[w
1

���
w
m
] T
is
th
e
colu
m
n
vector
of
d
u
al

variab
les.
A
lso
c
is
a
colu
m
n
vector
in
R
n

an
d
b
a
colu
m
n
vector
in
R
m
,

each
p
lay
in
g
th
e
role
of
\cost
vector"
in
on
e
p
rob
lem
an
d
\resou
rce
vector"

in
th
e
oth
er.

1
.
S
ta
n
d
a
r
d
F
o
r
m
,
S
la
c
k
V
a
r
ia
b
le
s,
C
a
n
o
n
ic
a
l

F
o
r
m

In
th
is
totally
p
ed
estrian
section
w
e
p
rep
are
for
fu
rth
er
an
aly
sis
b
y

p
u
ttin
g
(D
)
in
stan
d
ard
form
,
an
d
th
en
p
u
ttin
g
b
oth
p
rob
lem
s
in
can
on
ical

form
.
N
oth
in
g
n
ew
is
h
ap
p
en
in
g
h
ere,
b
u
t
keep
you
r
eye
on
th
e
n
otation
.

T
h
e
reason
is
th
at
slack
variab
les
w
ill
tu
rn
ou
t
to
b
e
a
key
con
n
ector
b
e-

tw
een
(P
)
an
d
(D
),
so
w
e
w
ill
u
se
carefu
lly
ch
osen
n
otation
for
th
em
th
at

is
a
b
it
u
n
orth
o
d
ox
.

F
irst,
p
u
ttin
g
(D
)
in
stan
d
ard
form
m
ean
s
ch
an
gin
g
th
e
m
in
im
ization

p
rob
lem
to
a
m
ax
im
ization
p
rob
lem
,
an
d
reversin
g
th
e
in
eq
u
ality
sign
in

1
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4
,
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s
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p
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t
e
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:
d
u
a
l
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2

th
e
con
strain
t
A
w

�
c
.
O
u
r
p
rob
lem
s
th
en
read
as
follow
s.
T
h
e
resu
ltin
g

p
rob
lem
(D
0)
is
eq
u
ivalen
t
to
(D
).

(P
)

(D
0)

M
ax
im
ize
z
P

=
c
T
x

M
ax
im
ize
�
z
D

=
(�
b
)
T
w

su
b
ject
to

su
b
ject
to

A
x

�
b

(�
A
T
)
w

�
(�
c
)

x

�
0

w

�
0

N
ex
t,
can
on
ical
form
.
F
or
(P
),
in
tro
d
u
ce
slack
variab
les
w
�1
;:::;w
�m
,

for
th
e
con
strain
ts
n
u
m
b
ered
1
;:::;m
,
resp
ectively.
(T
h
e
n
am
es
are
an

im
p
ortan
t
aid
in
keep
in
g
track
of
th
e
situ
ation
.)
L
ikew
ise
in
tro
d
u
ce
slack

variab
les
for
(D
0),
called
x
�1
;:::;x
�n
.
In
can
on
ical
form
,
(P
)
an
d
(D
0)
are

(P
)

(D
0)

M
ax
im
ize
z
P

=
c
T
x

=
C
T
X

M
ax
im
ize
�
z
D

=
�
b
T
w

=
�
B

T
W

su
b
ject
to

su
b
ject
to

[A
jI
]X

=
b

[I
j
�
A
T
]W

=
�
c

X

�
0

W

�
0

X

= 266666664
x
1...x

n
w
�1

...
w
�m 377777775

;

B

= �
0b �

= 266666664
0...0b

1...b
m 377777775

,
W

= 266666664
x
�1...x

�n
w
1

...
w
m 377777775

;

C

= �
c0 �

= 266666664
c
1...c

n0...0 377777775

T
h
e
u
n
orth
o
d
ox
th
in
g
is
th
at
w
e
h
a
v
e
p
u
t
th
e
sla
c
k
v
a
r
ia
b
le
s
fo
r

(D
0)
�
r
st
in
W

,
in
ste
a
d
o
f
la
st.
T
h
is
is
very
h
elp
fu
l
for
th
is
th
eoretical

d
iscu
ssion
.
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3

2
.
D
u
a
lity
G
a
p
;
th
e
W
e
a
k
D
u
a
lity
T
h
e
o
r
e
m

S
u
p
p
ose
th
at
X

an
d
W

as
ab
ove
are
solu
tion
s
to
th
e
can
on
ical
form

version
s
of
(P
)
an
d
(D
').
T
h
en
th
e
slack
variab
les
w
�1
;:::;w
�m

m
ake
u
p
th
e

d
i�
eren
ce
b
etw
een
A
x

an
d
b
.
T
h
erefore

264
w
�1

...
w
�m 375

=
b
�
A
x
;
an
d
so
X

= �
x

b
�
A
x �
:

S
im
ilarly
x
�1
;:::;x
�n

m
ake
u
p
th
e
d
i�
eren
ce
b
etw
een
c
an
d
A
T
w
.
T
h
erefore

264
x
�1...x

�n 375
=
A
T
w

�
c
:

T
h
is
im
p
lies
th
e
u
sefu
l
\D
u
ality
G
ap
"
id
en
tity
:

(A
)

X

�
W

=
(�
c
+
A
T
w
)
T
x
+
w
T
(
b
�
A
x
)
=
�
c
T
x
+
w
T
b

X

�
W

=
�
c
T
x
+
b
T
w
:

F
u
rth
erm
ore,
x

is
a
feasib
le
solu
tion
of
(P
)
if
an
d
on
ly
if
X

�
0
,
an
d
w

is

a
feasib
le
solu
tion
of
(D
)
if
an
d
on
ly
if
W

�
0
.
A
n
im
m
ed
iate
con
seq
u
en
ce

of
th
ese
ob
servation
s
is
th
e
W
eak
D
u
ality
T
h
eorem
,
w
h
ich
in
tu
rn
h
as
som
e

im
p
ortan
t
corollaries.

W
e
a
k
D
u
a
lity
T
h
e
o
r
e
m
.
L
et
x

a
n
d
w

be
fe
a
sib
le
so
lu
tio
n
s
o
f
(P
)
a
n
d

(D
),
respectively.
T
h
en

z
D
(
w
)
�
z
P
(
x
);
th
a
t
is,
b
T
w

�
c
T
x
:

P
r
o
o
f.
S
in
ce
x

an
d
w

are
feasib
le,
X

�
0
an
d
W

�
0
.
H
en
ce,
X

�
W

�
0.

B
y
th
e
D
u
ality
G
ap
,
b
T
w

�
c
T
x
.
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p
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C
o
r
o
lla
r
y
1
.
If
eith
er
(P
)
o
r
(D
)
is
a
n
u
n
bo
u
n
d
ed
L
P
P
,
th
en
th
e
o
th
er

o
n
e
is
a
n
in
fea
sible
L
P
P
.

C
o
r
o
lla
r
y
2
.
S
u
p
po
se
th
a
t
x
0

is
a
fea
sible
so
lu
tio
n
o
f
(P
),
a
n
d
th
a
t
w
0

is

a
fea
sible
so
lu
tio
n
o
f
(D
).
S
u
p
po
se
a
lso
th
a
t
b
T
w
0

=
c
T
x
0 .
T
h
en
x
0

a
n
d

w
0

a
re
o
p
tim
a
l
so
lu
tio
n
s
o
f
(P
)
a
n
d
(D
),
respectively.

P
r
o
o
f.
L
et's
sh
ow
th
at
x
0

is
an
op
tim
al
solu
tion
for
(P
).
W
e
k
n
ow
it's
a

feasib
le
solu
tion
.
L
et
x

b
e
an
y
feasib
le
solu
tion
for
(P
).
T
h
en

c
T
x
0

=
b
T
w
0

�
c
T
x
;

b
y
assu
m
p
tion
(=
)
an
d
th
e
W
eak
D
u
ality
T
h
eorem
(�
).
S
in
ce
th
is
h
old
s

for
an
y
feasib
le
solu
tion
x
,
x
0

is
an
op
tim
al
solu
tion
of
(P
).

T
h
e
p
ro
of
for
w
0

is
sim
ilar.

3
.
C
o
m
p
le
m
e
n
ta
r
y
S
la
c
k
n
e
ss

A
gain
given
a
p
air
of
vectors
X

an
d
W

as
ab
ove,
th
ey
m
ay
or
m
ay
n
ot

h
ave
an
im
p
ortan
t
p
rop
erty
k
n
ow
n
as
c
o
m
p
le
m
e
n
ta
r
y
sla
c
k
n
e
ss,
or
ju
st

c
o
m
p
le
m
e
n
ta
r
ity
.
T
h
is
p
rop
erty
stip
u
lates
th
at

x
i x
�i
=
0
an
d
w
�j
w
j
=
0
for
all
i
=
1
;:::;n
an
d
j
=
1
;:::;m
.

In
oth
er
w
ord
s,
th
is
p
rop
erty
h
old
s
if
an
d
on
ly
if
for
each
of
th
e
n
+
m

p
osition
s,
on
e
or
b
oth
of
th
e
vectors
X

an
d
W

h
as
a
0
en
try.
E
ach
p
osition

corresp
on
d
s
to
a
variab
le
x
i
or
w
j
for
(P
)
or
(D
),
an
d
th
e
slack
variab
le
x
�i

or
w
�j

for
th
e
con
strain
t
in
th
e
d
u
al
p
rob
lem
.

S
o
com
p
lem
en
tary
slack
n
ess
m
ean
s
th
at
if
som
e
variab
le
for
(th
e
stan
d
ard

form
p
rob
lem
)
(P
)
or
(D
)
is
n
on
zero,
th
en
b
oth
sid
es
of
th
e
corresp
on
d
in
g

con
strain
t
in
eq
u
ality
in
(D
)
or
(P
)
are
eq
u
al,
i.e.,
th
e
corresp
on
d
in
g
slack

variab
le
for
(D
)
or
(P
)
eq
u
als
0.

C
om
p
lem
en
tarity
clearly
im
p
lies
th
at
X

�
W

=
0.
O
n
th
e
oth
er
h
an
d
if

X

�
W

=
0,
th
en
com
p
lem
en
tarity
n
eed
n
ot
h
old
,
b
ecau
se
X

an
d
W

can

h
ave
n
egative
en
tries.
H
o
w
e
v
e
r,
if
X

�
0
an
d
W

�
0
an
d
X

�
W

=
0,

th
en
X

an
d
W

are
com
p
lem
en
tary.
In
th
is
case
th
e
d
ot
p
ro
d
u
ct
is
a
su
m

of
n
on
n
egative
term
s,
an
d
so
can
on
ly
b
e
zero
if
all
th
e
term
s
are
zero.

C
om
p
lem
en
tarity
an
d
op
tim
ality
are
closely
related
.
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C
o
m
p
le
m
e
n
ta
r
y
S
la
c
k
n
e
ss
T
h
e
o
r
e
m
.
L
et
x
,
w
,
X

a
n
d
W

be
a
s
a
bo
ve.

S
u
p
po
se
th
a
t
x

a
n
d
w

a
re
fe
a
sib
le
so
lu
tio
n
s
fo
r
(P
)
a
n
d
(D
),
respectively.

T
h
en

x

a
n
d
w

a
re
o
p
tim
a
l
so
lu
tio
n
s
fo
r
(P
)
a
n
d
(D
)
(resp
.)

(
)

X

a
n
d
W

sa
tisfy
co
m
p
lem
en
ta
ry
sla
ckn
ess.

F
u
rth
erm
o
re,
w
h
en
th
is
occu
rs,
c
T
x

=
b
T
w
.

P
r
o
o
f
o
f
(
=
.
C
om
p
lem
en
tary
slack
n
ess
im
p
lies
X

�
W

=
0.
B
y
th
e
D
u
ality

G
ap
c
T
x

=
b
T
w
.
B
y
C
orollary
2
to
th
e
W
eak
D
u
ality
T
h
eorem
,
x

an
d
w

are
op
tim
al
solu
tion
s
of
(P
)
an
d
(D
),
resp
ectively.

T
h
e
p
ro
of
of
=
)

is
h
ard
er
an
d
w
ill
b
e
given
b
elow
.

4
.
C
o
r
r
e
sp
o
n
d
in
g
B
a
sic
S
o
lu
tio
n
s
o
f
(P
)
a
n
d
(D
)

A
b
asic
solu
tion
X

to
(P
)
h
as
m

b
asic
variab
les
an
d
n
n
on
-b
asic
vari-

ab
les;
a
b
asic
solu
tion
W

to
(D
)
h
as
n
b
asic
variab
les
an
d
m

n
on
b
asic

variab
les.
S
in
ce
n
on
b
asic
variab
les
are
0,
X

an
d
W

cou
ld
b
e
a
p
erfect
�
t

for
com
p
lem
en
tary
slack
n
ess,
w
ith
X

h
av
in
g
b
asic
variab
les
ju
st
w
h
ere
W

h
as
n
on
b
asic
variab
les
(an
d
v
ice-versa).

D
e
�
n
itio
n
.
L
et
X

a
n
d
W

be
ba
sic
so
lu
tio
n
s
to
(P
)
a
n
d
(D
),
respectively.

W
e
w
ill
sa
y
th
a
t
X

a
n
d
W

c
o
r
r
e
sp
o
n
d
if
a
n
d
o
n
ly
if
fo
r
ea
ch
i
=
1
;:::;n

a
n
d
ea
ch
j
=
1
;:::;m
,
exa
ctly
o
n
e
o
f
x
i

a
n
d
x
�i

is
a
ba
sic
va
ria
ble
a
n
d

exa
ctly
o
n
e
o
f
w
j
a
n
d
w
�j

is
a
ba
sic
va
ria
ble.

C
orresp
on
d
in
g
b
asic
solu
tion
s
are
v
e
r
y
closely
related
,
in
th
e
follow
in
g

w
ay
s.

P
R
O
P
E
R
T
Y

1
.

C
orresp
on
d
in
g
b
asic
solu
tion
s
X

an
d
W

of
(P
)
an
d

(D
)
satisfy
com
p
lem
en
tary
slack
n
ess.

P
rop
erty
(1)
is
n
ot
h
ard
to
see,
b
ecau
se
for
each
i,
eith
er
x
i
or
x
�i

is

n
on
b
asic,
so
eith
er
x
i
=
0
or
x
�i
=
0,
so
x
i x
�i
=
0.

P
R
O
P
E
R
T
Y

2
.

F
or
each
b
asic
solu
tion
X

of
(P
)
(an
d
ch
oice
of
b
asic

variab
les),
th
ere
is
a
u
n
iq
u
e
corresp
on
d
in
g
b
asic
solu
tion
W

of
(D
)
(an
d

ch
oice
of
b
asic
variab
les).
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In
d
eed
th
e
b
asic
variab
les
of
X

b
ein
g
given
,
th
e
b
asic
variab
les
of
W

are
th
en
d
eterm
in
ed
,
an
d
so
W

is
d
eterm
in
ed
.

P
R
O
P
E
R
T
Y

3
.

L
et
X

an
d
W

b
e
corresp
on
d
in
g
b
asic
solu
tion
s
of
(P
)

an
d
(D
).
L
et
T
X

an
d
T
W

b
e
tab
leau
x
for
(P
)
an
d
(D
)
corresp
on
d
in
g
to
X

an
d
W

,
resp
ectively.
D
elete
(or
ign
ore)
th
e
b
asic
colu
m
n
s
of
T
X

an
d
T
W

to
ob
tain
array
s
T
oX

an
d
T
oW

.
T
h
en

(a)
T
h
e
valu
es
of
z
0

in
T
oX

an
d
T
oW

are
n
egatives
of
each
oth
er.

(b
)
T
h
e
resou
rce
colu
m
n
of
T
oX

is
\id
en
tical"
to
th
e
tran
sp
ose
of
th
e
ob
-

jective
row
of
T
oW

,
an
d
v
ice-versa.

(c)
T
h
e
cen
tral
p
ortion
of
T
oX

is
\id
en
tical"
to
th
e
n
egative
tran
sp
ose
of

th
e
cen
tral
p
ortion
of
T
oW

.

T
h
e
w
ord
\id
en
tical"
is
in
q
u
otation
m
ark
s
b
ecau
se
(b
)
an
d
(c)
are
n
ot

literally
tru
e.
L
et's
u
se
th
e
follow
in
g
con
ven
tion
:
if
g
is
on
e
of
th
e
variab
le

n
am
es
for
X

,
th
en
g
0

is
th
e
corresp
on
d
in
g
variab
le
n
am
e
for
W

{
ob
tain
ed

eith
er
b
y
ad
d
in
g
or
rem
ov
in
g
th
e
asterisk
.
S
o
if
g
=
x
i
th
en
g
0

=
x
�i ;
if

g
=
w
�j

th
en
g
0

=
w
j .
In
(c),
every
en
try
a
g
h

of
T
oX

is
in
a
row
lab
elled
b
y

a
variab
le
g
in
X

,
an
d
a
colu
m
n
lab
elled
b
y
a
variab
le
h
in
X

.
A
sim
ilar

lab
ellin
g
sy
stem
h
old
s
for
en
tries
a
0g

0h
0

in
T
oW

.
W
h
at
(c)
asserts
is
th
at

a
g
h

=
�
a
0h

0g
0 ;
for
all
b
asic
g
an
d
n
on
b
asic
h
in
X

.

N
otice
th
at
g
0

is
n
on
b
asic
in
W

an
d
h
0

is
b
asic
in
W

.

S
im
ilarly
(b
)
m
ean
s
th
at
th
e
ob
jective
row
en
try
of
T
oX

for
a
n
on
b
asic

variab
le
g
eq
u
als
th
e
resou
rce
colu
m
n
en
try
of
T
oW

for
th
e
(b
asic!)
variab
le

g
0.
A
n
d
a
sim
ilar
con
n
ection
h
old
s
b
etw
een
th
e
ob
jective
row
of
T
oW

an
d

th
e
resou
rce
colu
m
n
of
T
oX

.

P
rop
erties
(2)
an
d
(3)
are
n
ot
ob
v
iou
s.
T
h
eir
p
ro
ofs
are
given
in
ex
ercises

b
elow
.

H
ere
is
an
ex
am
p
le.
It
is
on
ly
to
illu
strate
th
e
ab
ove
p
rop
erties;
w
e
are

n
ot
actu
ally
goin
g
to
solve
a
L
P
P
.
C
on
sid
er
th
e
follow
in
g
p
rim
al-d
u
al
p
air:
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(P
)

(D
0)

M
ax
im
ize
2
x
1

�
3
x
2

M
ax
im
ize
�
3
w
1

+
2
w
2

+
w
3

su
b
ject
to

su
b
ject
to

4
x
1

�
x
2

�
3

�
4
w
1

�
3
w
2

+
w
3

�
�
2

3
x
1

+
5
x
2

�
�
2

w
1

�
5
w
2

�
2
w
3

�
3

�
x
1

+
2
x
2

�
�
1

w
1

�
0

x
1

�
0

w
2

�
0

x
2

�
0

w
3

�
0

A
fter
in
tro
d
u
cin
g
th
e
slack
variab
les,
w
e
can
con
sid
er
th
e
in
itialtab
leau
x
:

(P
)

x
1

x
2

w
�1

w
�2

w
�3

w
�1

4
�
1
1

0

0

3

w
�2

3

5

0

1

0

�
2

w
�3

�
1
2

0

0

1

�
1

�
2
3

0

0

0

0

(D
0)x

�1

x
�2

w
1

w
2

w
3

x
�1

1

0
�
4
�
3
1

�
2

x
�2

0

1

1
�
5
�
2

3

0

0

3
�
2
�
1

0

N
otice
th
at
if
you
ign
ore
th
e
b
asic
colu
m
n
s
an
d
ign
ore
stars,
th
e
tab
leau
x

are
tran
sp
oses
of
each
oth
er,
w
ith
m
in
u
s
sign
s
in
serted
in
th
e
core
an
d
th
e

ob
jective
fu
n
ction
valu
e
z
0 .
T
h
is
is
w
h
at
(3)
say
s.

N
ow
let's
con
sid
er
an
oth
er
b
asic
solu
tion
for
(P
),
say
th
e
on
e
w
ith
b
asic

variab
les
x
1 ,
x
2 ,
w
�3 .
T
h
e
corresp
on
d
in
g
b
asic
solu
tion
for
(D
0)
h
as
b
asic

variab
les
w
1 ;w
2 .
U
sin
g
row
op
eration
s
to
create
a
3
�
3
id
en
tity
m
atrix
in

th
e
x
1 ;x
2 ;w
�3

colu
m
n
s
of
th
e
in
itial
(P
)
tab
leau
,
w
e
get
th
e
(P
)
tab
leau
for

th
e
n
ew
b
asic
solu
tion
.
S
im
ilarly,
th
e
n
ew
(D
0)
tab
leau
com
es
from
p
ivotin
g

in
th
e
in
itial
(D
0)
tab
leau
,
to
m
ake
a
2
�
2
id
en
tity
m
atrix
in
th
e
w
1 ;w
2

colu
m
n
s.
T
h
e
n
ew
p
air
of
corresp
on
d
in
g
tab
leau
x
is
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p
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(P
)

x
1

x
2

w
�1

w
�2

w
�3

x
1

1

0

52
3

12
3

0

1
3

2
3

x
2

0

1
�
32

3

42
3

0

�
1
7

2
3

w
�3

0

0

1
1

2
3

�
72

3

1

2
4

2
3

0

0

1
9

2
3

�
1
0

2
3

0

7
7

2
3

(D
0)

x
�1

x
�2

w
1

w
2

w
3

w
1

�
52

3

32
3

1

0
�
1
1

2
3

1
9

2
3

w
2

�
12

3

�
42

3

0

1

72
3

�
1
0

2
3

1
3

2
3

�
1
7

2
3

0

0

2
4

2
3

�
7
7

2
3

an
d
again
(3)
is
tru
e{lo
ok
at
th
e
n
u
m
b
ers!

5
.
F
e
a
sib
ility
a
n
d
th
e
O
p
tim
a
lity
C
r
ite
r
io
n

W
e
can
d
raw
several
u
sefu
l
con
clu
sion
s
from
th
ese
relation
sh
ip
s.

W
e
k
n
ow
th
at
each
tab
leau
for
a
L
P
P
corresp
on
d
s
to
a
b
asic
solu
tion
of

th
at
L
P
P
.
A
lso,
a
b
asic
solu
tion
is
feasib
le
if
an
d
on
ly
if
th
e
corresp
on
d
in
g

tab
leau
is
\feasib
le"
in
th
e
sen
se
th
at
all
en
tries
of
th
e
resou
rce
colu
m
n
are

�
0
(ex
cep
t
p
ossib
ly
z
0 ).

W
e'll
call
a
tab
leau
\d
u
al-feasib
le"
if
an
d
on
ly
if
all
en
tries
of
th
e
ob
jec-

tive
row
are
�
0
(ex
cep
t
p
ossib
ly
z
0 ).

P
rop
erty
(3)
m
akes
th
is
reason
ab
le.

A
s
b
efore,
let
T
X

an
d
T
W

b
e

tab
leau
x
for
corresp
on
d
in
g
b
asic
solu
tion
s
of
(P
)
an
d
(D
0).
T
h
en
b
y
P
rop
-

erty
(3),
T
X

is
d
u
al-feasib
le
if
an
d
on
ly
if
T
W

is
d
u
al-feasib
le,
an
d
v
ice-versa.

W
e
u
sed
to
call
d
u
al-feasib
ility
th
e
\op
tim
ality
criterion
".
T
h
is
w
as
w
h
en

w
e
w
ere
d
ealin
g
on
ly
w
ith
fe
a
sib
le
tab
leau
x
.
A
tab
leau
th
at
is
fe
a
sib
le

a
n
d
d
u
a
l-fe
a
sib
le
corresp
on
d
s
to
an
op
tim
al
solu
tion
of
th
e
u
n
d
erly
in
g

L
P
P
.
B
u
t
b
ew
are:
a
n
on
-feasib
le
tab
leau
satisfy
in
g
th
e
op
tim
ality
criterion

d
o
es
N
O
T

n
ecessarily
corresp
on
d
to
an
op
tim
al
solu
tion
of
th
e
L
P
P
.
T
h
e

com
m
on
term
in
ology
is
con
fu
sin
g.

W
e
can
ad
d
th
ree
m
ore
p
rop
erties
to
ou
r
list.

P
R
O
P
E
R
T
Y

4
.
F
or
th
e
p
air
T
X

an
d
T
W

,
on
e
of
th
em
is
feasib
le
if
an
d

on
ly
if
th
e
oth
er
on
e
is
d
u
al-feasib
le.
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P
R
O
P
E
R
T
Y

5
.
T
X

is
b
oth
feasib
le
an
d
d
u
al-feasib
le
if
an
d
on
ly
if
T
W

is

b
oth
feasib
le
an
d
d
u
al-feasib
le.
In
th
is
case,
th
e
tab
leau
x
rep
resen
t
op
tim
al

solu
tion
s
of
(P
)
an
d
(D
0),
an
d
th
e
op
tim
al
valu
es
of
(P
)
an
d
(D
)
are
eq
u
al.

(In
P
rop
erty
(5),
th
e
z
0

en
tries
of
T
X

an
d
T
W

are
n
egatives
of
each
oth
er,

b
u
t
rem
em
b
er
th
at
to
con
vert
(D
)
to
(D
0),
w
e
ch
an
ged
a
m
in
im
ization

p
rob
lem
ch
an
ged
to
a
m
ax
im
ization
b
y
n
egatin
g
th
e
ob
jective
fu
n
ction
.
S
o

th
e
op
tim
al
valu
es
of
(P
)
an
d
(D
)
are
eq
u
al.)

P
R
O
P
E
R
T
Y

6
.
If
eith
er
(P
)
or
(D
)
h
as
an
op
tim
al
solu
tion
,
th
en
so
d
o
es

th
e
oth
er,
an
d
th
e
op
tim
al
valu
es
of
th
e
tw
o
ob
jective
fu
n
ction
s
coin
cid
e.

(In
P
rop
erty
(6),
if
(P
)
h
as
an
op
tim
al
solu
tion
,
th
en
th
e
tw
o-p
h
ase

m
eth
o
d
w
ill
�
n
d
an
op
tim
al
solu
tion
.
T
h
erefore
th
ere's
a
feasib
le
an
d
d
u
al-

feasib
le
tab
leau
T
X

.
W
ith
th
e
corresp
on
d
in
g
tab
leau
T
W

for
(D
0),
P
rop
erty

(5)
ap
p
lies
an
d
tells
u
s
w
h
at
w
e
w
an
t.)

N
ow
w
e
can
p
rove
th
e
=
)

d
irection
of
th
e
C
om
p
lem
en
tary
S
lack
n
ess

T
h
eorem
:
if
x

an
d
w

are
op
tim
al
solu
tion
s
to
(P
)
an
d
(D
0)
as
ab
ove,
th
en

X

an
d
W

are
com
p
lem
en
tary.

B
y
assu
m
p
tion
x

an
d
w

are
certain
ly
feasib
le,
so
X

�
0
an
d
W

�
0
.

In
d
eed
x

an
d
w

are
op
tim
al
so
b
y
P
rop
erty
(6),
b
T
w

=
c
T
x
.
T
h
erefore
b
y

th
e
D
u
ality
G
ap
,
X

�
W

=
0.
B
u
t
X

�
0
an
d
W

�
0
,
so
X

an
d
W

m
u
st

b
e
com
p
lem
en
tary.
(T
h
e
d
ot
p
ro
d
u
ct
is
a
su
m
of
n
on
n
egative
term
s,
an
d
is

0,
so
each
term
m
u
st
b
e
0.)

6
.
T
h
e
D
u
a
lity
T
h
e
o
r
e
m

T
h
e
D
u
ality
T
h
eorem
is
th
e
m
ost
im
p
ortan
t
th
eorem
in
lin
ear
op
tim
iza-

tion
.
It
com
es
from
P
rop
erty
(6),
C
orollary
1
to
th
e
W
eak
D
u
ality
T
h
eorem
,

an
d
p
art
of
th
e
C
om
p
lem
en
tary
S
lack
n
ess
T
h
eorem
.
Y
ou
sh
ou
ld
con
v
in
ce

you
rself
th
at
w
ith
th
ese
resu
lts,
th
e
D
u
ality
T
h
eorem
is
com
p
letely
p
roved
.

D
u
a
lity
T
h
e
o
r
e
m
.
C
o
n
sid
er
a
L
P
P
(P
)
a
n
d
its
d
u
a
l
(D
).
If
eith
er
p
ro
b-

lem

is
u
n
bo
u
n
d
ed
,
th
en
th
e
o
th
er
is
in
fea
sible.
If
eith
er
p
ro
blem

h
a
s
a
n

o
p
tim
a
l
so
lu
tio
n
,
th
en
so
d
oes
th
e
o
th
er,
a
n
d
th
e
o
p
tim
a
l
va
lu
es
o
f
th
e
o
b-

jective
fu
n
ctio
n
s
fo
r
th
e
tw
o
p
ro
blem
s
a
re
th
e
sa
m
e.
F
in
a
lly,
a
n
y
o
p
tim
a
l

so
lu
tio
n
s
o
f
(P
)
a
n
d
(D
)
sa
tisfy
co
m
p
lem
en
ta
ry
sla
ckn
ess.
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7
.
M
o
r
e
o
n
U
n
b
o
u
n
d
e
d
n
e
ss
a
n
d
In
fe
a
sib
ility

T
h
e
u
n
b
ou
n
d
ed
n
ess
criterion
is
th
at
som
e
en
try
of
th
e
ob
jective
row
is

n
egative,
an
d
th
e
colu
m
n
ab
ove
it
con
tain
s
n
o
p
ositive
en
try.
F
rom

ou
r

in
itial
stu
d
y
of
th
e
sim
p
lex
m
eth
o
d
,
w
e
k
n
ow
th
at

If
a
fe
a
sib
le
tab
leau
of
a
L
P
P
satis�
es
th
e
u
n
b
ou
n
d
ed
n
ess

criterion
,
th
en
th
e
L
P
P
is
u
n
b
ou
n
d
ed
.

If
th
e
u
n
b
ou
n
d
ed
n
ess
criterion
h
old
s
in
T
X

,
th
en
T
W

satis�
es
th
e
\in
-

feasib
ility
criterion
":
som
e
en
try
of
th
e
righ
t-h
an
d
colu
m
n
is
n
egative,
an
d

th
e
row
to
its
left
con
tain
s
n
o
n
egative
en
try
in
a
colu
m
n
corresp
on
d
in
g
to

a
n
on
b
asic
variab
le.

W
h
en
a
tab
leau
satis�
es
th
is
in
feasib
ility
criterion
,
a
ll
th
e
en
tries
of
th
e

row
in
q
u
estion
are
n
on
n
egative;
in
th
e
b
asic
colu
m
n
s
w
e
see
on
ly
0's
an
d

1.
T
h
erefore
th
at
row
rep
resen
ts
a
con
strain
t
(C
)
w
ith
all
n
on
n
egative
co-

eÆ
cien
ts,
b
u
t
a
n
egative
righ
t
sid
e.
T
h
is
con
strain
t
(C
)
can
n
ot
b
e
satis�
ed

b
y
an
y
n
on
n
egative
valu
es
of
th
e
variab
les.
S
o
th
ere
can
n
ot
b
e
an
y
feasib
le

solu
tion
of
u
n
d
erly
in
g
L
P
P
.

If
a
n
y
tab
leau
of
a
L
P
P
satis�
es
th
e
in
feasib
ility
criterion
,

th
en
th
e
L
P
P
is
in
feasib
le,
i.e.,
h
as
n
o
feasib
le
solu
tion
.

T
h
is
ex
p
lain
s
again
w
h
y
th
e
d
u
al
of
an
u
n
b
ou
n
d
ed
L
P
P
is
in
feasib
le.

(S
ee
C
orollary
1
to
th
e
W
eak
D
u
ality
T
h
eorem
.)

B
u
t
n
otice
th
e
lack
of
sy
m
m
etry
:
for
u
n
b
ou
n
d
ed
n
ess
w
e
n
eed
a
fe
a
sib
le

tab
leau
satisfy
in
g
th
e
U
.C
.,
b
u
t
for
in
feasib
ility
an
y
tab
leau
satisfy
in
g
th
e

I.C
.
w
ill
d
o.
F
or
th
is
reason
it
is
p
ossib
le
th
at
th
e
d
u
al
of
an
in
feasib
le

p
rob
lem
m
ay
b
e
in
feasib
le
as
w
ell.

T
h
e
tex
t
gives
a
n
ice
ch
art
of
th
e
p
ossib
le
ou
tcom
es
for
a
p
rim
al
an
d

d
u
al
p
rob
lem
.

8
.
T
h
e
o
p
tim
a
l
v
a
lu
e
s
o
f
th
e
d
u
a
l
v
a
r
ia
b
le
s
a
r
e

in
th
e
o
p
tim
a
l
p
r
im
a
l
ta
b
le
a
u

In
d
eed
,
b
y
(1)
ab
ove,
th
e
valu
e
of
a
b
asic
variab
le
in
th
e
d
u
al
p
rob
lem

is
th
e
corresp
on
d
in
g
en
try
of
th
e
ob
jective
row
of
th
e
p
rim
al
tab
leau
.
T
h
e

n
on
-b
asic
variab
les
are
alw
ay
s
0
at
a
b
asic
solu
tion
.
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T
h
u
s
if
w
e
h
ave
solved
(P
)
b
y
reach
in
g
a
tab
leau
T
satisfy
in
g
th
e
feasi-

b
ility
an
d
op
tim
ality
criteria,
th
en
th
e
solu
tion
of
(D
)
can
b
e
read
o�
from

T
.
T
h
e
op
tim
al
valu
e
of
th
e
ob
jective
fu
n
ction
s
for
(P
)
an
d
(D
)
are
th
e

sam
e.
T
h
e
valu
es
of
th
e
d
u
al
variab
les
w
1 ;:::;w
m

can
b
e
fou
n
d
as
follow
s.

T
h
e
n
on
b
asic
on
es
are
of
cou
rse
0,
an
d
th
e
b
asic
on
es
are
in
th
e
ob
jective

row
of
th
e
�
n
al
(P
)-tab
leau
.

9
.
T
h
e
D
u
a
l
S
im
p
le
x
M
e
th
o
d

A
cou
p
le
of
rem
ark
s
h
ere.
T
h
e
ord
in
ary
(\p
rim
al")
sim
p
lex
m
eth
o
d
an
d

d
u
al
sim
p
lex
m
eth
o
d
ap
p
ly
to
d
i�
eren
t
k
in
d
s
of
startin
g
tab
leau
x
for
a
L
P
P
.

B
oth
aim
to
�
n
d
an
op
tim
al
solu
tion
of
th
e
L
P
P
,
b
u
t
if
n
o
op
tim
al
solu
tion

ex
ists,
th
e
tw
o
m
eth
o
d
s
fail
in
d
i�
eren
t
w
ay
s.

S
IM
P
L
E
X
:

an
y
feasib
le
tab
leau

�
!

an
op
tim
al
solu
tion
,

or
L
P
P
is
u
n
b
ou
n
d
ed

D
U
A
L
S
IM
P
L
E
X
:

an
y
d
u
al-feasib
le
tab
leau

�
!

an
op
tim
al
solu
tion
,

or
L
P
P
is
in
feasib
le

W
h
en
on
e
carries
ou
t
th
e
d
u
al
sim
p
lex
m
eth
o
d
on
tab
leau
x
T
X

for
a
L
P
P
,

th
e
corresp
on
d
in
g
tab
leau
x
T
W

for
th
e
d
u
al
p
rob
lem
are
goin
g
th
rou
gh
th
e

step
s
of
th
e
sim
p
lex
m
eth
o
d
.

1
0
.
E
x
e
r
c
ise
s

E
x
.
1
{
2
:
D
u
a
lity

1
.
F
o
r
a
certa
in
L
P
P
in
sta
n
d
a
rd
fo
rm
,
sla
ck
va
ria
b
les

h
av
e
b
een
in
tro
d
u
ced
a
n
d
th
e
sim
p
lex
m
eth
o
d
is

a
p
p
lied
.
A
t
a
certa
in
p
o
in
t
th
e
fo
llow
in
g
ta
b
lea
u
is

rea
ch
ed
.
W
h
a
t
is
th
e
ta
b
lea
u
fo
r
th
e
co
rresp
o
n
d
in
g

b
a
sic
so
lu
tio
n
o
f
th
e
d
u
a
l
p
ro
b
lem
?
W
h
a
t
a
re
th
e

cu
rren
t
va
lu
es
o
f
th
e
d
u
a
l
va
ria
b
les
w
1
,
w
2
,
w
3
?
Is

th
e
cu
rren
t
b
a
sic
so
lu
tio
n
o
p
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