
T
h
e
P
r
im
a
l-D
u
a
l
S
im
p
le
x
M
e
th
o
d

A

P
a
r
a
m
e
tr
ic
M
e
th
o
d

M
a
th
3
5
4
,
S
p
r
in
g
2
0
0
6

W
ith
th
e
sim
p
lex
m
eth
o
d
an
d
th
e
d
u
al
sim
p
lex
m
eth
o
d
,
w
e
can
solve

an
y
L
P
P
as
lon
g
as
w
e
can
�
n
d
a
startin
g
p
oin
t{a
b
asic
solu
tion
w
h
ich
is

feasib
le
for
eith
er
th
e
p
rim
al
or
th
e
d
u
al
p
rob
lem
.
In
th
e
tw
o-p
h
ase
m
eth
o
d
,

th
e
goal
of
th
e
�
rst
p
h
ase
is
to
ob
tain
su
ch
a
startin
g
p
oin
t
for
th
e
secon
d

p
h
ase.

A
m
ore
u
n
i�
ed
m
eth
o
d
is
th
e
p
aram
etric
self-d
u
al
sim
p
lex
m
eth
o
d
or

\p
rim
al-d
u
al"
m
eth
o
d
.
T
h
e
id
ea
is
to
b
e
g
in
b
y
a
lte
r
in
g
th
e
L
P
P

to

on
e
w
ith
an
ob
v
iou
s
in
itial
tab
leau
w
h
ich
is
feasib
le
an
d
d
u
al-feasib
le
1,

so
is
op
tim
al.
T
h
e
altered
p
rob
lem
is
ob
tain
ed
from
th
e
origin
al
p
rob
lem

b
y
in
creasin
g
or
d
ecreasin
g
certain
co
eÆ
cien
ts
b
y
a
large
b
u
t
u
n
sp
eci�
ed

n
u
m
b
er
�
.
T
h
e
fo
cu
s
th
en
sh
ifts
to
gettin
g
rid
of
th
e
p
aram
eter
�
w
ith
ou
t

losin
g
op
tim
ality.
G
ettin
g
rid
of
it
m
ean
s
m
ak
in
g
�
=
0.
W
e
keep
�
in

th
e
tab
leau
sy
m
b
o
lic
a
lly
,
i.e.,
as
a
variab
le,
an
d
w
e
im
agin
e
it
tak
in
g
on

variou
s
valu
es
at
variou
s
stages
of
th
e
algorith
m
.
A
t
�
rst,
w
e
im
agin
e
�

to
b
e
very
large,
an
d
th
e
goal
is
to
red
u
ce
�
to
�
=
0
w
ith
ou
t
giv
in
g
u
p

op
tim
ality.
T
h
en
w
e
w
ill
h
ave
an
op
tim
al
solu
tion
of
th
e
origin
al
L
P
P
.

W
e
give
an
ex
am
p
le
2

b
elow
,
an
d
d
iscu
ss
it
th
ere
in
som
e
d
etail.
B
u
t

�
rst,
h
ere
is
th
e
p
lan
.
T
h
e
L
P
P
tran
slates
to
T
ab
leau
0,
w
h
ich
is
n
eith
er

feasib
le
n
or
d
u
al-feasib
le.
T
h
e
p
aram
etrized
p
rob
lem
b
egin
s
w
ith
T
ab
leau

1,
w
h
ich
is
feasib
le
an
d
d
u
al-feasib
le
if
�
is
large
en
ou
gh
.

S
o
im
agin
e
th
at
�
starts
ou
t
very
large,
an
d
th
en
sh
rin
k
s
tow
ard
0,
slow
ly.

A
s
�
sh
rin
k
s,
th
e
tab
leau
m
ay
su
d
d
en
ly
stop
b
ein
g
feasib
le
or
d
u
al-feasib
le

w
h
en
�
crosses
certain
\th
resh
old
"
valu
es.
W
h
en
th
is
h
ap
p
en
s,
w
e
im
m
ed
i-

ately
p
au
se
to
\�
x
"
th
e
tab
leau
.
If
w
e
lost
d
u
al-feasib
ility
(resp
.
feasib
ility
)

w
e
restore
it
b
y
th
e
sim
p
lex
m
eth
o
d
(resp
.
th
e
d
u
al
sim
p
lex
m
eth
o
d
).
H
av
-

in
g
d
on
e
th
at,
w
e
h
ave
a
tab
leau
w
h
ich
is
feasib
le
an
d
d
u
al-feasib
le
for

sm
aller
valu
es
of
�
th
an
b
efore.
It
w
ill
n
ot
b
e
feasib
le
an
d
d
u
al-feasib
le
for

very
large
�
an
y
m
ore,
b
u
t
w
e
d
on
't
care
b
ecau
se
ou
r
goal
is
�
=
0.
S
ee

T
ab
leau
2
b
elow
.

N
ow
let
�
resu
m
e
sh
rin
k
in
g
tow
ard
0,
an
d
w
h
en
ever
th
e
tab
leau
loses

feasib
ility
or
d
u
al-feasib
ility,
p
au
se
to
\rep
air"
th
e
tab
leau
.
A
s
th
ere
are

on
ly
�
n
itely
m
an
y
p
ossib
le
sets
of
b
asic
variab
les,
th
ere
are
on
ly
�
n
itely

1
W
e
co
n
tin
u
e
to
u
se
th
e
term
\
d
u
a
l-fea
sib
le"
fo
r
a
ta
b
lea
u
sa
tisfy
in
g
th
e
o
p
tim
a
lity

criterio
n
.

2
T
h
e
ex
a
m
p
le
is
ta
k
en
fro
m
R
o
b
ert
J
.
V
a
n
d
erb
ei,
L
in
ea
r
P
ro
g
ra
m
m
in
g
,
F
o
u
n
d
a
tio
n
s

a
n
d
E
x
te
n
sio
n
s
,
2
n
d
E
d
itio
n
,
S
p
rin
g
er,
2
0
0
1
.
A
h
ig
h
ly
reco
m
m
en
d
ed
b
o
o
k
.

3
5
4
,
s
0
6
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a
l
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u
a
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S
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l
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M
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o
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2

m
an
y
p
ossib
le
\th
resh
old
"
valu
es
th
at
�
can
cross.
T
h
erefore,
after
�
n
itely

m
an
y
rep
airs,
th
is
p
ro
ced
u
re
�
n
ally
reach
es
a
tab
leau
th
at
is
feasib
le
an
d

d
u
al-feasib
le
for
�
=
0,
i.e.,
for
th
e
origin
al
p
rob
lem
,
as
in
T
ab
leau
x
3,
4,
5.

O
f
cou
rse
th
ere
is
also
th
e
p
ossib
ility
th
at
b
efore
reach
in
g
�
=
0,
w
e

reach
a
tab
leau
sh
ow
in
g
th
at
for
som
e
�
>
0,
th
e
p
ertu
rb
ed
p
rob
lem

is

in
feasib
le
or
u
n
b
ou
n
d
ed
.
T
h
en
w
e
stop
an
d
can
con
clu
d
e
th
at
th
e
origin
al

L
P
P
or
its
d
u
al
w
as
in
feasib
le
(ex
ercise).

W
h
ile
w
e
are
red
u
cin
g
�
w
e
\freeze"
th
e
b
asis
u
n
til
w
e
cross
a
th
resh
old

valu
e
of
�
.
T
h
en
,
w
e
p
au
se
an
d
freeze
�
,
an
d
u
se
sim
p
lex
or
d
u
al-sim
p
lex

to
ch
an
ge
th
e
b
asis.
T
h
en
w
e
re-freeze
th
e
b
asis
an
d
red
u
ce
�
,
an
d
so
on
.

T
h
rou
gh
ou
t,
as
�
ch
an
ges,
so
d
o
es
th
e
L
P
P
th
at
th
e
tab
leau
rep
resen
ts.
3

T
H
E
E
X
A
M
P
L
E
.

M
ax
im
ize
z
=
�
2x
+
3y

su
b
ject
to

�
x
+

y
�

�
1

�
x
�
2y
�

�
2

y
�

1

x
,
y
�

0

x

y

u

v

w

u

�
1

1

1

0

0

�
1

v

�
1

�
2

0

1

0

�
2

w

0

1

0

0

1

1

2

�
3

0

0

0

0

T
A
B
L
E
A
U
0
:
o
rigin
a
l
L
P
P

B
y
ad
d
in
g
slack
variab
les
w
e
get
T
ab
leau
0.
B
y
d
u
ality
th
eory,
w
e
w
an
t
a

tab
leau
th
at
is
b
oth
feasib
le
an
d
d
u
al-feasib
le.
O
u
r
T
ab
leau
0
is
n
eith
er.
W
e

\p
ertu
rb
"
th
e
origin
al
p
rob
lem
,
ad
d
in
g
�
to
each
righ
t
sid
e,
an
d
su
b
tractin
g

�
from
each
n
on
-slack
co
eÆ
cien
t
of
th
e
ob
jective
fu
n
ction
.
T
h
u
s
�
is
a
d
d
e
d

to
th
e
ob
jective
row
en
tries
in
T
ab
leau
1.
E
ach
valu
e
of
�
corresp
on
d
s
to
a

d
i�
eren
t
L
P
P
.
(O
u
r
origin
al
p
rob
lem
corresp
on
d
s
to
�
=
0.)

x

y

u

v

w

u

�
1

1

1

0

0

�
1
+
�

v

�
1

�
2

0

1

0

�
2
+
�

w

0

1

0

0

1

1
+
�

(2
+
�
)
(�
3
+
�
)
0

0

0

0

T
A
B
L
E
A
U
1
:
fea
sib
le
a
n
d
d
u
a
l-fea
s.
fo
r
�
�

3

3
T
h
is
is
a
n
ex
a
m
p
le
o
f
a
g
en
era
l
tech
n
iq
u
e
so
m
etim
es
ca
lled
\
d
efo
rm
a
tio
n
"
,
w
h
ere

w
e
in
tro
d
u
ce
a
p
a
ra
m
eter
�

in
to
a
g
iv
en
p
ro
b
lem
,
m
a
k
in
g
a
fa
m
ily
o
f
p
ro
b
lem
s,
o
n
e
fo
r

ea
ch
va
lu
e
o
f
�
.
O
n
e
tries
to
d
o
th
is
in
a
w
ay
th
a
t
(a
)
th
e
p
ro
b
lem
is
ea
sy
(o
r
ea
sier)
fo
r

so
m
e
va
lu
e(s)
o
f
�
,
a
n
d
(b
)
o
n
e
ca
n
k
eep
tra
ck
o
f
w
h
a
t
h
a
p
p
en
s
to
th
e
so
lu
tio
n
a
s
w
e
let

�

!

0
.
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a
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M
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3

T
ab
leau
1
is
th
e
b
egin
n
in
g
of
ou
r
an
aly
sis
of
th
ese
p
rob
lem
s.
K
eep
in

m
in
d
th
at
w
e
really
on
ly
care
ab
ou
t
�
=
0.
If
�
is
very
large,
T
ab
leau
1

is
clearly
feasib
le
an
d
d
u
al-feasib
le.
In
stead
of
sp
ecify
in
g
a
valu
e
for
�
,
w
e

ob
serve
th
at
as
lon
g
as
�
�

3,
th
is
tab
leau
is
feasib
le
an
d
d
u
al-feasib
le.
W
e

w
ill
red
u
ce
th
e
p
ertu
rb
ation
factor
�
to
0,
grad
u
ally,
rep
airin
g
an
y
loss
of

feasib
ility
or
d
u
al-feasib
ility
as
so
on
as
it
h
ap
p
en
s.

Y
ou
sh
ou
ld
try
to
sp
ot
th
e
th
resh
old
valu
es
of
�
from
th
e
tab
leau
x
,
an
d

u
se
th
e
tex
t
to
ch
eck
you
rself.
W
h
at
is
th
e
th
resh
old
for
T
ab
leau
1?
W
e

ju
st
w
atch
for
valu
es
of
�
w
h
ere
on
e
of
2
+
�
,
�
3
+
�
,
�
1
+
�
,
�
2
+
�
,

or
1
+
�
ch
an
ges
sign
.
A
s
�
d
escen
d
s,
th
e
�
rst
su
ch
th
resh
old
is
�
=
3.

F
or
valu
es
of
�
sligh
tly
less
th
an
�
=
3,
T
ab
leau
1
h
as
lost
d
u
al-feasib
ility
:

th
e
�
3
+
�
in
th
e
ob
jective
row
b
ecom
es
n
egative.
H
ow
ever,
th
e
tab
leau
is

still
feasib
le
for
su
ch
valu
es
of
�
.
T
h
erefore,
th
in
k
in
g
of
�
as
sligh
tly
less

th
an
3,
w
e
p
erform
p
rim
al
sim
p
lex
iteration
s.
T
h
e
on
ly
ch
oice
for
en
terin
g

variab
le
is
y
.
T
h
e
ratios
(�
1
+
�
)=1
an
d
(1
+
�
)=1
com
p
ete
to
d
eterm
in
e

th
e
d
ep
artin
g
variab
le.
T
h
e
�
rst
of
th
ese
is
th
e
sm
aller,
an
d
so
u
d
ep
arts.

P
ivotin
g
on
th
e
1
in
th
e
u
-row
,
y
-colu
m
n
b
rin
gs
u
s
to
T
ab
leau
2.

F
or
T
ab
leau
2
to
b
e

feasib
le
an
d
d
u
al-feas.,

th
e
con
d
ition
s
are
th
at

�
1
+
2�
,
3
�
�
,
�
1
+
�
,

an
d
�
4
+
3�
m
u
st
all

b
e
n
on
n
egative.
T
h
ese

con
d
ition
s
all
h
old
on
ly

for
�
b
etw
een
43

an
d
3.

N
ex
t
th
resh
old
:
�
=
43
.

It
is
con
ven
ien
t
to

x

y

u

v

w

y

�
1

1

1

0

0

�
1
+
�

v

�
3

0

2

1

0

�
4
+
3�

w

1

0

�
1

0

1

2

(2�
�

1)
0

(3
�

�
)
0

0

T
A
B
L
E
A
U
2
:
fea
s.
a
n
d
d
u
a
l-fea
s.
if
43

�

�
�

3

ign
ore
th
e
low
er
righ
t

corn
er
u
n
til
th
e
�
n
al

tab
leau
.

J
u
st
b
elow
�
=
4=3

T
ab
leau
2
is
in
feasib
le

in
th
e
v
-row
,
b
u
t
re-

m
ain
s
d
u
al-feasib
le.

S
o
th
e
d
u
al
sim
p
lex

m
eth
o
d
tells
u
s
to
let

v
d
ep
art
an
d
x
en
ter.

x

y

u

v

w

y

0

1

1=3

�
1=3

0

1=3

x

1

0

�
2=3

�
1=3

0

43

�

�

w

0

0

�
1=3

1=3

1

23

+
�

0

0

(7
+
�
)=3

(2�
�

1)=3

0

T
A
B
L
E
A
U
3
:
fea
s.
a
n
d
d
u
a
l-fea
s.
if
12

�

�
�

43

A
fter
p
ivotin
g
on
th
e
�
3,
w
e
h
ave
reach
ed
T
ab
leau
3.

A
s
�
d
rop
s
b
elow
4=3,
feasib
ility
h
old
s
all
th
e
w
ay
to
�
=
0
in
T
ab
leau

3,
b
u
t
d
u
al-feasib
ility
fails
if
2�
�

1
<
0.
T
h
e
n
ex
t
th
resh
old
is
�
=
1
=2.

3
5
4
,
s
0
6

P
r
im
a
l
-D
u
a
l
S
im
p
l
e
x
M
e
t
h
o
d

4

x

y

u

v

w

y

0

1

0

0

1

1
+
�

x

1

0

�
1

0

1

2

v

0

0

�
1

1

3

2
+
3�

0

0

2
+
�

0

1
�

2�

T
A
B
L
E
A
U
4
:
fea
sible
a
n
d
d
u
a
l-fea
sible

if
0
�

�
�

1=2

x

y

u

v

w

y

0

1

0

0

1

1

x

1

0

�
1

0

1

2

v

0

0

�
1

1

3

2

0

0

2

0

1

�
1

T
A
B
L
E
A
U
5
:
o
p
tim
a
l
fo
r

th
e
o
rig
in
a
l
L
P
P

N
ex
t
im
agin
e
�
sligh
tly
b
elow
1=2
an
d
m
ake
a
(p
rim
al)
p
ivot
in
T
ab
leau

3,
w
ith
v
en
terin
g,
w
d
ep
artin
g.
T
h
is
lead
s
to
T
ab
leau
4.

T
ab
leau
4
is
feasib
le
an
d
d
u
al-feasib
le
even
for
�
=
0,
so
w
e
h
ave
ach
ieved

ou
r
ob
jective.
E
x
p
licitly,
set
�
=
0
to
get
T
ab
leau
5,
w
h
ich
is
th
e
�
n
al

tab
leau
for
th
e
origin
al
L
P
P
.
N
ow
,
com
p
u
te
th
e
op
tim
al
valu
e
of
z
.
O
u
r

op
tim
al
solu
tion
is
x
=
2,
y
=
1,
z
=
�
1.

(S
h
ortcu
ts
for
h
an
d
calcu
lation
s.
It
is
n
ot
really
n
ecessary
to
go
to
th
e

trou
b
le
of
w
ritin
g
d
ow
n
all
of
T
ab
leau
5
sin
ce
it's
im
p
licit
in
T
ab
leau
4,

ex
cep
t
for
th
e
valu
e
of
z
.
A
lso,
w
e
actu
ally
cou
ld
h
ave
set
�
=
0
in
T
ab
leau

3.
T
h
e
resu
lt
isn
't
d
u
al-feasib
le,
b
u
t
it's
at
least
feasib
le,
an
d
th
en
w
e
can

u
se
p
rim
al
sim
p
lex
m
eth
o
d
.)

E
x
e
r
c
is
e
s
.

1
.
S
o
lv
e
so
m
e
L
P
P
's
b
y
th
e
p
rim
a
l-d
u
a
l
m
eth
o
d
.

2
.
In
th
e
p
rim
a
l-d
u
a
l
m
eth
o
d
,
a
ssu
m
in
g
th
a
t
�

�

0
,
a
n
y
fea
sib
le
so
lu
tio
n
o
f
th
e
o
rig
in
a
l

L
P
P
is
a
lso
fea
sib
le
fo
r
th
e
p
ertu
rb
ed
p
ro
b
lem
.
E
x
p
la
in
w
h
y
th
is
is
tru
e.
(T
h
e
sa
m
e
is

tru
e
fo
r
d
u
a
l-fea
sib
ility,
to
o
.)

3
.
In
T
h
e
E
x
a
m
p
le,
w
e
w
ere
a
lw
ay
s
a
b
le
to
resto
re
fea
sib
ility
a
n
d
d
u
a
l-fea
sib
ility.
B
u
t
it

is
p
o
ssib
le
in
p
rin
cip
le
th
a
t
in
th
e
co
u
rse
o
f
th
e
p
rim
a
l-d
u
a
l
m
eth
o
d
,
th
e
sim
p
lex
o
r

d
u
a
l-sim
p
lex
m
eth
o
d
m
ig
h
t
lea
d
to
th
e
u
n
b
o
u
n
d
ed
n
ess
o
r
in
fea
sib
ility
criterio
n
fo
r
th
e

p
ertu
rb
ed
p
ro
b
lem
.
W
h
a
t
w
o
u
ld
th
a
t
m
ea
n
a
b
o
u
t
th
e
o
rig
in
a
l
L
P
P
a
n
d
its
d
u
a
l?
(
H

in
t
.

U
se
th
e
p
rev
io
u
s
ex
ercise.)

4
.
A
n
o
th
er
co
n
ceiva
b
le
d
iÆ
cu
lty
is
th
a
t
b
o
t
h

fea
sib
ility
a
n
d
d
u
a
l-fea
sib
ility
m
ig
h
t
b
e
lo
st

a
t
th
e
s
a
m

e

th
resh
o
ld
va
lu
e
o
f
�
.
O
n
ce
b
o
th
a
re
lo
st,
w
e
ca
n
't
resto
re
eith
er
o
n
e,
a
t

lea
st
b
y
th
e
sim
p
lex
o
r
d
u
a
l-sim
p
lex
m
eth
o
d
s.
C
a
n
y
o
u
th
in
k
o
f
a
slig
h
tly
d
i�
eren
t
w
ay

to
d
efo
rm
th
e
o
rig
in
a
l
L
P
P
th
a
t
p
rev
en
ts
th
is
u
n
p
lea
sa
n
t
p
o
ssib
ility
fro
m
ev
er
o
ccu
rrin
g
?

5
.
In
T
h
e
E
x
a
m
p
le,
a
s
w
e
cro
ssed
ea
ch
th
resh
o
ld
va
lu
e
o
f
�
,
it
to
o
k
ju
st
o
n
e
itera
tio
n
o
f

sim
p
lex
o
r
d
u
a
l-sim
p
lex
to
resto
re
fea
sib
ility
a
n
d
d
u
a
l-fea
sib
ility.
D
o
y
o
u
th
in
k
th
a
t
th
is

a
lw
ay
s
n
ecessa
rily
tru
e?
If
so
,
w
h
y
?
If
sev
era
l
itera
tio
n
s
m
ig
h
t
b
e
n
eed
ed
,
h
ow
d
o
y
o
u

tell
w
h
en
to
freeze
th
e
b
a
sis
a
n
d
sta
rt
red
u
cin
g
�

a
g
a
in
?


