
S
u
p
p
le
m
e
n
ta
r
y
n
o
te
s
o
n
e
x
tr
e
m
e
p
o
in
ts

M
a
th
3
5
4
-0
4
,
S
p
rin
g
2
0
0
6

T
h
is
is
a
su
p
p
lem
en
t
to
S
ection
s
1.3
an
d
1.4
of
th
e
tex
tb
o
ok
,
w
ith
a
m
ore
d
etailed

treatm
en
t
of
con
vex
p
oly
h
ed
ra
an
d
ex
trem
e
p
oin
ts.
W
e
also
estab
lish
th
e
E
x
trem
e

P
oin
t
T
h
eorem
,
w
h
ich
w
e
state
w
ith
a
m
in
or
correction
.

1
.
L
in
e
s
in
R
n

V
isu
alizin
g
R
n

for
n
>
3
is
a
ch
allen
ge,
to
say
th
e
least.
N
everth
eless,
e�
ective
an
d

sim
p
le
geom
etric
id
eas
can
b
e
b
rou
gh
t
in
to
th
e
stu
d
y
of
L
P
P
's
b
y
th
in
k
in
g
on
ly
ab
ou
t

p
oin
ts
an
d
lin
es
in
R
n
,
n
o
m
atter
h
ow
large
n
m
ay
b
e.
S
tartin
g
w
ith
an
y
tw
o
d
istin
ct

p
oin
ts
(colu
m
n
vectors)
u
;v
2
R
n
,
w
e
can
p
aram
etrize
th
e
lin
e
join
in
g
th
em
as

(A
)

x
=
x
(t)
=
u
+
t(v
�
u
)
=
(1
�
t)u
+
tv
;
�
1
<
t
<
1
:

E
ach
real
n
u
m
b
er
t
corresp
on
d
s
to
a
u
n
iq
u
e
p
oin
t
on
th
e
lin
e,
an
d
con
versely.

F
rom
th
is
p
aram
etrization
w
e
m
ay
th
in
k
of
th
e
lin
e
as
a
\t-ax
is."
T
h
e
p
oin
t
t
=
0
is

x
=
u
.
T
h
e
p
oin
t
t
=
1
is
x
=
v
.
T
h
e
p
oin
t
t
=
1=2
is
th
e
m
id
p
oin
t
b
etw
een
u
an
d

v
.
T
h
e
lin
e
se
g
m
e
n
t
b
etw
een
u
an
d
v
corresp
on
d
s
to
th
e
valu
es
0
�
t
�
1.
O
b
serve

th
at
th
e
co
eÆ
cien
ts
of
u
an
d
v
ad
d
u
p
to
1
at
e
v
e
ry
p
oin
t
of
th
e
w
h
ole
lin
e,
an
d

th
e
lin
e
se
g
m
e
n
t
is
p
recisely
th
at
p
ortion
of
th
e
lin
e
w
h
ere
th
e
co
eÆ
cien
ts
of
u
an
d

v
are
b
oth
n
on
n
egative.

2
.
L
in
e
a
r
F
u
n
c
tio
n
s
o
n
R
n

A
lin
e
a
r
fu
n
c
tio
n
o
n
R
n

is
a
real-valu
ed
fu
n
ction
f
d
e�
n
ed
on
R
n

b
y
a
form
u
la
1

f
(x
)
=
f
(x
1 ;:::;x
n
)
=
a
1 x
1

+
���+
a
n
x
n
;

in
w
h
ich
a
1 ;:::;a
n

are
con
stan
ts.
M
ore
com
p
actly
:

(B
)

f
(x
)
=
a
T
x
;

w
h
ere
a
T

=
[a
1

���
a
n
].

L
in
ear
fu
n
ction
s
o
ccu
r
in
L
P
P
's
in
tw
o
w
ay
s:
(a)
th
e
ob
jective
fu
n
ction
z
is
itself
a

lin
ear
fu
n
ction
;
an
d
(b
)
every
con
strain
t
is
of
th
e
form
f
(x
)
�
b,
f
(x
)
�
b
or
f
(x
)
=
b

for
som
e
lin
ear
fu
n
ction
f
an
d
som
e
con
stan
t
b.
E
ven
th
e
con
strain
ts
x
i
�
0
are
of

th
is
ty
p
e;
for
an
y
�
x
ed
i,
th
e
fu
n
ction
f
(x
)
=
x
i
is
d
e�
n
itely
a
lin
ear
fu
n
ction
.

1
T
e
rm
in
o
lo
g
y
d
isa
g
re
e
m
e
n
t:
S
o
m
e
m
a
th
e
m
a
tic
ia
n
s
a
llo
w
a
te
rm

+
b
in
a
\
lin
e
a
r"
fu
n
c
tio
n
.
T
h
e
y

w
o
u
ld
c
a
ll
o
u
r
f
a
lin
e
a
r
h
o
m
o
g
e
n
e
o
u
s
fu
n
c
tio
n
,
to
in
d
ic
a
te
th
a
t
th
e
re
is
n
o
+
b
te
rm

o
n
th
e
rig
h
t

sid
e
.
F
o
r
th
e
se
n
o
te
s
it
is
im
p
o
rta
n
t,
in
T
h
e
o
re
m

1
in
p
a
rtic
u
la
r,
th
a
t
th
e
re
b
e
n
o
+
b
te
rm
.

1
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r
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m
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t
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2

T
h
e
o
re
m

1
.
A
n
y
lin
ea
r
fu
n
ctio
n
f
o
n
R
n

h
a
s
th
e
p
ro
perty:

f
(cx
+
c
0x
0)
=
cf
(x
)
+
c
0f
(x
0)
fo
r
a
ll
c;c
0

2
R

a
n
d
a
ll
x
;
x
0

2
R
n
.

In
th
e
lan
gu
age
of
lin
ear
algeb
ra,
f
is
a
lin
ear
tran
sform
ation
from
R
n

to
R
.

P
roo
f.
W
ith
th
e
n
otation
of
E
q
.
(B
),
th
is
follow
s
from
b
asic
ru
les
of
m
atrix
algeb
ra:

f
(cx
+
c
0x
0)
=
a
T
(cx
+
c
0x
0)
=
a
T
(cx
)
+
a
T
(c
0x
0)

=
c(a
T
x
)
+
c
0(a
T
x
0)
=
cf
(x
)
+
c
0f
(x
0):

�

H
ere
is
a
com
fortin
g
con
seq
u
en
ce,
w
h
ich
is
im
p
ortan
t
for
th
ese
n
otes:
an
y
lin
ear

fu
n
ction
f
,
w
h
en
th
e
in
d
ep
en
d
en
t
variab
le
is
\restricted
"
to
a
sin
gle
lin
e
in
R
n
,
h
as

th
e
algeb
raic
form
fam
iliar
from
b
egin
n
in
g
algeb
ra.

T
h
e
o
re
m

2
.
L
et
`
be
a
lin
e
in
R
n
.
L
et
u
a
n
d
v
be
d
istin
ct
po
in
ts
o
n
`
a
n
d
pa
ra
m
-

etrize
`
a
s
in
(A
),
w
ith
pa
ra
m
eter
t.
L
et
f
be
a
n
y
lin
ea
r
fu
n
ctio
n
o
n
R
n
.
T
h
en
o
n

th
e
lin
e
`,
f
ta
kes
th
e
fo
llo
w
in
g
fo
rm
w
h
en
exp
ressed
in
term
s
o
f
th
e
pa
ra
m
eter
t:

(C
)

f
(x
)
=
f
(x
(t))
=
C
t
+
D

fo
r
certa
in
co
n
sta
n
ts
C
a
n
d
D
.

P
roo
f.
L
et
C
=
f
(v
�
u
)
an
d
D
=
f
(u
).
T
h
en
u
sin
g
T
h
eorem
1,

f
(x
)
=
f
(x
(t))
=
f
[u
+
t(v
�
u
)]
=
f
(u
)
+
tf
(v
�
u
)
=
C
t
+
D
:

�

C
o
ro
lla
ry
3
.
L
et
`
be
a
lin
e
in
R
n

a
n
d
let
f
be
a
lin
ea
r
fu
n
ctio
n
o
n
R
n
.
L
et
U
be

a
clo
sed
in
terva
l
o
r
clo
sed
ra
y
in
`.
T
h
en
o
n
e
o
f
th
e
fo
llo
w
in
g
h
o
ld
s:

(1)
O
n
U
,
f
is
co
n
sta
n
t.

(2)
A
t
po
in
ts
o
f
U
,
f
ta
kes
o
n
va
lu
es
ten
d
in
g
to
1
.

(3)

O
n
U
,
f
a
ssu
m
es
a
m
a
xim
u
m
va
lu
e
a
t
a
u
n
iqu
e
po
in
t
u
2
U
,
a
n
d
u
is
a
n

en
d
po
in
t
o
f
U
.

P
roo
f.
W
rite
f
(x
)
=
C
t
+
D

as
in
E
q
.
(C
).
C
ase
1:
S
u
p
p
ose
th
at
C
=
0.
T
h
en

f
is
con
stan
t
on
`,
h
en
ce
f
is
con
stan
t
on
U
,
an
d
(1)
h
old
s.
C
ase
2:
S
u
p
p
ose
th
at

C
>
0.
S
in
ce
U
is
a
closed
in
terval
or
a
closed
ray,
th
e
p
oin
ts
of
U
corresp
on
d
to
th
e

valu
es
of
th
e
p
aram
eter
t
satisfy
in
g
a
�
t
�
b,
or
t
�
b,
or
t
�
a
,
for
som
e
�
x
ed
real

n
u
m
b
ers
a
an
d
/or
b.
If
U
is
d
e�
n
ed
b
y
a
�
t
�
b
or
b
y
t
�
b,
th
en
sin
ce
C
>
0,
f

assu
m
es
a
m
ax
im
u
m
valu
e
on
ly
at
th
e
en
d
p
oin
t
t
=
b.
In
th
ese
cases
(3)
h
old
s.
If
U

is
d
e�
n
ed
b
y
t
�
a
,
th
en
(2)
h
old
s,
again
sin
ce
C
>
0.
C
ase
3:
C
<
0.
T
h
is
is
sim
ilar

to
C
ase
2;
d
etails
are
left
to
th
e
read
er.

�



3
5
4
,
s
0
4

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
e
x
t
r
e
m
e
p
o
in
t
s

3

3
.
C
o
n
v
e
x
P
o
ly
h
e
d
r
a

D
e
�
n
itio
n
.
A
c
o
n
v
e
x
p
o
ly
h
e
d
ro
n
in
R
n

is
th
e
set
o
f
a
ll
so
lu
tio
n
s
o
f
a
�
n
ite

system
o
f
lin
ea
r
in
equ
a
lities
a
n
d
equ
a
tio
n
s,
ea
ch
o
f
th
e
fo
rm

f
(x
)
�
b;
f
(x
)
=
b
o
r
f
(x
)
�
b

fo
r
so
m
e
lin
ea
r
fu
n
ctio
n
f
a
n
d
rea
l
n
u
m
ber
b.
(N
o
te:
th
e
p
lu
ra
l
o
f
\
po
lyh
ed
ro
n"
is

\
po
lyh
ed
ra
."
)

S
in
ce
f
(x
)
�
b
is
eq
u
ivalen
t
to
�
f
(x
)
�
�
b,
an
d
sin
ce
f
(x
)
=
b
is
eq
u
ivalen
t
to

th
e
p
air
f
(x
)
�
b
an
d
f
(x
)
�
b,
w
e
can
an
d
sh
all
assu
m
e
for
th
e
p
u
rp
oses
of
th
ese

n
otes
th
at
all
th
e
con
d
ition
s
d
e�
n
in
g
S
are
in
eq
u
alities
of
th
e
form
f
(x
)
�
b.
W
e

d
on
't
h
ave
to
d
o
th
is,
b
u
t
it
sim
p
li�
es
th
e
d
iscu
ssion
a
b
it.

T
h
u
s,
a
con
vex
p
oly
h
ed
ron
in
R
n

is
th
e
sim
u
ltan
eou
s
solu
tion
set
of
a
set
of

�
n
itely
m
an
y
in
eq
u
alities

f
i (x
)
�
b
i ;

i
=
1;:::;N
;

for
som
e
in
teger
N
,
lin
ear
fu
n
ction
s
f
1 ;:::;f
N
,
an
d
real
n
u
m
b
ers
b
1 ;:::;b
n
.

A
s
ex
am
p
les:
in
R
2,
an
y
con
vex
p
oly
gon
is
a
con
vex
p
oly
h
ed
ron
.
In
R
3,
cu
b
es,

rectan
gu
lar
solid
s,
p
arallelep
ip
ed
s,
tetrah
ed
ra
(trian
gu
lar
p
y
ram
id
s),
regu
lar
d
o
d
ec-

ah
ed
ra
an
d
regu
lar
icosah
ed
ra
are
con
vex
p
oly
h
ed
ra.
A
n
d

T
H
E
F
E
A
S
IB
L
E
R
E
G
IO
N
O
F
A
N
Y
L
P
P
IS
A
C
O
N
V
E
X
P
O
L
Y
H
E
D
R
O
N
IN
R
n
,

W
H
E
R
E
n
IS
T
H
E
N
U
M
B
E
R
O
F
D
E
C
IS
IO
N
V
A
R
IA
B
L
E
S
IN
T
H
E
P
R
O
B
L
E
M
.

T
h
e
term
in
ology
\con
vex
p
oly
h
ed
ron
"
is
also
con
sisten
t
w
ith
th
e
n
otion
of
\con
vex

set"
d
iscu
ssed
in
S
ection
1.3;
an
y
con
vex
p
oly
h
ed
ron
S
is
a
con
vex
set,
m
ean
in
g
th
at

for
an
y
tw
o
p
oin
ts
u
;v
2
S
,
th
e
en
tire
lin
e
segm
en
t
join
in
g
u
an
d
v
lies
in
S
.

4
.
E
x
tr
e
m
e
P
o
in
ts

D
e
�
n
itio
n
.
L
et
S
be
a
co
n
vex
po
lyh
ed
ro
n
.
A
n
e
x
tre
m
e
p
o
in
t
o
f
S
is
a
po
in
t
e
2
S

su
ch
th
a
t
n
o
lin
e
se
g
m
e
n
t
e
n
tire
ly
w
ith
in
S
h
a
s
e
in
its
in
te
rio
r.

E
q
u
ivalen
tly,
a
p
oin
t
e
2
S
is
n
o
t
an
ex
trem
e
p
oin
t
of
S
if
an
d
on
ly
if
th
ere
ex
ist

d
istin
ct
p
oin
ts
u
;
v
2
S
,
b
oth
d
i�
eren
t
from
e
,
su
ch
th
at
e
lies
on
th
e
lin
e
segm
en
t

join
in
g
u
an
d
v
.

3
5
4
,
s
0
4

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
e
x
t
r
e
m
e
p
o
in
t
s

4

E
x
am
p
les:
th
e
ex
trem
e
p
oin
ts
of
a
con
vex
p
oly
gon
,
a
cu
b
e,
a
p
y
ram
id
,
or
a

p
arallelep
ip
ed
are
ju
st
its
vertices.
2

W
e
k
n
ow
(T
h
eorem
1.11)
th
at
for
a
L
P
P
in
su
p
er-can
on
ical
form
,
th
e
ex
trem
e

p
oin
ts
of
th
e
feasib
le
region
are
th
e
b
asic
feasib
le
solu
tion
s,
an
d
th
ese
are
�
n
ite
in

n
u
m
b
er.
3

In
p
articu
lar:

T
h
e
o
re
m

4
.
T
h
e
fea
sible
regio
n
o
f
a
L
P
P
in
ca
n
o
n
ica
l
fo
rm
po
ssesses
o
n
ly
�
n
itely

m
a
n
y
extrem
e
po
in
ts.

5
.
F
in
d
in
g
E
x
tr
e
m
e
P
o
in
ts
in
a
C
o
n
v
e
x
P
o
ly
h
e
d
r
o
n

T
h
e
d
irty
w
ork
of
th
ese
n
otes
com
es
in
th
is
section
.
If
S
is
a
con
vex
p
oly
h
ed
ron

an
d
x
2
S
,
th
en
x
satis�
es
all
th
e
(lin
ear)
in
eq
u
alities
d
e�
n
in
g
S
.
E
ach
of
th
ese

in
eq
u
alities
is
of
th
e
form

f
i (x
)
�
b
i

w
h
ere
f
i
is
som
e
lin
ear
fu
n
ction
an
d
b
i
is
a
real
n
u
m
b
er.
F
or
an
y
su
ch
in
eq
u
ality,
let

u
s
say
th
at
a
p
oin
t
x
0

2
S
is
o
n
th
e
e
d
g
e
of
th
at
in
eq
u
ality
if
f
i (x
0 )
=
b
i .
T
h
u
s

if
f
i (x
0 )
<
b
i ,
th
en
x
0

is
n
o
t
on
th
e
ed
ge
of
th
e
ab
ove
in
eq
u
ality.
A
ty
p
ical
p
oin
t

x
2
S
satis�
es
all
th
e
d
e�
n
in
g
in
eq
u
alities,
an
d
x
cou
ld
b
e
on
th
e
ed
ge
of
som
e
of

th
ose
in
eq
u
alities
b
u
t
n
ot
oth
ers.
In
fact
it
is
rath
er
sp
ecial
to
b
e
on
th
e
ed
ge
of
on
e

or
m
ore
of
th
e
in
eq
u
alities.
L
et's
d
e�
n
e

e(x
)
=
th
e
e
d
g
in
e
ss
of
x

=

th
e
n
u
m
b
er
of
d
e�
n
in
g
in
eq
u
alities
of
S
for
w
h
ich
x
is
on
th
e
ed
ge.

E
x
am
p
le:
let
S
b
e
d
e�
n
ed
b
y
:2x
+
:6
y
�
3000;
:8x
+
:4y
�
5000;
x
�
0
;
y
�
0.

T
h
en �
00 �

is
in
S
an
d
h
as
ed
gin
ess
2
(it
satis�
es
x
=
0
an
d
y
=
0),
w
h
ile �
3000

4000 �

2
P
e
rh
a
p
s
su
rp
risin
g
ly
,
th
e
re
a
re
c
o
n
v
e
x
p
o
ly
h
e
d
ra
th
a
t
h
a
v
e
n
o
e
x
tre
m
e
p
o
in
ts.
T
h
e
x
-a
x
is
in

R

2
,
d
e
�
n
e
d
b
y
y
=
0
,
is
su
ch
a
n
e
x
a
m
p
le
.
H
o
w
e
v
e
r,
u
n
le
ss
a
c
o
n
v
e
x
p
o
ly
h
e
d
ro
n
c
o
n
ta
in
s
a
n
e
n
tire

lin
e
,
it
m
u
st
h
a
v
e
e
x
tre
m
e
p
o
in
ts,
c
f.
T
h
e
o
re
m

6
b
e
lo
w
.
In
so
lv
in
g
L
P
P
's,
w
e
w
ill
sta
y
a
w
a
y
fro
m

su
ch
b
iz
a
rre
p
o
ly
h
e
d
ra
b
y
c
o
n
sid
e
rin
g
o
n
ly
th
o
se
L
P
P
's
th
a
t
a
re
in
sta
n
d
a
rd
o
r
c
a
n
o
n
ic
a
l
fo
rm
.
T
h
e

fe
a
sib
le
re
g
io
n
o
f
su
ch
a
n
L
P
P
c
o
n
ta
in
s
n
o
lin
e
s,
b
e
c
a
u
se
o
f
th
e
c
o
n
stra
in
ts
x
1

�

0
;
:
:
:
;
x
n

�

0
.

3
A
n
d
a
n
y
c
a
n
o
n
ic
a
l
fo
rm

L
P
P
is
e
q
u
iv
a
le
n
t
to
a
su
p
e
r-c
a
n
o
n
ic
a
l
fo
rm

L
P
P
o
r
is
in
fe
a
sib
le
.
If

th
e
ro
w
s
o
f
A
a
re
n
o
t
lin
e
a
rly
in
d
e
p
e
n
d
e
n
t,
b
u
t
th
e
L
P
P
is
n
o
t
in
fe
a
sib
le
,
p
ick
so
m
e
e
q
u
a
tio
n
fro
m

A
x

=
b

w
h
ich
is
a
lin
e
a
r
c
o
m
b
in
a
tio
n
o
f
th
e
o
th
e
r
e
q
u
a
tio
n
s
a
n
d
d
ro
p
it.
C
o
n
tin
u
e
d
o
in
g
th
is
till

su
p
e
r-c
a
n
o
n
ic
a
l
fo
rm

is
re
a
ch
e
d
.
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5

is
in
S
an
d
h
as
ed
gin
ess
1
(it
satis�
es
:2x
+
:6y
=
3000),
an
d �
1000

2000 �
is
in
S
w
ith

ed
gin
ess
0.
If
you
sketch
S
,
you
w
ill
see
th
at
th
e
fou
r
ex
trem
e
p
oin
ts
h
ave
ed
gin
ess

2,
an
d
th
e
p
oin
ts
on
th
e
b
ou
n
d
ary
of
S
are
ju
st
th
ose
w
ith
p
ositive
ed
gin
ess.

W
e
also
w
ill
say
th
at
given
a
con
vex
p
oly
h
ed
ron
S
an
d
p
oin
ts
x
;x
0

2
S
,
x
0

is

e
d
g
ie
r
4

th
an
x
if
an
d
on
ly
if
e(x
0)
>
e(x
).

T
h
e
n
ex
t
lem
m
a
b
rin
gs
u
s
to
th
e
critical
id
ea
for
ou
r
p
ro
of
of
th
e
E
x
trem
e
P
oin
t

T
h
eorem
.
It
im
p
lies
th
at
th
e
ed
giest
p
oin
ts
of
a
con
vex
p
oly
h
ed
ron
are
ex
trem
e

p
oin
ts.
B
u
t
it
say
s
even
m
ore.

L
e
m
m
a
5
.
S
u
p
po
se
th
a
t
S
is
a
co
n
vex
po
lyh
ed
ro
n
co
n
ta
in
in
g
n
o
(co
m
p
lete)
lin
e.

L
et
x
0

2
S
.
If
x
0

is
n
o
t
a
n
extrem
e
po
in
t
o
f
S
,
th
en
th
ere
is
X

2
S
su
ch
th
a
t
X

is

ed
gier
th
a
n
x
0 .
In
fa
ct,
fo
r
a
n
y
lin
e
`
th
ro
u
gh
x
0

su
ch
th
a
t
x
0

is
n
o
t
a
n
en
d
po
in
t
o
f

`
\
S
,
a
n
y
en
d
po
in
t
o
f
`
\
S
is
ed
gier
th
a
n
x
0 .

P
roo
f.
S
in
ce
x
is
n
ot
an
ex
trem
e
p
oin
t
of
S
,
th
ere
is
a
lin
e
segm
en
t
in
S
w
ith
x
in

its
in
terior.
L
et
`
b
e
th
e
lin
e
of
w
h
ich
th
is
segm
en
t
is
a
p
art.
T
h
en
x
0

is
n
ot
an

en
d
p
oin
t
of
`
\
S
.
M
oreover
`
\
S
is
n
ot
all
of
`
sin
ce
S
con
tain
s
n
o
lin
e.
F
or
th
e

rest
of
th
e
p
ro
of
th
ese
last
tw
o
sen
ten
ces
are
th
e
on
ly
p
rop
erties
of
`
an
d
x
0

th
at
w
e

sh
all
u
se.

P
ick
an
y
tw
o
p
oin
ts
u
6=
v
on
`
an
d
as
b
efore,
p
aram
etrize
`
as
x
=
(1
�
t)u
+
tv
,

t
2
R
.
C
on
sid
er
an
y
on
e
of
th
e
in
eq
u
alities
f
i (x
)
�
b
i
(i
=
1;:::;N
)
d
e�
n
in
g
S
.
O
n

`,
w
e
k
n
ow
th
at
th
is
in
eq
u
ality
takes
th
e
follow
in
g
form

C
i t
+
D
i
�
b
i

S
u
ch
an
in
eq
u
ality
is

tru
e
for
all
t
in
th
e
closed
ray
t
�
(b
i
�
D
i )=C
i ,

if
C
i
>
0;

tru
e
for
all
t
in
th
e
closed
ray
t
�
(b
i
�
D
i )=C
i ,

if
C
i
<
0;

tru
e
for
all
t,

if
C
i
=
0
an
d
D
i
�
b
i ;

false
for
all
t,

if
C
i
=
0
an
d
D
i
>
b
i .

A
s
`
\
S
is
d
e�
n
ed
b
y
�
n
itely
m
an
y
su
ch
in
eq
u
alities,
an
d
S
d
o
es
n
ot
con
tain
all

of
`,
th
e
on
ly
p
ossib
ilities
are
th
at
`
is
eith
er
a
closed
ray
(t
�
a
or
t
�
a
)
or
a
closed

in
terval
(a
�
t
�
b),
w
ith
x
0

in
th
e
in
terior
in
eith
er
case.

C
on
sid
er
an
y
d
e�
n
in
g
in
eq
u
ality
f
i (x
)
�
b
i
for
S
th
at
x
0

is
on
th
e
ed
ge
of.
T
h
at

is,
f
i (x
0 )
=
b
i .
T
h
en
on
`
\
S
,
f
i

ach
ieves
its
m
ax
im
u
m

b
i

at
x
0 ,
w
h
ich
is
n
ot

4
W
e
sh
o
u
ld
p
ro
b
a
b
ly
sa
y
th
a
t
x
0

is
S
-e
d
g
ie
r
th
a
n
x
,
b
e
c
a
u
se
th
e
d
e
�
n
itio
n
c
le
a
rly
d
e
p
e
n
d
s
o
n

S
.
H
o
w
e
v
e
r,
fo
r
o
u
r
p
u
rp
o
se
s
b
e
lo
w
,
th
e
re
w
ill
o
n
ly
b
e
o
n
e
S
u
n
d
e
r
c
o
n
sid
e
ra
tio
n
,
so
th
e
re
sh
o
u
ld

b
e
n
o
d
a
n
g
e
r
o
f
c
o
n
fu
sio
n
if
w
e
ju
st
sa
y
\
e
d
g
ie
r"
.
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6

an
en
d
p
oin
t.
B
y
C
orollary
3,
f
i
m
u
st
b
e
con
stan
t
on
`.
S
o
all
p
oin
ts
of
`
\
S
are

also
on
th
e
ed
ge
of
th
is
in
eq
u
ality.
T
h
erefore
in
ord
er
to
�
n
d
a
p
oin
t
X

su
ch
th
at

e(X
)
>
e(x
0 ),
w
h
ich
is
ou
r
goal,
it
rem
ain
s
on
ly
to
�
n
d
on
e
p
oin
t
X

on
`
\
S
an
d
a

d
e�
n
in
g
in
eq
u
ality
for
S
w
ith
X

on
its
ed
ge
b
u
t
x
0

n
ot
on
its
ed
ge.

W
h
ere
d
o
w
e
�
n
d
su
ch
a
p
oin
t?
A
n
y
e
n
d
p
o
in
t
X

of
`
\
S
w
ill
d
o:
let
u
s
sh
ow

th
at
X

is
ed
gier
th
an
x
0 .
T
h
e
d
e�
n
in
g
in
eq
u
alities
f
i (x
)
�
b
i
are
all
tru
e
for
all

x
2
`
b
etw
een
X

an
d
x
0 ,
b
u
t
sin
ce
X

is
an
en
d
p
oin
t
of
`
\
S
,
at
least
on
e
of
th
e

d
e�
n
in
g
in
eq
u
alities
for
S
,
say

(D
)

f
j (x
)
�
b
j

for
a
certain
j,
is
false
on
th
at
p
art
of
`
ju
st
b
eyon
d
X
.
T
h
erefore
x
0

is
n
o
t
on
th
e

ed
ge
of
in
eq
u
ality
(D
).
(If
it
w
ere
on
th
e
ed
ge,
w
e
h
ave
ju
st
seen
th
at
th
is
in
eq
u
ality

w
ou
ld
b
e
satis�
ed
b
y
a
ll
p
oin
ts
of
`.)
H
ow
ever,
f
j (X
)
=
b
j ,
sin
ce
th
e
in
eq
u
ality

f
j (x
)
�
b
j
h
as
th
e
form
C
t
+
D
�
b
j
for
som
e
con
stan
ts
C
;D
;b
j ,
an
d
is
tru
e
on
on
e

sid
e
of
X

b
u
t
n
ot
th
e
oth
er.
T
h
erefore
e(X
)
�
e(x
0 )
+
1.

�

T
h
e
o
re
m

6
.
A
n
o
n
em
p
ty
co
n
vex
po
lyh
ed
ro
n
co
n
ta
in
in
g
n
o
lin
e
po
ssesses
a
t
lea
st

o
n
e
extrem
e
po
in
t.

P
roo
f.
S
ay
th
at
th
ere
are
N

in
eq
u
alities
d
e�
n
in
g
th
e
con
vex
p
oly
h
ed
ron
S
.
T
h
en

ob
v
iou
sly
for
an
y
x

2
S
,
e(x
)
is
on
e
of
th
e
n
u
m
b
ers
0;1
;:::;N
.
H
en
ce
w
e
m
ay

ch
o
ose
x
0

2
S
su
ch
th
at
e(x
0 )
is
as
large
as
p
ossib
le.
B
y
L
em
m
a
5,
x
0

is
an
ex
trem
e

p
oin
t
of
S
.

�

6
.
E
x
tr
e
m
e
P
o
in
ts
o
f
th
e
F
e
a
sib
le
R
e
g
io
n
,
a
n
d
th
e

O
b
je
c
tiv
e
F
u
n
c
tio
n

W
e
h
ave
b
een
con
sid
erin
g
a
con
vex
p
oly
h
ed
ron
S
.
F
or
th
e
stu
d
y
of
a
L
P
P
th
e

relevan
t
ex
am
p
le
of
S
is
th
e
feasib
le
region
of
th
e
L
P
P
.
N
ow
let's
b
rin
g
th
e
ob
jective

fu
n
ction
z
of
ou
r
L
P
P
in
to
th
e
p
ictu
re.
B
y
retu
rn
in
g
to
th
e
situ
ation
of
L
em
m
a
5

an
d
T
h
eorem
6,
w
e
can
get
a
stron
ger
con
clu
sion
.
G
iven
an
y
x
0

2
S
,
w
e
w
ill
b
e
ab
le

to
�
n
d
an
ex
trem
e
p
oin
t
e
of
S
w
ith
th
e
ad
d
ition
al
p
rop
erty
:

su
ch
th
a
t
z
(e
)
�
z
(x
0 )
:::
u
n
le
ss
z
is
u
n
b
o
u
n
d
e
d
o
n
S
.

T
h
erefore
(u
n
less
z
is
u
n
b
ou
n
d
ed
on
th
e
feasib
le
region
)
a
feasib
le
solu
tion
x
to

a
L
P
P
on
ly
h
as
to
b
e
as
go
o
d
as
every
ex
trem
e
p
oin
t
in
ord
er
to
b
e
an
op
tim
al

solu
tion
.
T
h
is
ob
servation
,
on
ce
p
roved
,
w
ill
b
e
con
cep
tu
ally
u
sefu
l
b
ecau
se
th
ere

are
on
ly
�
n
itely
m
an
y
ex
trem
e
p
oin
ts.
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7

L
e
m
m
a
7
.
S
u
p
po
se
th
a
t
S
is
a
co
n
vex
po
lyh
ed
ro
n
co
n
ta
in
in
g
n
o
co
m
p
lete
lin
e.
L
et

z
be
a
n
y
lin
ea
r
fu
n
ctio
n
o
n
R
n
.
L
et
x
0

2
S
.
T
h
en
o
n
e
o
f
th
e
fo
llo
w
in
g
h
o
ld
s:

(1)
T
h
ere
is
a
n
extrem
e
po
in
t
e
o
f
S
su
ch
th
a
t
z
(e
)
�
z
(x
0 ).

(2)
z
is
u
n
bo
u
n
d
ed
o
n
S
.

P
roo
f.
A
ssu
m
e
th
at
z
is
n
ot
u
n
b
ou
n
d
ed
on
S
.
W
e
h
ave
to
�
n
d
an
ex
trem
e
p
oin
t
e

of
S
as
in
(1).
If
x
0

is
an
ex
trem
e
p
oin
t
of
S
,
th
en
w
e
can
take
e
=
x
0 .
S
o
w
e
can

assu
m
e
for
th
e
rest
of
th
e
p
ro
of
th
at
x
0

is
n
ot
an
ex
trem
e
p
oin
t.
T
h
en
L
em
m
a
5

ap
p
lies,
b
u
t
let's
actu
ally
re-ru
n
an
d
im
p
rove
th
e
p
ro
of
of
L
em
m
a
5.
T
h
ere's
a
lin
e

`
su
ch
th
at
`
\
S
is
eith
er
a
ray
or
closed
in
terval
in
`,
an
d
x
0

is
in
th
e
in
terior
of

`
\
S
.
M
oreover
an
y
en
d
p
oin
t
X

of
`
\
S
is
ed
gier
th
an
x
0 .

C
on
sid
er
z
on
`\
S
an
d
ap
p
ly
C
orollary
3
again
.
B
y
assu
m
p
tion
z
is
n
ot
u
n
b
ou
n
d
ed

on
S
,
so
altern
ative
(2)
of
C
orollary
3
can
n
ot
h
old
.
T
h
erefore
on
`
\
S
,
z
assu
m
es
a

m
ax
im
u
m
at
som
e
en
d
p
oin
t
X

of
`
\
S
(even
if
z
is
con
stan
t).
T
h
en
X

2
S
,

z
(X
)
�
z
(x
0 )
an
d
X

is
ed
gier
th
an
x
0 .

N
ow
rep
lace
x
0

b
y
X

an
d
rep
eat
th
e
argu
m
en
t.
E
ith
er
X

is
an
ex
trem
e
p
oin
t
of
S

(in
w
h
ich
case
(1)
h
old
s
an
d
w
e're
d
on
e)
or
w
e
get
a
p
oin
t
Y

su
ch
th
at
z
(Y
)
�
z
(X
)

an
d
Y

is
ed
gier
th
an
X
.
A
n
d
so
on
.
B
u
t
th
is
can
n
ot
go
on
in
d
e�
n
itely,
sin
ce

e(x
)
�
N

for
all
x
2
S
.
S
o
in
n
o
m
ore
th
an
N

step
s,
w
e
reach
som
e
ex
trem
e
p
oin
t

W

of
S
su
ch
th
at
z
(W
)
�
z
(x
0 ).

�

7
.
T
h
e
E
x
tr
e
m
e
P
o
in
t
T
h
e
o
r
e
m

E
x
tre
m
e
P
o
in
t
T
h
e
o
re
m
5.
C
o
n
sid
er
a
n
y
L
P
P
in
sta
n
d
a
rd
o
r
ca
n
o
n
ica
l
fo
rm
,

w
ith
fea
sible
regio
n
S
a
n
d
o
bjective
fu
n
ctio
n
z
=
z
(x
).
T
h
en

(1)
T
h
e
p
ro
blem
is
in
fea
sible
(S
=
;),
o
r

(2)
T
h
e
p
ro
blem
is
u
n
bo
u
n
d
ed
(z
is
u
n
bo
u
n
d
ed
o
n
S
);
o
r

(3)
T
h
e
p
ro
blem
h
a
s
a
n
o
p
tim
a
l
so
lu
tio
n
a
t
so
m
e
extrem
e
po
in
t
o
f
S
.

P
roo
f.
If
S
=
;
or
z
is
u
n
b
ou
n
d
ed
on
S
,
th
ere's
n
oth
in
g
to
p
rove.
S
o
assu
m
e
th
at

S
6=
;,
an
d
th
at
z
is
b
ou
n
d
ed
on
S
.
S
in
ce
th
e
L
P
P
is
in
stan
d
ard
or
can
on
ical
form
,

every
d
ecision
variab
le
is
con
strain
ed
to
b
e
n
on
n
egative,
so
S
con
tain
s
n
o
lin
e.
(A
n
y

5
T
h
is
is
slig
h
tly
d
i�
e
re
n
t
fro
m
T
h
e
o
re
m
1
.7
,
w
h
ich
is
in
c
o
rre
c
t
b
e
c
a
u
se
o
f
th
e
n
u
isa
n
c
e
p
o
ssib
ility

th
a
t
fo
r
a
g
e
n
e
ra
l
L
P
P
,
S
m
ig
h
t
c
o
n
ta
in
c
o
m
p
le
te
lin
e
s.
It
is
n
o
m
o
re
th
a
n
a
n
u
isa
n
c
e
,
in
th
e
se
n
se

th
a
t
e
v
e
ry
L
P
P
c
a
n
b
e
re
sta
te
d
in
e
q
u
iv
a
le
n
t
fa
sh
io
n
so
th
a
t
S
c
o
n
ta
in
s
n
o
c
o
m
p
le
te
lin
e
s.
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8

lin
e,
as
in
E
q
.
(1),
h
as
som
e
p
oin
t
w
ith
a
n
egative
co
ord
in
ate,
as
can
b
e
fou
n
d
b
y

tak
in
g
t
ex
trem
ely
large
or
ex
trem
ely
n
egative).
S
o
w
e
are
set
u
p
to
u
se
L
em
m
a
7.

B
y
T
h
eorem
4,
S
h
as
�
n
itely
m
an
y
ex
trem
e
p
oin
ts.
C
h
o
ose
an
ex
trem
e
p
oin
t
e

of
S
for
w
h
ich
z
(e
)
is
largest
(com
p
ared
to
ex
trem
e
p
oin
ts
on
ly
).
C
laim
:
e
is
an

op
tim
al
solu
tion
of
th
e
L
P
P
.
P
ro
of:
L
et
y
2
S
.
B
y
L
em
m
a
7,
th
ere
is
an
ex
trem
e

p
oin
t
e
0

of
S
su
ch
th
at
z
(e
0 )
�
z
(y
).
B
y
ou
r
ch
oice
of
e
,
z
(e
)
�
z
(e
0 ).
C
om
b
in
in
g

th
ese,
z
(e
)
�
z
(y
).
S
in
ce
y
2
S
w
as
arb
itrary,
e
is
th
erefore
op
tim
al.
�

A
com
p
letely
d
i�
eren
t
p
ro
of
of
th
e
E
x
trem
e
P
oin
t
T
h
eorem

can
b
e
given
b
y
a

sim
p
le
an
aly
sis
of
th
e
tw
o-p
h
ase
m
eth
o
d
,
b
u
t
th
is
in
volves
a
com
p
lication
:
on
e
m
u
st

p
rove
th
at
cy
clin
g
can
b
e
avoid
ed
,
e.g.
b
y
u
sin
g
B
lan
d
's
R
u
le.

8
.
B
o
u
n
d
e
d
C
o
n
v
e
x
P
o
ly
h
e
d
r
a

W
h
en
a
L
P
P
h
as
a
feasib
le
region
th
at
is
b
o
u
n
d
e
d
,
th
e
E
x
trem
e
P
oin
t
T
h
eorem

can
also
b
e
u
n
d
ersto
o
d
from
a
som
ew
h
at
d
i�
eren
t
p
oin
t
of
v
iew
.

D
e
�
n
itio
n
.
L
et
S
be
a
su
bset
o
f
R
n
.
T
h
en
S
is
b
o
u
n
d
e
d
if
a
n
d
o
n
ly
if
th
ere
exists

a
n
u
m
ber
B
su
ch
th
a
t
jx
i j
�
B
fo
r
a
ll
x
=
[x
1

���x
n
] T
2
S
.

B
e
carefu
l
h
ere:
th
is
d
e�
n
ition
d
o
es
n
ot
d
irectly
ad
d
ress
th
e
b
ou
n
d
ed
n
ess
or
u
n
-

b
ou
n
d
ed
n
ess
of
th
e
ob
jective
fu
n
ction
of
a
L
P
P
on
th
e
feasib
le
region
S
.
It's
ju
st

a
m
atter
of
w
h
eth
er
S
con
tain
s
p
oin
ts
w
ith
arb
itrarily
large
(or
n
egatively
large)

co
ord
in
ates.
N
otice:
if
S
is
b
ou
n
d
ed
,
th
en
it
can
n
ot
con
tain
an
en
tire
lin
e,
or
even
a

ray.

D
e
�
n
itio
n
.
L
et
x
1 ;:::;x
m

2
R
n
.
A
c
o
n
v
e
x
c
o
m
b
in
a
tio
n
o
f
x
1 ;:::;
x
m

is
a

lin
ea
r
co
m
bin
a
tio
n

x
=
c
1 x
1

+
���+
c
m
x
m

su
ch
th
a
t
c
1

+
���+
c
m

=
1
a
n
d
c
i
�
0
fo
r
a
ll
i
=
1;:::;m
.

E
x
am
p
les:
T
h
e
se
t
o
f
a
ll
c
o
n
v
e
x
c
o
m
b
in
a
tio
n
s
o
f
tw
o
d
istin
c
t
p
o
in
ts
is

th
e
lin
e
se
g
m
e
n
t
jo
in
in
g
th
e
m
.
If
u
an
d
v
are
d
istin
ct
elem
en
ts
of
R
n
,
th
ese

com
b
in
ation
s
are
cu
+
d
v
w
ith
c;d
�
0
an
d
c
+
d
=
1,
th
at
is,
(1
�
d
)u
+
d
v
w
ith

0
�
d
�
1.

T
h
e
se
t
o
f
a
ll
c
o
n
v
e
x
c
o
m
b
in
a
tio
n
s
o
f
th
re
e
n
o
n
c
o
llin
e
a
r
p
o
in
ts
in
R
n

is
th
e
tria
n
g
le
(in
te
rio
r
a
n
d
b
o
u
n
d
a
ry
)
fo
rm
e
d
b
y
th
o
se
p
o
in
ts.

T
h
e
follow
in
g
lem
m
a
h
elp
s
to
u
n
d
erstan
d
th
is;
an
y
p
oin
t
y
on
th
e
p
erim
eter
of
th
e

trian
gle
is
a
con
vex
com
b
in
ation
of
tw
o
of
th
e
vertices.
T
h
en
an
y
p
oin
t
in
th
e
in
terior



3
5
4
,
s
0
4

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
e
x
t
r
e
m
e
p
o
in
t
s

9

of
th
e
trian
gle
is
on
som
e
lin
e
segm
en
t
join
in
g
som
e
tw
o
p
oin
ts
on
th
e
p
erim
eter.
S
o

y
is
a
con
vex
com
b
in
ation
of
tw
o
con
vex
com
b
in
ation
s
of
th
e
vertices
of
th
e
trian
gle.

L
e
m
m
a
8
.
S
u
p
po
se
th
a
t
y
1;:::;
y
r

a
re
a
ll
co
n
vex
co
m
bin
a
tio
n
s
o
f
x
1 ;:::;
x
m
.
If

w

is
a
n
y
co
n
vex
co
m
bin
a
tio
n
o
f
y
1;:::;
y
r,
th
en
w

is
a
lso
a
co
n
vex
co
m
bin
a
tio
n
o
f

x
1 ;:::;
x
m
.

P
roo
f.
T
h
e
assu
m
p
tion
s
m
ean
th
at
th
ere
are
scalars
c
ij ,
i
=
1;:::;m
,
j
=
1;:::;r,

an
d
d
j ,
j
=
1;:::;r,
su
ch
th
at

y
j
=
c
1
j x
1

+
���+
c
m
j x
m

for
each
j
=
1;:::;r,
an
d
w

=
d
1
y
1

+
���d
r y
r;

all
c
ij
�
0;
d
j
�
0;
d
1

+
���+
d
r
=
1;
c
1
j
+
���+
c
m
j
=
1:

T
h
en
w

= P
rj

=
1
d
j y
j
= P
rj

=
1

d
j P
mi

=
1

c
ij x
i
= P
mi

=
1

b
i x
i ,
w
h
ere
b
i
= P
rj

=
1
d
j c
ij
for

each
i
=
1;:::;m
.
A
s
all
c
ij
�
0
an
d
all
d
j
�
0,
clearly
b
i
�
0
for
all
i.
F
u
rth
erm
ore

r
Xi

=
1

b
i
=

m
Xi

=
1

r
Xj

=
1

d
j c
ij
=

r
Xj

=
1

d
j  

m
Xi

=
1

c
ij !
=

r
Xj

=
1

d
j
=
1:

T
h
erefore
w

is
a
con
vex
com
b
in
ation
of
x
1 ;:::;
x
m
.

�

C
o
ro
lla
ry
9
.
G
iven
a
n
y
su
bset
V
�
R
n
,
th
e
set
o
f
a
ll
co
n
vex
co
m
bin
a
tio
n
s
o
f
(�
n
ite

su
bsets
o
f)
elem
en
ts
o
f
V
is
a
co
n
vex
set.
(It
is
ca
lled
th
e
c
o
n
v
e
x
h
u
ll
o
f
V
.)

P
roo
f.
S
u
p
p
ose
th
at
u
;v
are
con
vex
com
b
in
ation
s
of
elem
en
ts
of
S
.
B
y
ad
d
in
g

term
s
w
ith
0
co
eÆ
cien
ts,
w
e
can
con
sid
er
th
em
to
b
e
con
vex
com
b
in
ation
s
of
th
e

sam
e
(�
n
ite
n
u
m
b
er
of)
elem
en
ts
of
S
.
T
h
e
lin
e
segm
en
t
join
in
g
u
an
d
v
con
sists
of

all
th
e
p
oin
ts
x
=
(1
�
t)u
+
tv
,
0
�
t
�
1,
an
d
th
ese
are
all
con
vex
com
b
in
ation
s
of

u
an
d
v
.
T
h
ey
are
th
erefore
con
vex
com
b
in
ation
s
of
elem
en
ts
of
S
b
y
L
em
m
a
8.

�

T
h
e
o
re
m

1
0
.
L
et
S
be
co
n
vex
po
lyh
ed
ro
n
in
R
n
,
a
n
d
a
ssu
m
e
th
a
t
S
is
b
o
u
n
d
e
d
.

L
et
E
be
th
e
set
o
f
a
ll
extrem
e
po
in
ts
o
f
S
.
T
h
en
every
elem
en
t
o
f
S
is
a
co
n
vex

co
m
bin
a
tio
n
o
f
elem
en
ts
o
f
E
.
(R
esta
tem
en
t:
S
is
th
e
co
n
vex
h
u
ll
o
f
its
extrem
e

po
in
ts.)

(R
em
ark
:
T
h
e
sam
e
assertion
can
b
e
p
roved
for
an
y
b
ou
n
d
ed
an
d
closed
con
vex

set
S
.
H
ow
ever,
for
a
con
vex
p
oly
h
ed
ron
S
,
th
e
set
E
is
�
n
ite,
w
h
ile
for
a
gen
eral

con
vex
set
S
,
su
ch
as
a
d
isk
,
E
m
igh
t
b
e
in
�
n
ite.)

3
5
4
,
s
0
4

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
e
x
t
r
e
m
e
p
o
in
t
s

1
0

P
roo
f.
A
s
b
efore,
S
is
d
e�
n
ed
b
y
�
n
itely
m
an
y
in
eq
u
alities
f
i (x
)
�
b
i ,
i
=
1;:::;r.

A
gain
for
each
x
0

2
S
,
let
e(x
)
b
e
th
e
n
u
m
b
er
of
th
ese
in
eq
u
alities
su
ch
th
at
f
i (x
0 )
=

b
i ,
i.e.,
th
e
n
u
m
b
er
of
in
eq
u
alities
w
ith
x
0

on
th
e
ed
ge.

W
e
su
p
p
ose
th
at
th
e
th
eorem

is
false,
an
d
try
for
a
con
trad
iction
.
S
in
ce
th
e

th
eorem
is
false
th
ere
is
x
2
S
su
ch
th
at
x
is
n
ot
a
con
vex
com
b
in
ation
of
elem
en
ts

of
E
.
A
m
on
g
all
su
ch
x
,
w
e
ch
o
ose
on
e
su
ch
th
at
e(x
)
is
as
large
as
p
ossib
le.

(N
ote:
th
e
p
ossib
le
valu
es
of
e(x
)
are
th
e
in
tegers
from
0
to
th
e
n
u
m
b
er
of
d
e�
n
in
g

in
eq
u
alities
of
S
.)

N
ow
x
can
n
ot
b
e
an
ex
trem
e
p
oin
t
of
S
(x
=
1
�
x
is
a
con
vex
com
b
in
ation
).
S
o

th
ere
is
a
lin
e
`
su
ch
th
at
x
is
in
th
e
in
terior
of
`
\
S
.
S
in
ce
S
is
b
ou
n
d
ed
,
`
\
S
m
u
st

b
e
a
closed
in
terval
in
`.
L
et
its
en
d
p
oin
ts
b
e
u
an
d
v
.
B
y
L
em
m
a
5,
e(u
)
>
e(x
)

an
d
e(v
)
>
e(x
).
T
h
erefore
b
y
ou
r
m
ax
im
al
ch
oice
of
e(x
),
th
e
en
d
p
oin
ts
u
an
d

v
m
u
st
b
e
con
vex
com
b
in
ation
s
of
elem
en
ts
of
E
.
H
ow
ever,
x
=
(1
�
t)u
+
tv
for

som
e
0
�
t
�
1,
so
x
is
a
con
vex
com
b
in
ation
of
u
an
d
v
.
C
om
b
in
in
g
th
ese
facts

w
ith
L
em
m
a
8,
w
e
d
ed
u
ce
th
at
x
is
a
con
vex
com
b
in
ation
of
elem
en
ts
of
E
.
T
h
is

con
trad
icts
ou
r
ch
oice
of
x
.

�

A
s
a
resu
lt,
th
ere
is
a
p
retty
p
ro
of
of
th
e
E
x
trem
e
P
oin
t
T
h
eorem
in
th
e
sp
ecial

case
th
at
th
e
feasib
le
region
is
b
ou
n
d
ed
.
C
orollary
11,
to
rep
eat,
is
a
sp
ecial
case
of

th
e
E
x
trem
e
P
oin
t
T
h
eorem
.

C
o
ro
lla
ry
1
1
.
C
o
n
sid
er
a
n
y
L
P
P
w
h
o
se
fea
sible
regio
n
S
is
n
o
n
em
p
ty
a
n
d
bo
u
n
d
ed
.

T
h
en
so
m
e
extrem
e
po
in
t
o
f
S
is
a
n
o
p
tim
a
l
so
lu
tio
n
.

P
roo
f.
W
e
alread
y
k
n
ow
th
at
S
h
as
�
n
itely
m
an
y
ex
trem
e
p
oin
ts
e
1 ;:::;
e
r ,
say.

L
et
z
b
e
th
e
ob
jective
fu
n
ction
as
u
su
al.
A
s
b
efore,
w
e
p
ick
an
ex
trem
e
p
oin
t
(for

sim
p
licity
assu
m
e
it's
e
1 )
su
ch
th
at
z
(e
1 )
�
z
(e
i )
for
all
i
=
1;:::;r,
an
d
p
rove
th
at

e
1

is
op
tim
al.

T
ake
an
y
y
2
S
.
B
y
T
h
eorem
10,
th
ere
are
scalars
c
1 ;:::;c
r

su
ch
th
at

y
=
c
1 e
1

+
���+
c
r e
r ;

c
i
�
0

for
all
i
=
1;:::;r,
an
d

c
1

+
���+
c
r
=
1
:

T
h
en
z
(y
)
=
z
(c
1 e
1

+
���+
c
r
e
r )

=
c
1 z
(e
1 )
+
c
2 z
(e
2 )
+
���+
c
r z
(e
r )

b
y
T
h
eorem
1

�
c
1 z
(e
1 )
+
c
2 z
(e
1 )
+
���+
c
r z
(e
1 )

sin
ce
c
i
�
0
for
all
i

=
(c
1

+
���+
c
r )z
(e
1 )
=
1
�z
(e
1 )
=
z
(e
1 );
w
h
ich
p
roves
op
tim
ality.
�


