
S
u
p
p
le
m
e
n
ta
r
y
n
o
te
s
o
n
ta
b
le
a
u
x

M
a
th
3
5
4
-0
4
,
S
p
r
in
g
2
0
0
6

T
h
ese
n
otes
con
tain
som
e
b
asic
facts
ab
ou
t
tab
leau
x
,
th
e
op
tim
ality
crite-

rion
,
an
d
th
e
ob
jective
row
.
C
on
sid
er
a
L
P
P
in
can
on
ical
form
:

M
ax
im
ize

z
=
c
T
x

=
c
1 x
1

+
���+
c
n
x
n

su
b
ject
to

A
x

=
b

x

�
0
;

w
h
ere
x

=
[x
1

���
x
n
] T
.

T
h
e
in
itial
setu
p
S
for
th
is

p
rob
lem
is
at
th
e
righ
t.
T
h
e

ob
jective
row
stan
d
s
for

z
� X
c
k x
k
=
0:

T
h
e
oth
er
row
s,
called
\con
-

strain
t
row
s",
rep
resen
t
th
e

con
strain
ts
A
x

=
b
.

S
=

x
1

x
2

:::
x
k

:::
x
n

A

b

�
c
1

�
c
2

:::
�
c
k

:::
�
c
n

0

W
a
r
n
in
g
.
S
m
ay
or
m
ay
n
ot
b
e
a
tab
leau
,
an
d
freq
u
en
tly
it
is
n
ot
even

w
ritten
d
ow
n
.
It
is
h
ere
as
an
aid
to
u
n
d
erstan
d
in
g
w
h
at's
goin
g
on
.

1
�

R
em
em
b
er
th
at
an
y
vector
x

satisfy
in
g
A
x

=
b
is
called
a
\solu
tion
"
of
ou
r

L
P
P
.
A
n
y
solu
tion
of
ou
r
L
P
P
satis�
es
all
th
e
eq
u
ation
s
rep
resen
ted
b
y
S
.

2
�

T
o
each
b
asic
solu
tion
,
i.e.,
each
ch
oice
of
m
of
th
e
variab
les
x
1 ;:::;x
n
w
h
ich

sh
all
b
e
con
sid
ered
\b
asic",
th
ere
corresp
on
d
s
on
e
an
d
on
ly
on
e
1\tab
leau
":

T
=

x
1

x
2

:::
x
j

:::
x
n

A
0

b
0

f
1

f
2

:::
f
k

:::
f
n

z
0

=

x
1

x
2

:::
x
k

:::
x
n

...

...

...

...

...

...

x
k
j

a
0j

1

a
0j

2

:::
a
0j

k

:::
a
0j

n

b
0r

...

...

...

...

...

...

f
1

f
2

:::
f
k

:::
f
n

z
0

1
E
x
cep
t
fo
r
th
e
o
rd
er
in
w
h
ich
th
e
co
n
stra
in
t
row
s
a
p
p
ea
r.
T
h
e
co
n
d
itio
n
s
th
a
t
m
a
k
e
T

u
n
iq
u
e
(w
ith
th
is
ex
cep
tio
n
)
a
re
3

a
n
d
4

b
elow
.

3
5
4
-0
4
,
s
0
6

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
t
a
b
l
e
a
u
x

2

A
ll
th
e
d
ecision
variab
les
x
1 ;:::;x
n

are
w
ritten
across
th
e
top
of
T
,
an
d
all

th
e
b
asic
variab
les
x
k
1 ;:::;x
k
m

are
listed
d
ow
n
th
e
left
sid
e.

3
�

T
h
e
tab
leau
T
m
u
st
b
e
ob
tain
ab
le
from
th
e
u
n
d
erly
in
g
setu
p
S
b
y
p
ivotin
g

on
en
tries
in
th
e
cen
tral
p
ortion
(w
h
ere
th
e
A
an
d
A
0

are).
O
ften
S
itself
is

a
tab
leau
,
b
u
t
n
ot
alw
ay
s.
In
an
y
case
th
e
sim
p
lex
m
eth
o
d
starts
w
ith
an

in
itial
tab
leau
easily
traceab
le
b
y
row
op
eration
s
b
ack
to
th
e
in
itial
setu
p

S
.
T
h
e
m
eth
o
d
th
en
p
ro
ceed
s,
on
e
p
ivot
at
a
tim
e,
to
fu
rth
er
tab
leau
x
.

4
�

T
h
e
colu
m
n
s
of
T
u
n
d
er
th
e
b
asic
variab
les
m
u
st
b
e
th
e
colu
m
n
s
of
th
e
m
�

m
id
en
tity
m
atrix
2,
in
som
e
ord
er,
w
ith
0's
b
en
eath
th
em
in
th
e
ob
jective

row
.
T
h
e
list
of
b
asic
variab
les
at
th
e
left
in
d
icates
w
h
ere
th
e
1's
are
in
th
e

colu
m
n
s.

5
�

B
ecau
se
an
y
tab
leau
T
arises
from
S
b
y
p
ivotin
g
(see
3
ab
ove),
th
e
row
s
of

[A
0j
b
0]
are
lin
ear
com
b
in
ation
s
of
th
e
row
s
of
[A
j
b
],
an
d
v
ice-versa
sin
ce

row
op
eration
s
are
reversib
le.
T
h
erefore
th
e
sy
stem
of
eq
u
ation
s
A
0x

=
b
0

h
as
th
e
sam
e
solu
tion
s
as
A
x

=
b
.
T
h
e
\
so
lu
tio
n
s"
o
f
o
u
r
L
P
P
c
a
n
b
e

c
h
a
r
a
c
te
r
iz
e
d
n
o
t
o
n
ly
a
s
th
e
th
e
so
lu
tio
n
s
o
f
A
x

=
b
,
b
u
t
a
lso
a
s

th
e
so
lu
tio
n
s
o
f
th
e
sy
ste
m

A
0x

=
b
0.
A
gain
b
ecau
se
of
th
e
p
ivotin
g,
th
e

ob
jective
row
of
T
is
th
e
sam
e
as
th
at
of
S
,
p
lu
s
som
e
lin
ear
com
b
in
ation
of

th
e
row
s
of
[A
j
b
],
or
eq
u
ivalen
tly,
p
lu
s
a
lin
ear
com
b
in
ation
of
th
e
row
s
of

[A
0j
b
0].
T
h
erefore
th
e
e
q
u
a
tio
n
s
r
e
p
r
e
se
n
te
d
b
y
th
e
r
o
w
s
o
f
T
h
o
ld

fo
r
a
n
y
so
lu
tio
n
x

o
f
o
u
r
L
P
P
.

6
�

T
h
e
tab
leau
T
corresp
on
d
s
to
th
e
b
asic
solu
tion

x
k
1

=
b
01

;
:::
;
x
k
m

=
b
0m
;
all
n
on
b
asic
x
k

eq
u
al
0;
an
d
z
=
z
0 .

T
h
is
b
asic
solu
tion
is
fe
a
sib
le
if
an
d
on
ly
if
b
0

�
0
.

W
h
en
w
e
ch
o
ose
w
h
ich
variab
les
are
b
asic,
w
e
are
ch
o
osin
g
a
p
oin
t
of
v
iew

from
w
h
ich
to
an
aly
ze
th
e
L
P
P
,
an
d
th
e
tab
leau
is
th
e
\p
ictu
re"
of
th
e
L
P
P

from
th
at
p
oin
t
of
v
iew
.

S
om
e
p
eop
le
p
refer
to
w
rite
th
e
eq
u
ation
s
in
stead
of
th
e
tab
leau
,
an
d
call

th
e
eq
u
ation
s
a
\d
iction
ary
"
for
th
at
ch
oice
of
b
asic
variab
les.

2
A
s
w
e
k
n
ow
,
th
e
co
lu
m
n
s
o
f
A

co
rresp
o
n
d
in
g
to
th
e
b
a
sic
va
ria
b
les
m
u
st
b
e
lin
ea
rly

in
d
ep
en
d
en
t.
H
en
ce
it
is
p
o
ssib
le
to
rea
ch
th
is
id
en
tity
su
b
m
a
trix
b
y
p
iv
o
tin
g
.



3
5
4
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4
,
s
0
6

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
t
a
b
l
e
a
u
x

3

7
�

L
et's
lo
ok
at
an
ex
am
p
le
b
oth
w
ay
s.
W
e
start
w
ith
T
ab
leau
1.
T
h
en
v

en
ters
th
e
b
asis,
y
d
ep
arts,
an
d
th
e
p
ivot
on
0:6
gives
T
ab
leau
2.
T
h
en
u

en
ters,
x
d
ep
arts,
an
d
p
ivotin
g
on
2=3
gives
T
ab
leau
3.

x

y

u

v

u

0:2

0:6

1

0

3000

v

0:8

0:4

0

1

5000

�
1

�
2

0

0

0

T
ab
leau
1:
x
;y
n
on
b
asic

x
;y
D
iction
ary
:

u
=
�
(0:2)x
�
(0:6)y
+
3000

v
=
�
(0
:8)x
�
(0:4)y
+
5000

z
=

x

+

2y

x

y

u

v

y

1=3

1

5=3

0

5000

v

2=3

0

�
2=3

1

3000

�
1=3

0

10=3

0

10000

T
ab
leau
2:
x
;u
n
on
b
asic

x
;u
D
iction
ary
:

y
=
�
(1=3)x
�
(5=3)u
+
5000

v
=
�
(2=3)x
+
(2
=3)u
+
3000

z
=

(1=3)x
�
(10=3)u
+
10000

A
ll
th
ese
tab
leau
x
rep
resen
t
b
asic

fe
a
sib
le
solu
tion
s,
sin
ce
each
righ
t

h
an
d
colu
m
n
�
0
(it
is
n
ot
n
eces-

sary
to
ch
eck
th
at
z
0

�
0).
In
each

case
th
e
z
-eq
u
ation
,
valid
on
th
e

w
h
ole
feasib
le
region
,
h
as
th
e
form

z
=
z
0

�

n
Xi

=
1

f
i x
i

w
h
ere
f
i
is
th
e
ob
jective
row
en
try

for
th
e
variab
le
x
i .
T
h
e
b
asic
vari-

ab
les
d
on
't
con
trib
u
te
to
th
e
su
m
,

sin
ce
f
i
=
0
for
th
e
b
asic
variab
les.

x

y

u

v

y

0

1

2

�
:5

3500

x

1

0

�
1

1:5

4500

0

0

3

0:5

11500

T
ab
leau
3:
u
;v
n
on
b
asic

u
;v
D
iction
ary
:

y
=

�
2u
+
(0:5)v
+

3500

x
=

u
�
(1:5)v
+

4500

z
=

�
3u
�
(0:5)v
+
11500

A
t
th
e
cu
rren
t
b
asic
feasib
le
solu
tion
z
=
z
0

sin
ce
th
e
n
on
-b
asic
variab
les

are
0
th
ere.
B
u
t
th
e
z
-eq
u
ation
also
tells
u
s
h
ow
z
ch
an
ges
if
w
e
m
ove

aw
ay
from
th
is
b
asic
feasib
le
solu
tion
,
w
ith
on
e
or
m
ore
n
on
b
asic
variab
les

ch
an
gin
g
(in
creasin
g!
to
m
ain
tain
feasib
ility
).

In
T
ab
leau
I,
th
e
x
an
d
y
co
eÆ
cien
ts
in
th
e
z
-eq
u
ation
are
b
oth
p
ositive,

so
w
e
can
in
crease
z
b
y
in
creasin
g
x
or
y
.
W
e
ch
ose
y
to
b
rin
g
in
to
th
e

3
5
4
-0
4
,
s
0
6

s
u
p
p
l
e
m
e
n
t
a
r
y
n
o
t
e
s
:
t
a
b
l
e
a
u
x

4

b
asis,
an
d
got
T
ab
leau
2.
(T
h
e
sim
p
lex
m
eth
o
d
told
u
s
th
at
u
h
ad
to

b
e
th
e
d
ep
artin
g
variab
le.)
S
im
ilarly,
in
T
ab
leau
2,
th
e
z
-eq
u
ation
sh
ow
s

th
at
z
can
b
e
in
creased
b
y
in
creasin
g
x
.
In
T
ab
leau
3,
th
e
z
-eq
u
ation
n
ow

sh
ow
s
th
at
z
can
't
b
e
in
creased
b
y
m
ak
in
g
an
y
feasib
le
ch
an
ge
in
an
y
of
th
e

variab
les.
S
o
T
ab
leau
3
gives
an
op
tim
al
solu
tion
to
th
e
L
P
P
.

8
�

W
h
at
m
ad
e
T
ab
leau
3
op
tim
al?
A
n
sw
er:
th
ere
w
ere
n
o
p
ositive
co
eÆ
cien
ts

in
th
e
z
-eq
u
ation
.
E
q
u
ivalen
tly
all
th
e
en
tries
of
th
e
ob
jective
row
of
th
e

tab
leau
w
ere
�
0
(ign
orin
g
z
0 ,
w
h
ich
d
o
esn
't
m
atter
h
ere).
T
h
is
in
gen
eral

is
th
e
O
P
T
IM
A
L
IT
Y
C
R
IT
E
R
IO
N
for
a
tab
leau
T
:

T
h
e
ob
jective
row
en
tries
f
i
satisfy
f
i
�
0
for
all
i
=
1;:::;n
;

an
d
it
en
su
res
op
tim
ality
sin
ce
T
tells
u
s
th
at

z
=
z
0

� X
f
i x
i

on
th
e
en
tire
feasib
le
region
.

9
�

O
b
je
c
tiv
e
r
o
w

tr
ic
k
.
If
you
h
ave
a
com
p
lete
tab
leau
calcu
lated
ex
cep
t

for
th
e
ob
jective
row
,
h
ere
is
a
trick
for
calcu
latin
g
th
e
ob
jective
row
,
w
ith
-

ou
t
p
ivotin
g
or
even
k
n
ow
in
g
w
h
at
th
e
ob
jective
row
w
as
in
th
e
p
rev
iou
s

tab
leau
.
(O
r
if
you
d
o
p
ivot,
u
se
th
e
trick
to
ch
eck
you
r
arith
m
etic.)
A
s
an

illu
stration
,
T
ab
leau
2
is
at
righ
t

w
ith
ou
t
its
ob
jective
row
,
w
h
ich
w
e

w
ill
recover.
W
rite
th
e
co
eÆ
cien
ts

c
1 ;:::;c
n

of
th
e
ob
jective
fu
n
ction

ab
ove
T
.
P
u
t
th
e
co
eÆ
cien
ts
of

ju
st
th
e
b
asic
variab
les
c
k
1 ;:::;c
k
m

d
ow
n
th
e
left
sid
e
of
T
,
callin
g
th
at

1

2

0

0

c
B

x

y

u

v

2

y

1
=3

1

5=3

0

5000

0

v

2
=3

0

�
2=3

1

3000

colu
m
n
vector
c
B
.
L
et
A
01 ;:::;A
0n

b
e
th
e
colu
m
n
s
of
A
0.
T
h
e
trick
is:

(1)

each
f
k
=
�
c
k
+
c
B

�
A
0k
=
�
c
k
+

m
Xj

=
1

c
k
j a

0j
k

an
d

z
0

=
c
B

�
b
0:

F
or
T
ab
leau
2,
c
B

=
[2
0] T
,

z
0

=
2
�5000
+
0
�3000
=
10000,

f
1

=
�
1
+ �
20 �
� �
1=3

2=3 �
=
�
1=3

an
d

f
3

=
�
0
+ �
20 �
� �
5
=3

�
2=3 �
=
10=3
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5

O
f
cou
rse
th
e
b
asic
en
tries
of
th
e
ob
jective
row
(f
2

an
d
f
4

in
th
is
case)
are

n
ecessarily
0.
T
h
is
recovers
th
e
ob
jective
row
w
e
h
ad
in
7
.

1
0
�

J
u
sti�
cation
for
th
e
trick
.
D
en
ote
b
y
R
1 ;:::;
R
m

th
e
row
s
of
[A
0j
b
0].
A
ll

th
e
eq
u
ation
s
in
(1)
m
ake
a
sin
gle
vector
eq
u
ation
for
th
e
ob
jective
row
:

(2)

[f
1

���
f
n
z
0 ]
=
[�
c
1

���
�
c
n
0]+ P
mj

=
1
c
k
j
R
j :

W
e
k
n
ow
from
4
th
at
som
e
su
ch
eq
u
ation
is
tru
e,
b
u
t
n
ot
n
ecessarily
w
ith

th
ese
co
eÆ
cien
ts
c
k
1 ;:::;c
k
m

.
L
et's
sh
ow
th
at
th
e
c
k
j

really
are
th
e
righ
t

co
eÆ
cien
ts.

P
ick
an
y
j
=
1;:::;m
.
W
e
k
n
ow
th
at
f
k
j

=
0
sin
ce
x
k
j

is
b
asic.
L
o
ok
in
g

d
ow
n
th
e
x
k
j

colu
m
n
w
e
see
1
in
row
R
j
an
d
0
in
all
th
e
oth
er
R
's.
S
o
th
e

correct
version
of
eq
u
ation
(2)
tells
u
s
th
at

0
=
f
k
j

=
�
c
k
j

+
correct
co
eÆ
cien
t
of
R
j .

S
o
th
e
correct
co
eÆ
cien
t
is
c
k
j ,
(2)
is
correct
as
it
stan
d
s,
an
d
(1)
is
tru
e.

1
1
�

T
H
E
U
N
B
O
U
N
D
E
D
N
E
S
S
C
R
IT
E
R
IO
N
:
A
n
L
P
P
is
u
n
b
ou
n
d
ed
if
a
tab
leau

T
is
reach
ed
rep
resen
tin
g
a
b
asic
fe
a
sib
le
solu
tion
,
su
ch
th
at
f
k

<
0
for

som
e
k
,
an
d
a
k
j
�
0
for
all
j
=
1;:::;m
(th
ese
are
th
e
en
tries
of
th
e
colu
m
n

A
0k

d
irectly
ab
ove
f
k ).
W
h
y
is
th
is?
R
em
em
b
er
th
e
d
iction
ary
for
T
,
w
ith

on
ly
n
on
b
asic
x
's
on
th
e
righ
t
sid
e:

x
k
1

=
b
0k

1

�
����
a
k
1 x
k
�
���

���

x
k
m

=
b
0k

m

�
����
a
k
m
x
k
�
���

z
=
z
0

�
����
f
k x
k
�
���

S
in
ce
th
is
b
asic
solu
tion
is
feasib
le,
all
th
e
b
0's
are
n
on
n
egative.
N
ow
sen
d

x

on
a
jou
rn
ey
th
rou
gh
th
e
feasib
le
region
,
m
ov
in
g
it
aw
ay
from
th
is
b
asic

feasib
le
solu
tion
an
d
in
creasin
g
x
k

to
+
1

for
th
e
sin
gle
x
k

sh
ow
n
in
th
e

ab
ove
eq
u
ation
s.
W
e
can
keep
x

feasib
le
as
it
travels
b
y
ad
ju
stin
g
its
oth
er

co
ord
in
ates
as
follow
s.
A
ll
th
e
n
on
b
asic
variab
les
ex
cep
t
x
k

stay
eq
u
al
to
0.

A
s
a
resu
lt,
th
e
d
ots
in
th
e
ab
ove
eq
u
ation
s
am
ou
n
t
to
0
an
d
can
b
e
ign
ored
.

W
e
ch
an
ge
th
e
b
asic
x
k
j 's
accord
in
g
to
th
e
�
rst
b
u
n
ch
of
eq
u
ation
s.
T
h
en

x
k
j

=
b
0k

j

�
a
k
j x
k

�
0,
so
x

stay
s
a
feasib
le
solu
tion
(R
ecall:
all
a
k
j
�
0).

F
in
ally
z
=
z
0

�
f
k x
k
!

+
1
,
sin
ce
f
k
<
0.
S
o
th
e
L
P
P
is
u
n
b
ou
n
d
ed
.


