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Abstract. This note is prepared to give a lecture on Applied Numerical Anal-

ysis.

1. Rootfinding

We consider the solution of nonlinear equation in one unknowns :

(1.1) Given a function f, find a value for x such that f(x) = 0.

Such an x is called a zero of the function f or a root of the equation f(x) = 0. This

problem is known as the root-finding problem.
If f is linear in x, i.e, f = Ax + B for some constants A and B, the problem

is easy to solve. x = −B/A. The difficulties come from the nonlinearity of f with

respect to x. For example, if f is quadratic, still doable. However, if f is a cubic
polynomial in x, then how would you do?

For nonlinear systems, there is rarely a direct method of solution, i.e., an algo-
rithm that terminates at the exact solution. Hence we must use iterative methods
which produce a sequence of approximate solutions x0, x1, · · · for which, hopefully,
limxi exists and equals a root x of f.

The first such technique that will be discussed is the Bisection method.

1.1. The Bisection Method. The most basic algorithm for the root-finding prob-
lem is perhaps the bisection method. The main idea behind this algorithm is the
well-known Intermediate Value Theorem.

Theorem 1.1. Let f be a continuous function over the closed interval [a, b], and

let k be any real number that lies between the values f(a) and f(b). There there

exists a real number c with a < c < b such that f(c) = k.

Note that this theorem just says that a continuous function on a closed interval
assumes every value between the values achieved at the endpoints of the interval.

To demonstrate how the aforementioned IVT can be used, we take a simple

example. Let f(x) = x3 + 2x2 − 3x− 1.
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• The first task is to find an interval containing a zero. It can be achieved

by finding say [a, b] for which the following holds:

f(a)f(b) < 0.

Namely, such an interval should contain a zero (maybe more than one).

For example, the interval [1, 2] satisfies the aforementioned property, i.e.,

f(1) = −1 and f(2) = 9. Hence a zero lies in between (1, 2).

• The second task is to systematically shrink the size of that root enclosing
interval until we hit a zero. Most natural approach should be reducing the
interval size by halving it and repeat this process. The mid-point of the
shrinked interval shall be chosen as iterates xi’s.

We can write such a process as the following psuedocode:

(1) Input two endpoints a and b for which f(a)f(b) < 0 and set i = 0, ai = a

and bi = b.
(2) Set xi = (ai + bi)/2

If f(xi) = 0, then xi is a zero

Else check the sign of f(ai)f(xi) and f(xi)f(bi)

If f(ai)f(xi) < 0, then goto (1) with bi+1 = xi; ai+1 = ai; i = i+ 1;

If f(xi)f(bi) < 0, then goto (1) with ai+1 = xi; bi+1 = bi; i = i+ 1;

Several remarks on the Bisection method are in order.

• Bisection method is called the enclosure method.
• The guess root in each iterations is the average of end points of closed

interval containing a zero.
• Bisection finds only one root even if there are more.
• The stopping criterion should be used with the following choices

(1) (bi − ai)/2 < tolerance.

(2) |f(xi)| < tolerance.

(3) |xi − xi−1| < tolerance.

(4) |xi − xi−1|/|xi| < tolerance.

Some stopping criterion listed in the above might have some drawback. The

most desired stopping criterion will be (4), which I will call relative error.

Example 1.1. Let f(x) = (x − 1)10, x = 1 and xn = 1 + 1/n. Show

that f(xn) < 10−3, whenever n > 1 but that |x − xn| < 10−3 requires that

n > 1000. Now consider the iterates {xi}i defined by xi =
∑i
k=1(1/k). We

can show that xi diverges. But limi→∞ |xi − xi−1| → 0.



APPLIED NUMERICAL ANALYSIS 3

The main question that needs to be addressed is whether or not the bisection
procedure will provide an approximate solution that is close enough to the real
solution. The answer is yes.

Theorem 1.2. Suppose that f ∈ C[a, b], and f(a)f(b) < 0. Then the bisection

method generates a sequence {pn} approximating a root p of f with

|pn − p| ≤
b− a

2n
.

Proof. For each n ≥ 1,

(1.2) bn − an =
1

2n−1
(b− a), and p ∈ (an, bn).

Since pn = 1
2 (an + bn) for all n ≥ 1, it follows that

|pn − p| ≤
1
2

(bn − an) =
b− a

2n
.

�

We conclude that the Bisection method always converges to p. Furthermore,
based upon the theorem discussed above. One can deduce how many iterations
shall be needed for any given tolerance.

Example 1.2. Figure out how many iterations are necessary to solve

f(x) = x3 + 4x2 − 10 = 0

with accuracy 10−3 using a = 1 and b = 2. In other words, we wish |p−pn| < 10−3.

Note that we have a bound that

|p− pn| ≤
1
2n
.

We wish to find n for which 1/2n < 10−3. Namely

2n > 103 ⇒ n log 2 > 3⇒ n > 3/ log 2 ≈ 9.96

We then conclude that about 10 iterations are needed to achieve the tolerance.

1.1.1. Some notes on the speed of convergence of sequences. Let xi be a sequence
that converges to x. For k > 1, we say that the sequence converges to x with order
k if there is a constant C and a number N such that

‖xi+1 − x‖ ≤ C‖xi − x‖k, ∀i ≥ N.

For k = 1, a sequence would then be said to be convergent linearly to x if there
is r < 1 and N such that

‖xi+1 − x‖ ≤ r‖xi − x‖, ∀i ≥ N.
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This one is norm-dependent. In order to avoid the norm-dependency, we note

that the above definition imply that there exists C such that ‖xi − x‖ ≤ Cri for

all i. Observe that it holds true that ‖xi − x‖ ≤ ri−N‖xN − x‖ for all i > N .

Equivalently, ‖xi − x‖ ≤ C0r
i for i > N where C0 = r−N‖xN − x‖. Set C =

max{C0,max0≤i≤N ‖xi − x‖/ri}. We shall take this as our definition for the linear
convergence.

Namely, in order to find the order of convergence k, we need to show that

|xi+1−x| is approximately equal to some constant c times the previous error |xi−x|k

when i is sufficiently large. If k is one, then one need to show that the constant c
is less than one to validate the convergence is at least linear.

Question 1.1. How to obtain a convergence order given errors?

k =
ln(en+1/en)
ln(en/en−1)

How to obtain the convergence rate given errors?

r =
en+1

en
.

Example 1.3. If e1 = 5.000 ∗ 10−1, e2 = 2.500 ∗ 10−1, e3 = 1.2500 ∗ 10−1, e4 =

6.2500∗10−2, e5 = 3.12500∗10−2, e6 = 1.5625∗10−2, e7 = 7.8125∗10−3, then what
is the convergence speed?

Note that the calculation done in the example is based on the upper bound
given in the theorem. It takes fewer iterations. We remark that in each iteration
of bisection method, we cut the interval in half. For speediness, it is best to start

with an interval [a, b] as small as you can, but it is difficult part.

Example 1.4. Consider to find a root of f(x) = 2x3 − x2 + x − 1 = 0. We see

that f(−4) < 0 and f(4) > 0. However, it is the case that f(0) < 0 and f(1) > 0.

Note that [−4, 4] is 8 times bigger than [0, 1] hence we save 3 iterations.

1.2. Newton’s Method. Newton’s method for finding a root is one of the powerful
tool. We will discuss two ways of introducing the idea behind it.

Suppose that f ∈ C2[a, b] and let p0 ∈ [a, b] be an approximation to the solution

p to f(x) = 0 such that f ′(p0) 6= 0 and furthermore |p − p0| is small enough. We

then take the Taylor expansion of f around p0 and evaluate at p to obtain

f(p) = f(p0) + f ′(p0)(p− p0) +
f ′′(ξ(p))

2
(p− p0)2,

where ξ(p) is in between p and p0. Since f(p) = 0, we have

0 = f(p0) + f ′(p0)(p− p0) +
f ′′(ξ(p))

2
(p− p0)2,
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Now since |p− p0|2 much smaller than |p− p0|, it can be ignored to obtain that

0 ≈ f(p0) + f ′(p0)(p− p0)

Now if we set
f(p0) + f ′(p0)(p̂− p0) = 0

Then we expect that p̂ should be closer to p than p0 since p0 is a wild guess while p̂

has been obtained by the aforementioned reasoning. Indeed, it is the case (will be

shown later and also graphically soon) and p̂ shall serve as the next iterate of p0.

(1.3) p1 = p̂ = p0 −
f(p0)
f ′(p0)

.

Repeating the above procedure, we can have the following recursive relation starting
from p0 :

(1.4) pn = pn−1 −
f(pn−1)
f ′(pn−1)

, ∀n ≥ 1.

The functional iteration formula (1.4) indicates that there can be another inter-

pretation of the Newton’s method. Note that the pn is nothing but a zero of the

tangent line of curve y = f(x) that passes through (pn−1, f(pn−1)), namely,

y − f(pn−1) = f ′(pn−1)(x− pn−1).

(1) Input initial approximation p0; Set n = 1;

(2) Compute the next iterate as follows:

(1.5) pn = pn−1 −
f(pn−1)
f ′(pn−1)

.

(3) If |pn−pn−1|/|pn| < tol then we found an approximate solution pn, else set

n = n+ 1; and goto (2).

Example 1.5. What is the Newton’s iteration scheme for finding a root of f(x) =

x3 − 2x2 − 5. Note that f ′(x) = 3x2 − 4x. Hence,

(1.6) pn = pn−1 −
p3
n−1 − 2p2

n−1 − 5
3p2
n−1 − 4pn−1

.

Example 1.6. What is the Newton’s iteration scheme for finding a root of sin x
x = 1

2 .

Find a Newton’s iteration scheme to find an approximation to 4
√

3.

Example 1.7. Let f(x) = cosx−x. Write a Newton’s iteration scheme for finding

a root for f(x).

pn = pn−1 −
f(pn−1)
f ′(pn−1)

.
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We now study the convergence of the Newton’s method.

Theorem 1.3. Let f ∈ C2[a, b]. If p ∈ [a, b] is such that f(p) = 0 and f ′(p) 6= 0,

then there exists a δ > 0 such that Newton’s method generates a sequence {pn}
converging to p for any initial approximation p0 ∈ [p − δ, p + δ]. Furthermore, the

convergence rate is quadratic.

Proof. One may view the Newton’s method as the functional iteration scheme with

pn = g(pn−1) n ≥ 1,

where

g(x) = x− f(x)
f ′(x)

.

Note that g(p) = p and also

(1.7) |pn − p| = |pn − g(p)| = |g(pn−1)− g(p)| = |g′(ξ(pn−1))||pn−1 − p|,

where ξ(pn−1) lies in between p and pn−1. Our goal is to find δ > 0 such that for

all x ∈ [p− δ, p+ δ], |g′(x)| ≤ k < 1. Then we are done! (Why?). This will end the

proof since then with the initial guess p0 ∈ (p− δ, p+ δ), we see that

|pn − p| = |g(pn−1)− p| = |g(pn−1)− g(p)|

= |g′(ξ(pn−1))||pn−1 − p| ≤ k|pn−1 − p|

≤ · · · ≤ kn|p0 − p|.

Under the assumption f ′(p) 6= 0, there exists δ1 > 0 such that

(1.8) f ′(x) 6= 0, ∀x ∈ [p− δ1, p+ δ1].

Note that due to (1.8), g′(x) is well-defined on [p − δ1, p + δ1] and it is given as

follows:

g′(x) = 1− f ′(x)f(x)− f(x)f ′′(x)
[f ′(x)]2

=
f(x)f ′′(x)

[f ′(x)]2
.

Note that

g′(p) = 0.

Hence, there exists a constant 0 < δ < δ1, for which

(1.9) |g′(x)| ≤ k < 1, ∀x ∈ [p− δ, p+ δ].

Note that

en+1 = |pn+1 − p|(1.10)

=
∣∣∣∣p− (pn − f(pn)

f ′(pn)

)∣∣∣∣
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Note that since p0 is sufficiently close to p and {pn} are all close to p, and hence

f ′(pn) 6= 0 for all n. Now we taylor expand f(p) around pn to obtain that

f(p) = f(pn) + f ′(pn)(p− pn) +
f ′′(ξn)

2
(p− pn)2.

Since f(p) = 0, we have

f(pn) = −f ′(pn)(p− pn)− f ′′(ξn)
2

(p− pn)2.

Plugging this expression into the equation (1.10), we obtain that

en+1 =

∣∣∣∣∣p−
(
pn −

−f ′(pn)(p− pn)− f ′′(ξn)
2 (p− pn)2

f ′(pn)

)∣∣∣∣∣
=

∣∣∣∣p− (pn + (p− pn) +
f ′′(ξn)
2f ′(pn)

(p− pn)2
)∣∣∣∣

=
∣∣∣∣ f ′′(ξn)
2f ′(pn)

(p− pn)2
∣∣∣∣

Namely, we have

lim
n→∞

en+1

e2n
= lim
n→∞

∣∣∣∣ f ′′(ξn)
2f ′(pn)

∣∣∣∣ =
∣∣∣∣ f ′′(p)2f ′(p)

(p− pn)2
∣∣∣∣ .

This completes the proof. �

Remark 1.1. Note that if f ′(p) = 0, then the problem immediately arises in the

convergence. The function f is very smooth near by zero.

Remark 1.2. It is crucial how to choose the initial iterate, p0 so that at least

|p1 − p| < |p0 − p|. First of all, it may not be less than one and hence break down

in the convergence if one chooses a crude initial iterate. Consider the problem to

solve xe−x = 0 with different initial guess. Secondly, the iterative process can be

proceeded only if f ′(pn) is not zero and also the evaluation is available in each
iteration.

The theory does not help in choosing p0. In practice, we guess p0 and see if it is
convergent or divergent.

Example 1.8. Consider the root finding problem for f(x) = x3−x− 3 with initial

condition −3 (Cycling!)

The major drawback is in whether or not the initial condition is nearby the

root. Another drawback should be in that the evaluation of f and also f ′ should
be expensive.
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1.3. Secant Method. Recall the Newton’s method is given by

(1.11) pn = pn−1 −
f(pn−1)
f ′(pn−1)

.

The main drawback of Newton’s method (1.11) lies in the computation of f ′(pn)

for each n. We use the following approximation:

(1.12) f ′(pn−1) = lim
x→pn−1

f(x)− f(pn−1)
x− pn−1

≈ f(pn−2)− f(pn−1)
pn−2 − pn−1

.

By replacing f ′(pn−1) by the approximation given in (1.12), we obtain that

(1.13) pn = pn−1 −
f(pn−1)(pn−2 − pn−1)
f(pn−2)− f(pn−1)

, ∀n ≥ 2.

This functional iteration (1.13) is called the secant method. Note that we need

two starting values, p0 and p1.

Example 1.9. Write a functional iteration of the Secant method to find a solution
to x = cosx.

Example 1.10. Write a functional iteration of the Secant method to find a solution

to sinx− e−x = 0.

Remark 1.3. The secant method is not enclosure method and hence it is similar
to Newton’s method. The drawback of the Newton method or the Secant method
is that the convergence is guaranteed only if the initial iterate p0 is close to the
real solution. In this regard, the bisection method can be used effectively since it
is always convergent once the initial closed interval that contains a zero is found.
Moreover, it can be used to shrink the interval size. Having used the bisection
method and sufficiently small interval that contains zero, we can now apply the
Newton’s method or the Secant method. Why does it help? Since Newton’s method
is faster than the bisection method.

In the preceding discussion, we made the restriction that f ′(p) 6= 0, where p is

the solution to f(x) = 0. Let us look at details arising if f ′(p) = 0.

Definition 1.1. Assume that f(x) and its derivatives f ′(x), · · · , f (m) are defined

and continuous on an interval about p. A solution p of f(x) = 0 is a zero of

multiplicity m of f if and only if f(p) = f ′(p) = · · · = f (m−1) = 0 but f (m) 6= 0.

Example 1.11. Find the multiplicities of roots for each of the following:

(1) (x− 2)2, root at x = 2.

(2) x4 − 6x3 + 13x2 − 12x+ 4, root at x = 2

(3) sin(x), root at x = 0
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(4) x cos(x), root at x = 0

(5) x2 sin(x), root at x = 0.

(6) ex − x− 1, root at x = 0.

Theorem 1.4. If p is a root of multiplicity m of f(x), then f(x) can be written as

f(x) = (x− p)mq(x) with limx→p q(x) 6= 0.

Proof. If p is a root of multiplicities m, then by definition, f(p) = · · · = f (m−1)(p) =

0 with f (m)(p) 6= 0. Expand f(x) around p to obtain that

f(x) = f(p) + f ′(p)(x− p) + · · ·+ f (m+1)(p)
(m+ 1)!

(x− p)m+1 + · · ·

= (x− p)m
(
f (m)

m!
+

f (m+1)

(m+ 1)!
(x− p) + · · ·

)
= (x− p)mq(x).

Note that limx→p q(x) 6= 0. This completes the proof. �

The quadratic convergence has been guaranteed if p is a simple zero for f(x).

One method of handling the problem of multiple roots is to define

µ(x) =
f(x)
f ′(x)

.

If p is a zero of f of multiplicity m and f(x) = (x− p)mq(x), then

µ(x) = (x− p) q(x)
mq(x) + (x− p)q′(x)

.

Moreover, p is a simple zero of µ. (Why?)

Remark 1.4. To show p is a simple zero for µ, we may set f(x) = (x − p)mq(x)

and f ′(x) = (x − p)m−1r(x), for which q(p) 6= 0 and r(p) 6= 0. We now observe

that

µ(x) = f(x)/f ′(x) = (x− p)q(x)
r(x)

,

where q(p)/r(p) 6= 0. This implies what we want.

Example 1.12. If f(x) = x2, then x = 0 is double root, but µ(x) = f(x)/f ′(x) =

x/2 has a simple root x = 0.
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Newton’s method can then be applied to µ to give

g(x) = x− µ(x)
µ′(x)

(1.14)

= x− f(x)/f ′(x)
[f ′(x)]2 − [f(x)][f ′′(x)]/[f ′(x)]2

(1.15)

= x− f(x)f ′(x)
[f ′(x)]2 − f(x)f ′′(x)

.(1.16)

In practice, multiple roots can cause serious round-off problems since the de-

nominator of the equation (1.16) consists of the difference of two numbers that are

both close to zero.

2. Round-off Errors and Computer Arithmetic

Some motivating examples from my computer arithmetic are

Example 2.1. In computer arithmetics,

1.00000000000000001− 1 = 0

although the answer should be 0.00000000000000001. Furthermore,

(1.00000000000000001− 1) ∗ 10117 = 0

although the answer should be 10100.
√

3 = 1.73205080756888

but (1.73205080756888)2 = 3.00000000000001 with 13 zeros in it.

What went wrong? To understand why this is the case, we must explore the
world of finite-digit arithmetic. Arithmetic performed by a machine is different
from the arithmetic we do in our heads in many cases. For us, 2 + 2 = 4, 4× 4 = 16

and (
√

3)2 = 3. But for the computational world (
√

3)2 6= 3. This is because each

representable number has only a fixed and finite number of digits.
In most cases, it is fair to say that the machine arithmetic is satisfactory and

passes without notice or concern, but at times, problems might arise.

Definition 2.1. The error that is produced when a calculator or computer is used
to perform real number calculators is called the round-off error.

The two most common floating-point binary storage formats used by Intel proces-
sors and later standardized by IEEE organizations are Both formats use essentially
the same method for storing floating-point binary numbers, so we will use the Long
Real as an example in this discussion. PCs store a real number by so-called long

real. It is 64 bit (binary digit) long, namely 64 1’s and 0’s.
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IEEE Short Real : 32 bits 1 bit for the sign, 8 bits for the exponent,
and 23 bits for the mantissa. Also called single precision.

IEEE Long Real: 64 bits 1 bit for the sign, 11 bits for the exponent,
and 52 bits for the mantissa. Also called double precision.

Table 2.1. Floating-Point Binary

2.1. Review on binary (base 2) notation. A binary number is a sequence of 1’s

and 0’s, where the places represent powers of 2. For example, the binary number
1011001 actually means from right to left,

1× 26 + 0× 25 + 1× 24 + 1× 23 + 0× 22 + 0× 21 + 1× 20

which is
64 + 16 + 8 + 1 = 89.

In our usual base 10 notation, it is

8× 101 + 9× 100.

Another example: 111111, which corresponds to 63.

• The Sign, First bit : The sign of a binary floating-point number is rep-
resented by a single bit. A 1 bit indicates a negative number, and a 0 bit
indicates a positive number. A sign indicator denoted by s.

• The Exponent, Next 11 bit : Exponent denoted by c and called the

characteristic (See the remark below).

• The Mantissa, Next 52 bit : Binary Fraction, f called the mantissa.

It is useful to consider the way decimal floating-point numbers represent their man-

tissa. Using −3.154 ∗ 105 as an example, the sign is negative, the mantissa is 3.154,
and the exponent is 5. The fractional portion of the mantissa is the sum of each
digit multiplied by a power of 10:

.154 = 1
1
10

+ 5
(

1
10

)2

+ 4
(

1
10

)3

.

A binary floating-point number is similar. For example, we consider the number

+11.1011 ∗ 23. Before storing a floating-point binary number correctly, we need to
normalize it. The process is basically the same as when normalizing a floating-point

decimal number. For example, decimal 1234.567 is normalized as 1.234567 ∗ 103 by
moving the decimal point so that only one digit appears before the decimal.

The number +11.1011 ∗ 23 shall be normalized into +1.11011 ∗ 24, for which
the sign is positive, the mantissa is 1.11011, and the exponent is 4. The fractional
portion of the mantissa is the sum of successive powers of 2. In our example, it is
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Binary Value Normalized As Exponent Biased Exponent
1101.101 1.101101 3 1026
.00101 1.01 −3 1020
1.0001 1.0001 0 1023

10000011.0 1.0000011 7 1030

Table 2.2. Normalizing the Mantissa

expressed as:

.1011 = 1
1
2

+ 0
(

1
2

)2

+ 1
(

1
2

)3

+ 1
(

1
2

)4

.

Note the following formula holds true :

N∑
n=0

2n = 2N+1 − 1.

Namely, the exponent of 11 binary digits gives a range of 0 to 211− 1 = 2047, since
the largest exponent will be

11111111111 = 210 + 29 + · · ·+ 20 = 211 − 1 = 2048− 1 = 2047.

The exponent is always positive. However, using only positive integers for the expo-
nent would not permit an adequate representation of numbers with small magnitude
and to ensure that numbers with small magnitude are equally representable, 1023
is subtracted from the characteristic, so the range of the exponent is actually from
−1023 to 1024. In conclusion, using this system, a floating-point number is given
in the following form:

(−1)s2c−1023(1 + f).

Namely, we store the biased exponent.

Remark 2.1. Note that the number of decimal points that can be stored is related to
the fractional portion of the mantissa. With base, 2 and since the smallest decimal

point number that can be stored is in base two will be 2−52, which is about 2.e− 16,
we can assume that any normalized number represented in this system has at most
16 decimal digits of precision.

Example 2.2. Consider, for example, the machine number

0 10000000011 10111001000100000 · · · .

The leftmost bit is zero, which indicates that the number is positive. The next 11
bits gives the characteristic:

c = 1× 210 + · · ·+ 1× 2 + 1× 20 = 1027.
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The exponent part of the number is therefore 21027−1023 = 24. The final 52 bits
specify that the mantissa is

f = 1
(

1
2

)1

+ 1
(

1
2

)3

+ 1
(

1
2

)4

+ 1
(

1
2

)5

+ 1
(

1
2

)8

+ 1
(

1
2

)12

Written as a decimal floating point number, it is

27.56640625.

Next smallest machine number is

0 10000000011 10111001000011111 · · ·

and next largest machine number is

0 10000000011 10111001000100000 · · · 1.

In decimal, these are

27.5664062499999982 · · · and 27.5664062500000017 · · · .

What about the elements of the real number between these? Effectively, they get set
to the closest machine number.

2.2. Overflow/Underflow. Smallest normalized positive machine number : Take

s = 0, c = 1 and f = 0

(−1)021−1023(1 + 0) ≈ 10−308.

The largest normalized positive machine number can be obtained by setting s = 0,

c = 2046 and f = 1− 2−52 :

(−1)021023(2− 2−52) ≈ 10308.

Numbers occurring in calculations that have a magnitude less than 2−1022 get

set to zero which is called the underflow. Numbers greater than 21023(2 − 2−52)

result in overflow and typically cause the computations to stop. Note that two
representations for number zero are given as follows:

• (positive zero) s = 0, c = 0 and f = 0 (smallest positive number)

• (negative zero) s = 1, c = 0 and f = 0 (largest negative number).

Namely, ±2−1023.

2.3. Error in number storage. For simplicity, we assume that machine num-

bers are represented in the normalized decimal floating point form (k-digit decimal

machine numbers) with some abuse of definition :

±0.d1d2 · · · dk × 10n, 1 ≤ d1 ≤ 9 and 0 ≤ di ≤ 9,

where i = 2, · · · , k.
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Note that the fractional portion of the mantissa can only be accurate 2−52, in

decimal, which is about 10−16, namely, when storing true decimal numbers y, it

should be converted to machine decimal number in general fl(y) called the floating-

point form. In general, it is done by chopping or rounding.

Chopping : y = 0.d1d2 · · · dkdk+1dk+2 · · · × 10n becomes fl(y) = 0.d1d2 · · · dk ×
10n, i.e., keep only first k-digits.

Rounding : Add 5×10n−(k+1) to y and then chop the result to obtain a number

of the form : fl(y) = 0.δ1δ2 · · · δk × 10n. Namely, when rounding, if dk+1 ≥ 5, then

we add 1 to dk to obtain fl(y); that is we round up. When dk+1 < 5, we merely

chop off all but the first k digits; that is we round down. When rounding down,
δi = di for i = 1, · · · , k.

Example 2.3. The decimal expression for π is

π = 3.14159265 · · · .

The normalized decimal form is

π = 0.3141592 · · · × 101.

The float-point form of π using five digit chopping is

fl(π) = 0.31415× 101 = 3.1415.

Rounding however gives

fl(π) = (0.31415 + 0.00001)× 101 = 3.1416.

The error resulting from the chopping or rounding is called round-off error.

Definition 2.2. If p∗ is an approximation to p, the absolute error is |p− p∗| and

the relative error is |p− p∗|/|p|, provided that p 6= 0.

Example 2.4.

(2.1)

p p∗ |p− p∗| |p− p∗|/|p|
0.3000× 101 0.3100× 101 0.1 0.3333̄× 10−1

0.3000× 10−3 0.3100× 10−3 0.1× 10−4 0.3333̄× 10−1

0.3000× 104 0.3100× 104 0.1× 103 0.3333̄× 10−1

What we can conclude is that although relative error is the same, the absolute errors
widely vary. Relative error may be more meaningful.

Example 2.5. Find the largest interval in which p∗ must lie to approximate π with

relative error at most 10−4.
|π − p∗|

π
≤ 10−4.

Hence
|π − p∗| ≤ π10−4 ⇔ π − π × 10−4 ≤ p∗ ≤ π + π10−4
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More examples

Example 2.6. Find the largest interval in which p∗ must lie to approximate 100π

with relative error at most 10−4.

Example 2.7. Find the largest interval in which p∗ must lie to approximate 100π

with absolute error at most 10−4.

We shall now consider how much error is introduced by k-digit chopping for

y = 0.d1d2 · · · dkdk+1 · · · × 10n.

The relative error is given by

rel error =
|0.d1d2 · · · dkdk+1 · · · × 10n − 0.d1d2 · · · dk × 10n|

|0.d1d2 · · · dkdk+1 · · · × 10n|

=
|0.dk+1dk+2 · · · × 10n−k|
|0.d1d2 · · · dkdk+1 · · · × 10n|

=
|0.dk+1dk+2 · · · |

|0.d1d2 · · · dkdk+1 · · · |
10−k

Upper bound on nominator in the last quantity is one and the lower bound in the
denominator is 0.1. Hence the relative error is bounded by the following :

rel error ≤ 1
0.1

10−k = 10−k+1.

For the rounding error, it is 0.5 × 10−k+1, which will be assigned as Homework.

(Matlab seems to take this storage).

Remark 2.2. This relative error is mainly dependent of the digits we keep in the
normalized form. For instance, for 3 digit chopping on the real number, 0.3141592×
101, the maximum relative error will be 0.01 and also for the number 0.3141592×
103, we have same maximum relative error.

2.4. Error in Computer Arithmetics. We shall assume that the floating-point

representations fl(x) and fl(y) are given for the real numbers x and y. The notation

⊕,	,⊗, and � represent machine addition, subtraction, multiplication and division
operations, respectively. A finite digit arithmetic is given by

x⊕ y = fl(fl(x) + fl(y)), x⊗ y = fl(fl(x)× fl(y))

x	 y = fl(fl(x)− fl(y)), x� y = fl(fl(x)/fl(y)).

The arithmetic described above corresponds to performing exact arithmetic on
the floating-point representations of x and y and then converting the exact result
to its finite-digit floating-point representation.
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Example 2.8. Let us consider 5 digit chopping: Let u = 0.714251 and x = 5/7 ≈
0.714285714.... In such a case :

fl(u) = 0.71425× 100

fl(x) = 0.71428× 100

Now with

x	 u = fl(fl(x)− fl(u)) = fl(0.00003× 100) = 0.30000× 10−4

x− u = 0.0000347142857... = 0.34714...× 10−4.

Absolute error is 0.471...×10−5 but the relative error is approximately 0.1358, which

is 13.5%

Now we consider a multiplication by a large number, for example v = 98765.9

for which fl(v) = 0.98765× 105.

(x	 u)⊗ v = 0.29629× 101

The actual value is 0.34285× 101, hence the absolute error is 0.465 but the relative

error is 0.1358 still 13.5%.

Remark 2.3. Several Observations are in order:

• Subtracting two nearly equal number results in large relative error.

12345678912345678− 12345678912345677 = 1 real answer

12345678912345678− 12345678912345677 = 2 scilab answer

Here, the abs error is 1, but relative error is |2− 1|/1 = 1

• Subsequent multiplication by large number or division by small number mag-
nifies absolute error.

100(12345678912345678− 12345678912345677) = 100 real answer

100(12345678912345678− 12345678912345677) = 200 scilab answer

Abs error is now 100 but the relative error is still |200− 100|/|100| = 1.

• Addition of large and small number results in large absolute error (but small

relative error).

100000000000000000 + 100 = 100000000000000100.

But scilab shows

100000000000000000 + 100 = 100000000000000000.

Hence relative error is now 100/100000000000000100 = 1.10−15. but abso-

lute error is 100.
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Most common error-producing calculations involves the subtraction of nearly
equal numbers. Hence, we conclude that such an operator should be avoided.
Remember the Newton’s method for the multiple root case. This operation is not
very accurate since we need to subtract nearly equal numbers. Such a price should
be often paid to overcome some known drawbacks of the algorithm.

Example 2.9. Try the following example: 0.1207× 101 + 0.9654× 10−3 by 4 digit
chopping.

0.1207× 101 + 0.9654× 10−3 = 0.12079654× 101

fl(0.1207× 101 + 0.9654× 10−3) = fl(0.12079654× 101) = 0.1207× 101.

The absolute error will be 0.96539.. × 10−5. The relative error will be 0.96539.. ×
10−5/0.12079654 × 101 = 0.799195... × 10−5. Therefore, the relative error is not

much big.

The natural question is how to avoid such a numerical inaccuracy ? The answer
is simple, avoid such a calculations as much as possible !.

The loss of accuracy due to round-off error can be avoided by a reformulation of
the problem, as illustrated by the next example.

Recall that for ax2 + bx+ c = 0, we have the following two solution

x1 =
−b+

√
b2 − 4ac

2a
x2 =

−b−
√
b2 − 4ac

2a
.

Let us assume that a = 1, b = 62.10 and c = 1, namely, we are considering to

solve x2 + 62.10x + 1 = 0 with 4 digit chopping. Note that the true solutions are
approximately

x1 = −0.01610723 and x2 = −62.08390.

Observe that b2 is large compared to 4ac, hence
√
b2 − 4ac will be very close to

b. More precisely,√
b2 − 4ac =

√
(62.10)2 − 4(1.000)(1.000) = 62.0678 = 0.620678× 102.

Hence four digit chopping gives us 0.6206× 102. We then have

fl(x1) =
−62.10 + 62.06

2.000
=
−0.04000

2.000
= −0.0200.

The relative error is then approximately

| − 0.01611 + 0.0200|
| − 0.01611|

≈ 2.4× 10−1.

f l(x2) =
−62.10− 62.06

2.000
=
−124.2
2.000

= −62.08.
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Year 1940 1950 1960 1970 1980 1990
Population (in 1000) 132,165 151,326 179,323 203,302 226,542 249,633

Table 3.1. Population in Years

Hence

| − 62.08390 + 62.08|
| − 62.08390|

≈ 6.2× 10−5.

The remedy is to reformulate the formula especially for x1 as follows:

x1 =
−b+

√
b2 − 4ac

2a

(
−b−

√
b2 − 4ac

−b−
√
b2 − 4ac

)
=

b2 − (b2 − 4ac)
2a(−b−

√
b2 − 4ac)

From this formula, we get

fl(x1) =
−2.000

62.10 + 62.06
=
−2.000
124.2

= −0.016100.

The relative error is now

| − 0.01610723 + 0.0161|
| − 0.01610723|

= 4.4887× 10−4.

3. Interpolation and Lagrange Polynomial

Let a census of the population of the U.S. is taken every 10 years. The following
table lists the population, in thousands of people, from 1940 to 1990.

In reviewing these data, we might ask whether they could be used to provide
a reasonable estimate of the population, say in 1965, or even in the year 2010.
Predictions of this type can be obtained by using a function fitting the given data.
This process is called the interpolation.

The most natural choice of interpolation tool is perhaps, the algebraic polyno-
mials,

(3.1) Pn(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0.

Oftentimes, due to its simplicity, the polynomials are used to replace any given
functions. We note that if f is nice, one can always find right polynomial that
approximate it well.

Theorem 3.1 (Weierstrass Approximation Theorem). Suppose that f is defined

and continuous on [a, b]. For each ε > 0, there exists a polynomial P (x), with the

property that

|f(x)− p(x)| < ε, ∀x ∈ [a, b].
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n 0 1 2 3 4 5
Pn(3) 1 -1 3 -5 11 -21

Table 3.2. Taylor polynomial of 1/x at x0 = 3

Note that for any given data (xi, yi) for i = 0, 1, · · · , N , with xi < xi+1, our goal

is basically to find a polynomial passing through the data, i.e.,

(3.2) P (xi) = yi, ∀i = 0, · · · , N.

We can also interpret such a polynomial as follows: For a given function, f(x), we

can construct a polynomial that has the same values with f at specific nodes, xi’s
with i = 0, · · · , N . In such a case, we say that the polynomial is an interpolation
of the function f at nodes xi’s.

The Weierstrass theorem does not say anything about how to find a nice and
appropriate polynomial so that it is close to the given function. For instance, we

consider the Taylor polynomial at x0 = 0 to approximate f(x) = ex. Namely,

construct the interpolation polynomial of f at x0 by the Taylor polynomial.
The Taylor polynomials are

p0(x) = 1

p1(x) = 1 + x

p2(x) = 1 + x+
x2

2

p3(x) = 1 + x+
x2

2
+
x3

6
.

Although better approximations are obtained for f(x) = ex, if higher-degree Taylor

polynomials are used, this is not the case for all functions.

Consider f(x) = 1/x expanded about x0 = 1 to approximate f(3) = 1/3. Note

that f (k)(x) = (−1)kk!x−k−1 and the Taylor polynomials are

Pn(x) =
n∑
k=0

f (k)(1)
k!

(x− 1)k =
n∑
k=0

(−1)k(x− 1)k.

The values of Pn(3) are listed in Table, 3.2. The reason why the Taylor polynomial

introduce such a dramatic error is that it is designed to approximate a function
at a specific point. We are then directed to spread out the nodes at which the
polynomial interpolates the given function.

3.1. Lagrange Polynomials. The Lagrange interpolation polynomial is the poly-
nomial that is determined simply by specifying certain points on the plane through
which they much pass.



20 YOUNG-JU LEE

More precisely, we construct a polynomial of degree at most n that passes
through the n+ 1 points.

(3.3) (x0, f(x0)), · · · , (xn, f(xn)), with xi 6= xj for i 6= j.

Note first that the polynomial of degree at most n that interpolates the given n+ 1
data can be shown to exist uniquely. To see this, we set

(3.4) P (x) = a0 + a1x+ a2x
2 + · · ·+ anx

n.

Since we wish P to interpolate (xi, f(xi)) for i = 0, · · · , N , we arrive at the

following systems of equation:

(3.5)



1 x0 x2
0 · · · xn0

1 x1 x2
1 · · · xn1

... · · · · · · · · ·
...

... · · · · · · · · ·
...

1 xN x2
N · · · xnN





a0

a1

...

...
aN

 =



f(x0)
f(x1)

...

...
f(xN )


It is well known that the system matrix given in the equation (3.5) is called the

Vandermonde matrix which is always invertible if xi 6= xj for i 6= j. Hence, it shows

the unique existence of the polynomial that interpolates the data (xi, f(xi)) with
i = 0, · · · , xN .

Such a polynomial P is called the Lagrange interpolant of f at the xi. While
the proof of unique existence of a Lagrange interpolant just given was indirect, it is
straightforward to derive a formula for the solution. We begin by a simple example
below.

Example 3.1. We consider to construct a polynomial passing through (x0, f(x0))

and (x1, f(x1)) by a first-degree polynomial.

First, we define linear functions L1,0 and L1,1 so that L1,0(x0) = 1, L1,0(x1) = 0

and L1,1(x0) = 0, L1(x1) = 1 as follows:

L1,0(x) =
x− x1

x0 − x1
and L1,1(x) =

x− x0

x1 − x0

and then define

P1(x) = f(x0)L1,0(x) + f(x1)L1,1(x).

It is then easy to check that P1 is linear and passing through the given points.

In general, to construct a polynomial passing through points (3.3), we first con-

struct Ln,k(x) so that it is n−th degrees of polynomials and

Ln,k(xk) = 1, Ln,k(x`) = 0, ∀` = 1, · · · , k − 1, k + 1, · · · , n
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and then define

Pn(x) = f(x0)Ln,0(x) + · · ·+ f(xn)Ln,n(x)

=
N∑
k=0

f(xk)Ln,k(x),

where

Ln,k(x) = Π0≤m≤Nm 6=k
x− xm
xk − xm

.

We consider how to construct Ln,k(x) with the aforementioned properties: First

of all, Ln,k(x) contains the following numerator:

(x− x0)(x− x1) · · · (x− xk−1)(x− xk+1) · · · (x− xn).

To satisfy Ln,k(xk) = 1, the denominator should be given so that

(3.6) Ln,k(x) =
(x− x0)(x− x1) · · · (x− xk−1)(x− xk+1) · · · (x− xn)

(xk − x0)(xk − x1) · · · (xk − xk−1)(xk − xk+1) · · · (xk − xn)

We call Ln,k the k− Lagrange basis functions.

Example 3.2. Construct the quadratic polynomial that interpolates f(x) = 1/x at

nodes x0 = 2, x1 = 2.5, x2 = 4. We first construct three Lagrange basis functions
as follows:

L0(x) =
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)

L1(x) =
(x− x0)(x− x2)

(x1 − x0)(x1 − x2)

L2(x) =
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)

We then construct P (x) = f(x0)L0 + f(x1)L1 + f(x2)L2.

3.2. Error formula for the Lagrange interpolant. We shall now consider some
error analysis here. Recall that Rolle’s theorem says that between any two points

where the graph of the differentiable function f(x) cuts the x-axis there must be a

point where f ′(x) = 0.

Lemma 3.1. If f is continuous and differentiable with two roots f(x1) = f(x2) = 0,

then there exists x1 < c < x2 such that f ′(c) = 0. Furthermore, if f(x) = 0 at n+1

points in [a, b] and f ∈ Cn([a, b]), then there exists c ∈ [a, b] such that fn(c) = 0.

Theorem 3.2. Let xi, i = 0, 1, · · · , n be distinct points and let p ∈ Pn be the
Lagrange interpolant of some function f at the points xi. Let x ∈ IR and suppose
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f ∈ Cn+1(I) for some interval I containing x and xi’s. Then there exists a point

ξ in the interior of I such that

f(x)− p(x) =
1

(n+ 1)!
f (n+1)(ξ)(x− x0) · · · (x− xn).

Proof. We may assume that x differs from all the xi’s, since the theorem is obvious

otherwise. Let ω(x) = (x− x0) · · · (x− xn) and set

G(t) = [f(x)− p(x)]ω(t)− [f(t)− p(t)]ω(x).

Then G has n+ 2 distinct zeros, the x′is and x. By repeated application of Rolle’s

theorem, there exists ξ strictly between the largest and the smallest of the zeros

such that d(n+1)G/dt(n+1)(ξ) = 0. Since p(n+1) = 0 and ω(n+1) = (n + 1)!, this
gives

[f(x)− p(x)](n+ 1)!− f (n+1)(ξ)ω(x).

This completes the proof. �

Remark 3.1. If all the xi tend to the same point a, then p tends to the Taylor
polynomial of degree n at a, and the estimate tends to the standard remainder
formula for the Taylor polynomial

f(x)− p(x) =
1

(n+ 1)!
f (n+1)(ξ)(x− a)n+1,

where ξ is between a and x.

The error bound in particular indicates that if a ≤ minxi and b ≥ maxxi, then

‖f − p‖∞,[a,b] ≤
1

(n+ 1)!
‖fn+1‖∞,[a,b]|b− a|n+1,

no matter what the configuration of the point xi ∈ [a, b]. This gives a useful

estimate if we hold n fixed and let the points xi tend to the evaluation point x,
from which a rate of convergence of order n+ 1 can be attained.

Another interesting question, closer to the approximation problem we have con-
sidered asks about the error on a fixed interval as we increase the number of inter-
polation points and so the degree of the interpolating polynomial,

x0
0

x1
0 < x1

1

x2
0 < x2

1 < x2
2

...

all belonging to [a, b]. Then we let pn ∈ Pn interpolate f at xni and inquire about

the convergence of pn to fn as n→∞.
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Whether such convergence occurs, and how fast, depends on the properties of
the function f and on the particular arrangement of points.

A famous example using equally spaced interpolation points was given by Runge:

a = −5 and b = 5 with xni = −5+10i/n, f(x) = 1/(1+x2). He proved the existence

of a number κ ≈ 3.63338 such that limn→∞ pn(x) = f(x) if and only if |x| < κ.

If the function is not smooth, the results may be even worse: in 1918, S. Bernstein

proved that equidistant interpolation to f(x) = |x| on [−1, 1] does not converge at

any point except x = −1, 0, 1. Fortunately, as we shall see in the next section, there
exist much better choices of interpolation points than equally spaced points. But
in 1914, Faber showed that no choice of points works for all continuous functions.

Will there be no hope? If points are well-chosen and also f is required to have
a little smoothness, then convergence can be obtained.

Let us focus on one specific points and do well for this points.

Example 3.3. Let us for now assume that f is very smooth. Increase the accuracy
by adding more points. How much should we add the degree of polynomials?

To approximate f at a specific points, we can generate polynomials successively
in order to achieve a desired numerical value. However, we do not know the actual
error. It is hand-waiving method. However, when doing so, we wish to use the
previous information. This can be done.

4. Newton’s divided difference

Oftentimes, the iterated interpolation can be used to generate successively higher
degree polynomial approximations at a specific point. The divided-difference meth-
ods can be effectively used for such a purpose.

For x0, x1, x2, · · · , xn given in an interval [a, b], suppose that m0,m2, · · · ,mk

are k distinct integers, with 0 ≤ mi ≤ n for each i. We shall denote the La-

grange polynomial that agrees with f(x) at the k points xm0 , · · · , xmk is denoted

by Pm0,m2,··· ,mk(x).

Let f be a real-valued function on an interval [a, b] and let Pm0,··· ,mk ∈ Pk be

the Lagrange interpolating polynomial for f at the nodes xm0 , · · · , xmk .

Our goal is to generate higher order Lagrange interpolating polynomial that

Pm0,··· ,mk that interpolate f(x) at an additional point mk+1, say Pm0,··· ,mk+1(x).

This can be done by finding the correction function C(x) that relates functions

Pm0,··· ,mk and Pm0,··· ,mk+1 , namely,

(4.1) Pm0,··· ,mk+1 = Pm0,··· ,mk + C(x).

It is then easy to see that C(x) is given as follows:
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C(x) = amk+1(x− xm0)(x− xm1) · · · (x− xmk).

To find amk+1 , we use the fact that Pm0,··· ,mk+1(xmk+1) = f(xmk+1) and hence,

amk+1 =
f(xmk+1)− Pm0,··· ,mk(xmk+1)

(xmk+1 − xm0)(xmk+1 − xm1) · · · (xmk+1 − xmk)
.

We denote amk+1 = f [xm0 , · · · , xmk+1 ] and call k + 2-th divided difference of f

relative to xm0 , · · · , xmk+1 .

We shall now start from the Pm0(x), which is a constant function, for which

there is no lower degree polynomial from which it is obtained, hence, we have

Pm0 = am0 = f(xm0) = f [xm0 ].

Now to construct Pm0,m1(x), we use the fact that

Pm0,m1(x) = f [xm0 ] + f [xm0 , xm1 ](x− xm0)

Pm0,m1,m2(x) = f [xm0 ] + f [xm0 , xm1 ](x− xm0)

+ f [xm0 , xm1 , xm2 ](x− xm0)(x− xm1)

Pm0,m1,m2,m3(x) = f [xm0 ] + f [xm0 , xm1 ](x− xm0)

+ f [xm0 , xm1 , xm2 ](x− xm0)(x− xm1)

+ f [xm0 , xm1 , xm2 , xm3 ](x− xm0)(x− xm1)(x− xm2)

...

We then obtain the following for instance whenm0 = 0, m1 = 1, · · ·mk = k, · · ·mn =
n,

P0,··· ,n(x) = f [x0]+f [x0, x1](x−x0)+ · · ·+f [x0, x1, · · · , xn](x−x0) · · · (x−xn−1).

The natural question is now reduced to how to find the divided difference coef-
ficients. The idea comes from the following recursive relation :

(4.2) f [xm0 , · · · , xmk ] =
f [xm1 , · · · , xmk ]− f [xm0 , · · · , xmk−1 ]

xmk − xm0

Proof. Prove it. �

The recursive relation basically says that the coefficient for the Lagrange poly-

nomial can again be computed by the data f [x0], · · · , f [xn].

Let us assume that we are looking at the Lagrange interpolating polynomial at
nodes x−2, x−1, x0, x1, x2 of f . Then each divided difference can be obtained by

the following:
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x 0.0 0.2 0.4 0.6
f(x) 15.0 21.0 30.0 51.0

Table 4.1. Values of f

Example 4.1. Let the following data for f is given at nodes x0 = 1, x1 = 2, x2 = 3

with f(x0) = 3, f(x1) = 2 and f(x2) = 1, compute the Lagrange interpolating

polynomial of f at x0, x1, x2.

Example 4.2. Use the Lagrange interpolating polynomial to approximate f(0.3)

based on the following data (4.1):

Example 4.3. Do the excercise number 17.

5. Numerical Differentiation and Integration

5.1. Numerical Differentiation based on Lagrange Interpolating polyno-

mials. The objective of this section is to approximate f ′(x) by using the value of f .

More precisely, we consider the following problem that given nodes, x0, x1, · · · , xn,

we evaluate f ′(xi) for some i, using f(x`)’s with ` ∈ {0, 1, · · · , n}.
In the following discussion, we shall simply assume that xi = xi−1 + h with

h > 0.
We consider to approximate f ′(x0) using two data f(x0) and f(x1). First con-

struct the Lagrange polynomial P0,1(x) for f , with error term:

f(x) = P0,1(x) +
(x− x0)(x− x1)

2!
f ′′(ξ(x))

=
f(x0)(x− (x0 + h))

(x0 − (x0 + h))
+
f(x0 + h)(x− x0)

(x0 + h− x0)

+
(x− x0)(x− (x0 + h))

2!
f ′′(ξ(x))

By taking derivative, we have that

f ′(x) =
f(x0 + h)− f(x0)

h
+Dx

(
(x− x0)(x− x0 − h)

2
f ′′(ξ(x)).

)

=
f(x0 + h)− f(x0)

h
+
(

2(x− x0)− h
2

f ′′(ξ(x)).
)

+
(x− x0)(x− x0 − h)

2
Dx(f ′′(ξ(x))).
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By plugging x0 in x, we obtain that

f ′(x) =
f(x0 + h)− f(x0)

h
+Dx

(
(x− x0)(x− x0 − h)

2
f ′′(ξ(x)).

)

=
f(x0 + h)− f(x0)

h
+
(
−h
2
f ′′(ξ(x0)).

)
.

If h is small and |f ′′(x)| ≤ M then the difference quotient f(x0+h)−f(x0)
h can be

used to approximate f ′(x0) and the error is given as below:

(5.1)
∣∣∣∣f ′(x0)− f(x0 + h)− f(x0)

h

∣∣∣∣ ≤ h

2
M = O(h).

This is called the forward difference. Note that if we choose h → −h, then the
same argument can be made to show that

(5.2)
∣∣∣∣f ′(x0)− f(x0 − h)− f(x0)

−h

∣∣∣∣ =
∣∣∣∣f ′(x0)− f(x0)− f(x0 − h)

h

∣∣∣∣ = O(h).

This is called the backward difference.

Example 5.1. Let f(x) = ln(x) and x0 = 1.8. The forward-difference formula is

D+
h f(1.8) =

f(1.8 + h)− f(1.8)
h

≈ f ′(1.8).

h = D+
h f(1.8) f ′(1.8)

0.1 = 0.5406722 0.555555 · · ·
0.01 = 0.5540180 0.555555 · · ·

0.001 = 0.5554013 0.555555 · · ·

Example 5.2. Use the forward difference or backward difference to determine the
missing entries in the following:

x f(x) f ′(x)

0.5 0.4794

0.6 0.5646

0.7 0.6442

Now, if we wish to increase the accuracy, we use more higher order Lagrange

interpolating polynomials (The choice of nodes in taking LIP is oftentimes crucial

in reducing the error.)

Example 5.3. Suppose we approximate f ′(x0) using the value f(x0), f(x1) and

f(x2), namely we shall derive three point formulas for f ′(x0).
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To do so, we construct the Lagrange interpolating polynomial P0,1,2 of f at x0, x1

and x2.

f(x) = P0,1,2(x) +
f ′′′(ξ(x))

3!
(x− x0)(x− x1)(x− x2)

= f(x0)
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
+ f(x1)

(x− x0)(x− x2)
(x1 − x0)(x1 − x2)

+ f(x2)
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
+
f ′′′(ξ(x))

3!
(x− x0)(x− x1)(x− x2).

We then take the derivative of f at x0 to obtain that

f(x0)′ = f(x0)
(x− x1) + (x− x2)
(x0 − x1)(x0 − x2)

+ f(x1)
(x− x0) + (x− x2)
(x1 − x0)(x1 − x2)

+ f(x2)
(x− x0) + (x− x1)
(x2 − x0)(x2 − x1)

+
f ′′′(ξ(x))

3!
(x0 − x1)(x0 − x2)|x0 .

Suppose x1 = x0 + h and x2 = x0 + 2h. Then we have

f(x0)′ = f(x0)
−3h

(−h)(−2h)
+ f(x1)

−2h
(h)(−h)

+ f(x2)
−h
2hh

+
f ′′′(ξ(x))

3!
(−h)(−2h).

Namely,

f(x0)′ =
1
h

(
−3
2
f(x0) + 2f(x1)− 1

2
f(x2)

)
+
h2

3
f ′′′(ξ)

Let us assume now that x1 = x0 − h and x2 = x0 + h.

f(x0)′ = f(x1)
−h

(−h)(−2h)
+ f(x2)

h

(h)(2h)
+
f ′′′(ξ)

3!
(h)(−h)

=
1
h

(
1
2
f(x+ h)− 1

2
f(x− h)

)
− f ′′′(ξ)

6
h2.

To obtain general derivative approximation formulas, given n+ 1 distinct points

{x0, · · · , xn}, then we have

f(x) =
n∑
k=0

f(xk)Lk(x) +
(x− x0) · · · (x− xn)

(n+ 1)!
f (n+1)(ξ(x)).
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Taking derivative

f(x) =
n∑
k=0

f(xk)Lk(x) +
(x− x0) · · · (x− xn)

(n+ 1)!
f (n+1)(ξ(x)).

=
n∑
k=0

f(xk)Lk(x)′ +Dx[
(x− x0) · · · (x− xn)

(n+ 1)!
]f (n+1)(ξ(x))

+
(x− x0) · · · (x− xn)

(n+ 1)!
Dx(f (n+1)(ξ(x)))

For xj , we evaluate f , then

f(xj) =
n∑
k=0

f(xk)Lk(xj)′ +Dx[
(x− x0) · · · (x− xn)

(n+ 1)!
](xj)f (n+1)(ξ(xj)).

This is n+ 1-point formula to approximate f(xj).

5.1.1. Numerical Differentiation is not robust. Suppose we take numerical differen-
tiation on a finite precision computer and so there is round-off error in evaluating
f .

Then

f(x0 + h) = fl(f(x0 + h)) + E(x0 + h)

f(x0 − h) = fl(f(x0 − h)) + E(x0 − h)

So total error will be∣∣∣∣f ′(x0)− fl(f(x0 + h))− fl(f(x0 − h))
2h

∣∣∣∣ =
E(x0 + h)− E(x0 − h)

2h

− h2

6
f ′′′(ξ).

We then have with E(x0 + h), E(x0 − h) ≤ ε and f ′′′ < M ,

(5.3) Error ≤ ε

h
+
h2

6
M.

Reducing h decreases the approximation error h2/6 however increases the round off
error.

Remark 5.1. Numerical differentiation is known as an unstable method because of
this phenomenon, however, it is essential ingredient to solve the differential equa-
tion.
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5.2. Extrapolation. Extrapolation can be used whenever it is known that an ap-
proximation technique has an error term with a predictable form to enhance the
accuracy.

Suppose we expand the function f in a fourth order Taylor polynomial about
x0. Then

f(x) = f(x0) + f ′(x0)(x− x0) +
1
2
f ′′(x0)(x− x0)2 +

1
6
f ′′′(x0)(x− x0)3

+
1
24
f (4)(x0)(x− x0)4 +

1
120

f (5)(ξ)(x− x0)5,

where ξ in between x and x0.
Evaluating f at x0 + h and x0 − h gives

f(x0 + h) = f(x0) + f ′(x0)h+
1
2
f ′′(x0)h2 +

1
6
f ′′′(x0)h3

+
1
24
f (4)(x0)h4 +

1
120

f (5)(ξ)h5,

and

f(x0 − h) = f(x0)− f ′(x0)h+
1
2
f ′′(x0)h2 − 1

6
f ′′′(x0)h3

+
1
24
f (4)(x0)h4 − 1

120
f (5)(ξ)h5,

where x0 − h < ξ2 < x0 < ξ1 < x0 + h.
We can obtain that

f(x0 + h)− f(x0 − h) = 2hf ′(x0) +
h3

3
f ′′′(x0)

+
h5

120
[f (5)(ξ1) + f (5)(ξ2)].

By the Intermediate Value theorem, we have

1
2

[f (5)(ξ1) + f (5)(ξ2)] = f (5)(ξ).

Hence, we have

(5.4) f ′(x0) =
1

2h
[f(x0 + h)− f(x0 − h)]− h2

6
f ′′′(x0)− h4

120
f (5)(ξ).

Let us use nodes x0 + 2h and x0 − 2h to obtain that

(5.5) f ′(x0) =
1

4h
[f(x0 + 2h)− f(x0 − 2h)]− 4h2

6
f ′′′(x0)− 16h4

120
f (5)(ξ).
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Multiplying 4 by the first f ′(x0) and subtracting the second f ′(x0), we obtain that

f ′(x0) =
1

12h
[f(x0 − 2h)− 8f(x0 − h) + 8f(x0 + h)− f(x0 − 2h)]

+
h4

30
f (5)(ξ).

6. Numerical Integration

In this section, we shall approximate
∫ b
a
f dx by the following sum:

n∑
i=0

aif(xi).

The aforementioned sum is called the numerical quadrature. It depends on the
choice of nodes since the weights ai shall be constructed based on the interpolation
polynomials.

6.1. The quadrature rule based on the interpolation polynomials. Given

a set of distinct nodes {x0, · · · , xn} from the interval [a, b]. We recall the following

identity:

(6.1) f(x) =
n∑
i=0

f(xi)Li(x) + Πn
i=0(x− xi)

f (n+1)(ξ(x))
(n+ 1)!

We now take integration both sides to obtain:

(6.2)
∫ b

a

f(x) dx =
n∑
i=0

f(xi)
∫ b

a

Li(x) dx+
∫ b

a

Πn
i=0(x− xi)

f (n+1)(ξ(x))
(n+ 1)!

dx

The quadrature formula shall then be given as follows:

(6.3)
∫ b

a

f(x) dx ≈
n∑
i=0

f(xi)
∫ b

a

Li(x) dx

Note that
∫ b
a
Li(x) dx = ai is the natural weight and the error term is given by

(6.4) E(f) =
∫ b

a

Πn
i=0(x− xi)

f (n+1)(ξ(x))
(n+ 1)!

dx

For error analysis, we shall use the following integral mean value theorem that if

u ∈ C([a, b]) and w is an integrable function on [a, b] which does not change sign,

then the following holds true: there exists η ∈ (a, b) such that

(6.5)
∫ b

a

u(x)w(x) dx = u(η)
∫ b

a

w(x)dx.
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Example 6.1. The Trapezoidal rule is given by choosing x0 = a and x1 = b.
It is two point rule. To derive the formula, we consider the linear interpolating
polynomial for f given as follows:

(6.6) P1(x) =
x− x1

x0 − x1
f(x0) +

x− x0

x1 − x0
f(x1).

We then have∫ b

a

f(x) dx =
∫ x1

x0

x− x1

x0 − x1
f(x0) +

x− x0

x1 − x0
f(x1) dx

+
1
2

∫ x1

x0

(x− x0)(x− x1)f (2)(ξ(x)) dx

=
(x1 − x0)

2
[f(x0) + f(x1)] +

1
2

∫ x1

x0

(x− x0)(x− x1)f (2)(ξ(x)) dx

To investigate the error term, since (x − x0)(x − x1) does not change its sign, we

apply the integral mean value theorem to obtain that

E =
1
2

∫ x1

x0

(x− x0)(x− x1)f (2)(ξ(x)) dx =
1
2
f (2)(ξ)

∫ x1

x0

(x− x0)(x− x1) dx.

By change of variables (x− x0)(x1 − x0) = t, we have that

E = −(h3/12)f ′′(ξ).

Remark 6.1. Since the error term for the Trapezoidal rule involves f ′′, the rule
gives the exact result when applied to any function whose second derivative is zero,
that is any polynomial of degree one or less.

We now look at the Simpson’s rule with nodes x0 = a, x1 = a + (b − a)/2 and

x2 = b.
To obtain Simpson’s rule, we form the quadratic interpolating polynomials of f

at the aforementioned nodes and then take integrations

(6.7)
∫ b

a

f(x) dx =
∫ b

a

P2(x) dx+
∫ b

a

E(x, f) dx.

The quadrature rule will be then as follows:

(6.8)
∫ b

a

f(x) dx ≈ b− a
6

(f(a) + 4f((a+ b)/2) + f(b)) .

By construction, an interpolatory quadrature with n + 1 points has degree of
precision at least n. Note that by degree of precision, we mean more precisely that



32 YOUNG-JU LEE

Definition 6.1. The degree of precision or accuracy of a quadrature formula is the
largest positive integer n such that the formula is exact for any polynomial of degree
less than or equal to n.

Note that the quadrature rule is of the degree of precision n, if and only if

the quadrature rule is exact for xk for k = 0, 1, · · · , n(Why?). Note that the

degree of precision is independent of the interval in which the integration is taken.
Therefore, in order to find out the degree of precision for any given quadrature rule

NI[a,b], simply take any interval [a, b] and check what is the maximum k for which

the following holds true :

(6.9)
∫ b

a

xk dx = NI[a,b](xk).

Example 6.2. Find the degree of precision of the Simpson’s rule. To do so, we

check the exactness for each polynomial, 1, x, x2, · · ·∫ 1

0

1 dx = 1 =
1
6

(1 + 4 + 1)

∫ 1

0

x dx =
1
2

=
1
6

(0 + 4(1/2) + 1)

∫ 1

0

x2 dx =
1
3

=
1
6

(0 + 4(1/2)2 + 1)

∫ 1

0

x3 dx =
1
4

=
1
6

(0 + 4(1/2)3 + 1)

∫ 1

0

x4 dx =
1
5
6= 1

6
(0 + 4(1/2)4 + 1)

Namely, for some choices of nodes, a higher degree of precision can be achieved.
The Trapezoidal and Simpson’s rule are based on using the equidistant nodes. In
general, a class of interpolatory quadrature rules based on using n+ 1 equi-spaced
points including end points is called the closed Newton-Cotes rule. For n = 1, the
Trapezoidal rule, for n = 2, it is Simpson’s rule. By construction, the Newton-Cotes
rule has degree of precision n. But, if n is even, it has the degree of precision n+ 1,
which is due to symmetry, namely, one more higher degree of precision is like free
lunch obtained by the symmetry. To be more precise, we shall show that if n is

even, then n+ 1 interpolatory rule is exact for xn+1. First note that∫ b

a

xn+1dx =
∫ b

a

(
x− a+ b

2

)n+1

+ g(x) dx

=
∫ b

a

g(x) dx,



APPLIED NUMERICAL ANALYSIS 33

where g(x) ∈ Pn. On the other hand, for n + 1 equidistant nodes, the Lagrange

interpolating polynomial for xn+1 will read:

n∑
i=0

ωix
n+1
i =

n∑
i=0

ωi

((
xi −

a+ b

2

)n+1

+ g(xi)

)

=
n∑
i=0

ωi

(
xi −

a+ b

2

)n+1

+
n∑
i=0

wig(xi)

Note that

n∑
i=0

(
xi −

a+ b

2

)n+1 ∫ b

a

Li(x) dx = 0,

which can be proven by observing that

w0 = wn, (x0 − (a+ b/2)) = −(xn − (a+ b)/2)

w1 = wn−1, (x1 − (a+ b/2)) = −(xn−1 − (a+ b)/2)

...

wn/2 = wn/2, (xn/2 − (a+ b)/2) = 0.

and n+ 1 is odd (more detailed proof is left for an exercise). We have that

(6.10)
∫ b

a

xn+1dx =
∫ b

a

g(x)dx =
n∑
i=0

g(xi)wi =
n∑
i=0

xn+1
i wi.

We now consider another simple quadrature rule, called the mid-point rule, which
is defined to be

(6.11)
∫ b

a

f(x) dx ≈ (b− a)f((a+ b)/2).

For the mid-point rule on [0, 1], the interpolant is simply the constant value

f(1/2) and so we get:

(6.12) E =
∫ 1

0

f(x)− f(1/2) =
∫ 1

0

f ′(ξ(x))(x− 1/2) dx.

For this, we may not use the integral mean value theorem since (x− 1/2) changes
its sign.

A simple approach for the mid-point rule is to use Taylor’s theorem. Assuming

that f ∈ C2([0, 1]), we have

(6.13) f(x) = f(1/2) + f ′(1/2)(x− 1/2) +
1
2
f ′′(ξ(x))(x− 1/2)2, x ∈ (0, 1)
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By taking integration, we obtain that∫ 1

0

f(x)− f(1/2) =
∫ 1

0

1
2
f ′′(ξ(x))(x− 1/2)2 dx

=
1
2
f ′′(η)

∫ 1

0

(x− 1/2)2 dx =
1
24
f ′′(η).

If we apply the mid-point rule in the interval [0, h], then we have the following
error: ∫ h

0

f(x)− f(h/2) =
∫ h

0

1
2
f ′′(ξ(x))(x− h/2)2 dx

=
1
2
f ′′(η)

∫ h

0

(x− h/2)2 dx =
h3

24
f ′′(η).

The point is that the most of quadrature rule is not accurate if we use it for

evaluating
∫ b
a
f(x) dx with b−a being large. The key idea to overcome this drawback

is to divide and conquer. It is worth remarking that to enhance the accuracy, it is
better to divide the domain as many as possible and then apply the quadrature rule

that requires small nodes, but maximum degree of precision (Gaussian Quadrature

rule).

6.2. Composite Numerical Integration. We consider to approximate
∫ b
a
f(x) dx.

As indicated, we first divide the interval into n equal subintervals of size h.

Let us first check what is h in terms of a, b and n. Since nh = b−a, h = (b−a)/n.

More precisely, we have∫ b

a

f(x) dx =
∫ a+h

a

f(x) dx+
∫ a+2h

a+h

f(x) dx+ · · ·+
∫ a+nh

a+(n−1)h

f(x) dx

=
n∑
i=1

∫ a+ih

a+(i−1)h

f(x) dx.

The composite Trapezoidal rule is then given by applying the Trapezoidal rule
for each integral defined in each subinterval.∫ b

a

f(x) dx =
n∑
i=1

∫ a+ih

a+(i−1)h

f(x) dx

≈
n∑
i=1

h

2
(f(xi−1) + f(xi)) ,

where xi = a+ ih with i = 0, · · · , n.
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Now, we shall take a look at the error given by the following:∣∣∣∣∣
∫ b

a

f(x) dx−
n∑
i=1

h

2
(f(xi−1) + f(xi))

∣∣∣∣∣ =

∣∣∣∣∣
n∑
i=1

− 1
12
h3f ′′(ξi)

∣∣∣∣∣
≤ 1

12

n∑
i=1

|h3f ′′(ξi)| ≤
1
12
Mh2

n∑
i=1

h

=
1
12
Mh2(b− a).

We shall now list several quadrature rules and their composite rules.

• left endpoint rule :
∫ b
a
f ≈ (b− a)f(a).

• right endpoint rule :
∫ b
a
f ≈ (b− a)f(b).

• midpoint rule :
∫ b
a
f ≈ (b− a)f((a+ b)/2).

• trapezoidal rule :
∫ b
a
f ≈ b−a

2 [f(a) + f(b)].

• Simpson’s rule :
∫ b
a
f ≈ b−a

6 [f(a) + 4f((a+ b)/2) + f(b)]

The composite version of each rule is given as follows:

• left endpoint rule :
∫ b
a
f ≈

∑n
i=1(xi − xi−1)f(xi−1).

• right endpoint rule :
∫ b
a
f ≈

∑n
i=1(xi − xi−1)f(xi).

• midpoint rule :
∫ b
a
f ≈

∑n
i=1(xi − xi−1)f((xi + xi−1)/2).

• trapezoidal rule :
∫ b
a
f ≈

∑n
i=1

xi−xi−1
2 [f(xi−1) + f(xi)].

• Simpson’s rule :
∫ b
a
f ≈

∑n
i=1

xi−xi−1
6 [f(xi−1) + 4f((xi−1 +xi)/2) + f(xi)],

where xi = a+ ih for i = 0, · · · , n.

Example 6.3. Use the Composite Trapezoidal rule with four equal subintervals to

approximate
∫ 2

1
x sinx dx. First of all, 4h = 2 − 1, so h = 1/4. Set xi = 1 + i/4

with i = 0, 1, 2, 3, 4.

∫ 2

1

x sinx dx ≈
4∑
i=1

xi − xi−1

2
(xi−1 sin(xi−1) + xi sin(xi))

=
4∑
i=1

1 + i/4− (1 + (i− 1)/4)
2

(xi−1 sin(xi−1) + xi sin(xi))

=
1
8

4∑
i=1

(xi−1 sin(xi−1) + xi sin(xi)) .
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6.3. Gaussian Quadrature. In this section, we shall ask a question on the maxi-
mal possible order of precision that can be obtained by applying n point quadrature
rule. We have seen that the choice of nodes is important to achieve higher degree of
precision. Since the degree of precision is independent of the interval in which you
take the integration and once the quadrature rule is made at a specific interval, it
can be transformed to other intervals, we shall restrict our concern on the interval

[−1, 1].

6.3.1. Bottom-up Approach. We shall ask how to choose wi’s and xi’s so that

∫ 1

−1

f dx =
n∑
i=1

wif(xi), ∀f ∈ PMAX .

To do so, by linearity of the integral operator and summation operator, we may
need to make sure∫ 1

−1

xk dx =
∑
i=1

wix
k
i , ∀k = 0, · · · ,MAX.(6.14)

First of all, we note that the maximum degree of precision that can be obtained
with such wi’s and xi’s are 2n − 1 since we have 2n degrees of freedoms. Namely,
one can possibly solve 2n equations for k = 0, 1, · · · , 2n− 1. For more equations to
be satisfied, the problem is over-determined.

Example 6.4. Suppose that we want to determine w1, w2, x1 and x2 so that the
integration formula ∫ 1

−1

f(x)dx ≈ w1f(x1) + w2f(x2)

gives the exact result for f ∈ P3. Note that 2 × 2 − 1 = 3. We then form the
following set of equations:∫ 1

−1

1 dx = 2 = w1 + w2

∫ 1

−1

x dx = 0 = w1x1 + w2x2

∫ 1

−1

x2 dx =
2
3

= w1x
2
1 + w2x

2
2∫ 1

−1

x3 dx = 0 = w1x
3
1 + w2x

3
2
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A little algebra shows that this system has the unique solution

w1 = w2 = 1, x1 = −
√

3
3
, x2 =

√
3

3
.

This is called the 2-point Gauss rule.

For the arbitrary interval [a, b], the 2-point Gauss rule reads and in fact, it is

the interpolatory quadrature rules at x1 and x2. (Note that L1 = (x−x1)(x2−x1)

and
∫ 1

−1
L1 = 1. Same is true for L2.)

(6.15)
∫ b

a

f ≈ (b− a)
2

(
f

(
(a+ b)

2
− (b− a)

2
√

3

)
+ f

(
(a+ b)

2
+

(b− a)
2
√

3

))
.

It is highly non-linear equations and very difficult to find wi and xi for which the
maximum degree of precision can be achieved. We would now ask a question if there
is a simpler way to find the quadrature rule of the maximum degree of precision? In

fact, there is a systematic way to find n−points in the interval [−1, 1] from which

we can obtain the interpolatory quadrature rule which has the maximum degree of
precision.

To motivate the readers, the nodes xi can be given by n−points of roots of some
well-known polynomials called the Legendre’s polynomials. The weights wi are
given by integrating the Lagrange basis that corresponds to node xi’s.

6.3.2. Top-down approach. Our observation from the above simple example is the
quadrature rule of the maximum possible degrees of freedom can be obtained by
an interpolatory quadrature rule with special nodes, which is the roots of Legendre
polynomials. Namely, n−point rule with 2n−1 degree of precision can be achieved
by choosing n−points as roots of n-degree Legendre polynomial and constructing
the interpolatory quadrature rule based on such n−points.

Our top-down approach is based on this observation. In order to construct
n−point quadrature rule of the maximum degree of precision. We simply need
to find the roots of the Legendre polynomial of degree n and to construct the
interpolatory quadrature rule, which is called the n−point Gauss rule. It will then
be crucial to know what is the Legendre polynomials, whose studies shall show our
observation is in fact true and no other n− point quadrature rule can beat the
n−point Gauss rule. We shall first recall the well-known class of polynomials called
the Legendre Polynomials. We consider the following function space

(6.16) V =
{
f :
∫ 1

−1

f2 dx <∞.
}
.
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We now introduce an inner product for the space V. The inner product (·, ·) :

V× V 7→ IR is defined to be as follows:

(6.17) (f, g) =
∫ 1

−1

fg dx, ∀f, g ∈ V.

We now observe that Pn([−1, 1]) ⊂ V and that {1, x, x2, · · · , xn} is the basis for

Pn([−1, 1]). We wish now to construct {q0, q1, · · · , qn} ⊂ Pn([−1, 1]) such that

(6.18) (qi, qj) = 0, i 6= j.

In that case, we say that qi is orthogonal to qj and denote qi⊥qj . In fact, we shall

construct qj in a way that qj = xj + lower order term ∈ Pj . In such a case, the

relation (6.18) tells that qj⊥Pj−1.

These can be achieved by the well-known Gram-Schmidt process. More precisely,
we start from q0 = 1 and

q0(x) = 1,

q1(x) = x,

q2(x) = xqn−1(x)− (xqn−1, qn−2)
‖qn−2‖2

qn−2(x), n ≥ 2.

Note that it is easy to check that these polynomials are monic and mutually or-
thogonal. These polynomials are called the Legendre polynomials.

q0(x) = 1,

q1(x) = x,

q2(x) = x2 − 1
3
,

q3(x) = x3 − 3x
5
.

By linear scalings, we can obtain the Legendre polynomials on an arbitrary interval.
We normalized the Legendre polynomials by taking their leading coefficient as 1.
More commonly, the Legendre polynomials are normalized to have value 1 at 1,
which shall be denoted by pk with k = 0, · · · , n. Then the following recursion can
be shown to hold true:

(n+ 1)pn+1(x) = (2n+ 1)xpn(x)− npn−1(x),

starting with p0 = 1, p1(x) = x.

We list some properties of the Legendre’s polynomials.

(1) pn(1) = 1, pn(−1) = (−1)n.

(2) more...
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(3) Let x1 < x2 < · · · < xn denote the roots of Pn, then these are distinct and

belong to [−1, 1].

We shall now show that the maximum possible degree of precision 2n− 1 can be

achieved by a unique n-point rule. We may restrict to the interval [a, b] = [−1, 1].

Our chief tool will be the Legendre polynomials pn(x). Let x1 < x2 < · · · < xn

denote the roots of pn, then these are distinct and belong to [−1, 1]. These are

called the n Gauss points on [−1, 1].

First, we define a quadrature rule (the n-point Gauss rule) by

(6.19)
∫ 1

−1

f ≈
∫ 1

−1

Inf,

where Inf ∈ Pn−1 is the Lagrange interpolating polynomial of f at x1, · · · , xn.

Theorem 6.1. The n-point Gauss rule has degree of precision 2n− 1.

Proof. Given f ∈ P2n−1, we can write

f(x) = h(x)pn(x) + r(x), h ∈ Pn−1, r ∈ Pn−1.

Then ∫ 1

−1

f dx =
∫ 1

−1

q(x)pn(x) + r(x) dx =
∫ 1

−1

r(x) dx.

We now note that any n−point rule has degree of precision n− 1, hence,∫ 1

−1

r(x) dx =
n∑
i=1

wir(xi).

However, since xi’s are root for pn, we have that∫ 1

−1

r(x) dx =
n∑
i=1

wif(xi) =
∫ 1

−1

f(x) dx.

�

Theorem 6.1. The n-point Gauss rule is the unique n-point rule with the degree
of precision 2n− 1.

Proof. We suppose that there are n−points for which

n∑
i=1

wif(xi) =
∫ 1

−1

f dx, ∀f ∈ P2n−1

Then if we choose f(x) = q(x)Πn
i=1(x−xi) with q ∈ Pn−1, the following holds true

that ∫ 1

−1

q(x)Πn
i=1(x− xi) dx = 0, ∀q ∈ Pn−1.
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This implies that Πn
i=1(x−xi) is a multiple of pn. Hence xi should be n− Gauss

points. �

Note that there is no quadrature rule of the form
∑n
i=1 wif(xi) with degree

of precision 2n. We assume that there exists a n−point quadrature rule with 2n
degree of precision. Then

(6.20)
∫ 1

−1

f dx =
n∑
i=1

f(xi)wi, ∀f ∈ P2n.

However, it can not be true since for f = Πn
i=1(x − xi)2 ∈ P2n, we are led to a

contradiction since

0 6=
∫ 1

−1

Πn
i=1(x− xi)2 dx 6=

n∑
i=1

wi(xi − xi)2 = 0.

Example 6.5. Construct two points Gauss quadrature rule on [−1, 1]. Since

p2(x) = (3x2 − 1)/2, by solving p2(x) = 0, we obtain that x1 = − 3√
3

and x2 = 3√
3

.

Now with these two points, we construct the Lagrange interpolating polynomial

I2f = f(x1)L1 + f(x2)L2

and by taking an integration, we obtain that

∫ 1

−1

f(x) dx ≈ f(x1) + f(x2).

Example 6.6. Construct 3-point Gauss point rule on [−1, 1]. Since q3 = x3−3x/5,

the roots are given by x1 = −
√

3√
5
, x2 = 0 and x3 =

√
3√
5

. Now with these two points,

we construct the Lagrange interpolating polynomial

I2f = f(x1)L1 + f(x2)L2 + f(x3)L3

and by taking an integration, we obtain the three point Gauss-rule, which is left as
an exercise. ∫ 1

−1

f(x) dx ≈ w1f(x1) + w2f(x2) + w3f(x3).
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Note that with x1 = −
√

3/
√

5, x2 = 0 and x3 =
√

3/
√

5, we have∫ 1

−1

L1dx =
∫ 1

−1

(x− x2)(x− x3)
(x1 − x2)(x1 − x3)

dx =
∫ 1

−1

6
5
x

(
x−
√

3√
5

)
dx =

5
9∫ 1

−1

L2dx =
∫ 1

−1

(x− x1)(x− x3)
(x2 − x1)(x2 − x3)

dx =
∫ 1

−1

−5
3

(
x2 − 3

5

)
dx =

8
9∫ 1

−1

L3dx =
∫ 1

−1

(x− x1)(x− x2)
(x3 − x1)(x3 − x2)

dx =
∫ 1

−1

6
5
x

(
x+
√

3√
5

)
dx =

5
9

7. Direct Methods on Numerical Linear Algebra

We consider to solve the following linear system of equation:

(7.1) Ax = b,

where A ∈ IRn×n and b ∈ IRn.
For an example, we can consider the following problem:

x1 − x2 + 2x3 − x4 = −8

2x1 − 2x2 + 3x3 − 3x4 = −20

x1 + x2 + x3 = −2

x1 − x2 + 4x3 + 3x4 = 4

This can be rewritten as follows:
1 −1 2 −1
2 −2 3 −3
1 1 1 0
1 −1 4 3




x1

x2

x3

x4

 =


−8
−20
−2
4

 .

Definition 7.1. An n×m (n by m) matrix is a rectangular array of elements with

n rows and m columns.

We oftentimes use the notation A = (aij)1≤i≤n,1≤j≤m, which denotes the matrix

A of the following:

A =


a11 a12 · · · a1m

a21 a22 · · · a2m

...
... · · · · · ·

an1 · · · · · · anm


Example 7.1.

A =
(

2 −1 7
3 1 0

)
is 2× 3 matrix with a11 = 2, a12 = −1, a13 = 7, a21 = 3, a22 = 2 and a23 = 0.
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We are interested in solving the following system of equations:
a11 a12 · · · a1m

a21 a22 · · · a2m

...
... · · · · · ·

an1 · · · · · · anm




x1

x2

...
xn

 =


b1
b2
...
bn


This corresponds to the set of equations

Ei : ai1x1 + ai2x2 + · · ·+ aimxm = bm.

In solving the aforementioned linear system of equations, the following three
operations produce equivalent systems.

• Equation Ei can be replaced by λEi for λ 6= 0. (λEi)→ Ei

• Equation Ej can be multiplied by any constant λ and added to equation

Ei with the resulting equation used in place of Ei. (λEj + Ei)→ Ei.

• Equations Ei and Ej can be transposed in order. (Ei ↔ Ej).

Example 7.2. Give an example here.

This process can be understood as a matrix form by constructing the augmented
matrix: 

1 1 0 3 : 4
2 1 −1 1 : 1
3 −1 −1 2 : −3
−1 2 3 −1 : 4




1 1 0 3 : 4
0 −1 −1 −5 : −7
0 −4 −1 −7 : −15
0 3 3 2 : 8




1 1 0 3 : 4
0 −1 −1 −5 : −7
0 0 3 13 : 13
0 0 0 −13 : −13


Observe that we use a11 to eliminate a21, a31, · · · , an1 and from the new matrix,

using a22, we eliminate a32, a42, · · · , an2, and so on. This process is called the
Gaussian elimination with backward substitution.

We now consider the following linear system:

Example 7.3. 
1 −1 2 −1
2 −2 3 −3
1 1 1 0
1 −1 4 3




x1

x2

x3

x4

 =


−8
−20
−2
4

 .
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We form the augmented matrix of the following form:
1 −1 2 −1 : −8
2 −2 3 −3 : −20
1 1 1 0 : −2
1 −1 4 3 : 4


By (E2 − 2E1 → E2, E3 − E1 → E3, E4 − E1 → E4), we obtain

1 −1 2 −1 : −8
0 0 −1 −1 : −4
0 2 −1 1 : 6
0 0 2 4 : 12


We are in trouble since we have a22 = 0, which is called the pivot element. But, it
is o.k. since we can apply E2 ↔ E3 to obtain that

1 −1 2 −1 : −8
0 2 −1 1 : 6
0 0 −1 −1 : −4
0 0 2 4 : 12


Apply E4 + 2E3 → E4 to obtain

1 −1 2 −1 : −8
0 2 −1 1 : 6
0 0 −1 −1 : −4
0 0 0 2 : 4


From this, we have x4 = 2, x3 = 2, x2 = 3 and x1 = −7.

7.1. LU decomposition. Consider the following augmented system of equation:

[A : b] ⇔

 a
(0)
11 a

(0)
12 a

(0)
13 : b

(0)
1

a
(0)
21 a

(0)
22 a

(0)
23 : b

(0)
2

a
(0)
31 a

(0)
32 a

(0)
33 : b

(0)
3



⇔

 a
(1)
11 a

(1)
12 a

(1)
13 : b

(1)
1

0 a
(1)
22 a

(1)
23 : b

(1)
2

0 a
(1)
32 a

(1)
33 : b

(1)
3

 by E2 − (a(0)
21 /a

(0)
11 )E1 → E2, E3 − (a(0)

31 /a
(0)
11 )E1 → E3

⇔

 a
(2)
11 a

(2)
12 a

(2)
13 : b

(2)
1

0 a
(2)
22 a

(2)
23 : b

(2)
2

0 0 a
(2)
33 : b

(2)
3

 by E3 − (a(1)
32 /a

(1)
22 )E2 → E3

We call m21 = a
(0)
21 /a

(0)
11 ,m31 = a

(0)
31 /a

(0)
11 and m32 = a

(1)
32 /a

(1)
22 multipliers.

In case the Gaussian elimination has been performed (namely, the pivot elements

are nonzero) on the linear system Ax = b without row interchanges, the matrix A
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can be factored into the product of a lower-triangular matrix L and an upper-
triangular matrix U , so that

A = LU,

where U is the triangular matrix generated by the Gaussian elimination and L =

(Lij) with Lij = mij for i 6= j and Lii = 1.

[A : b] ⇔

 1 2 1 : 0
2 2 3 : 3
−1 −3 0 : 2



⇔

 1 2 1 : 0
0 −2 1 : 3
0 −1 1 : 2

 by E2 − 2E1 → E2, E3 − (−1)E1 → E3

⇔

 1 2 1 : 0
0 −2 1 : 3
0 0 1/2 : 1/2

 by E3 − (1/2)E2 → E3

We can check that

A =

 1 2 1
2 2 3
−1 −3 0


= LU

=

 1 0 0
2 1 0
−1 1/2 1

 1 2 1
0 −2 1
0 0 1/2

 .

Let us assume that we have factored A into LU , then how can we use this
factoring to solve the system of equation:

To solve Ax = b or LUx = b, we first introduce the substitution y = Ux. Then,
we have Ly = b, having solved the equation Ly = b for y, we can solve x by solving
y = Ux.

8. Initial Value Problems

The general form of an IVP that we shall attack is

y′ = f(t, y), a ≤ t ≤ b

y(a) = y0.

Theorem 8.1 (Well-Posedness). Let f(t, y) be continuous for all (t, y) in D =

I × IR with I = [a, b] and furthermore, there exists a constant L such that for all

(t, y1) and (t, y2) in I × R,

|f(t, y2)− f(t, y1)| ≤ L|y2 − y1|.
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Then the following holds true

(1) For any y0 ∈ R, there exists a unique solution y(t) throughout the interval

I = [a, b] for the IVP. Moreover, the solution is differentiable.

(2) The solution y depends continuously on the initial data, namely, if ŷ is the

solution to

ŷ′ = f(t, ŷ), a ≤ t ≤ b

ŷ(a) = ŷ0.

Then

|y(t)− ŷ(t)| ≤ eLt|y(0)− ŷ(0)|.

The solution is not so sensitive with respect to the initial data.

(3) Let ŷ satisfies, more generally, a perturbed ODE, namely

ŷ′ = f(t, ŷ) + r(t, ŷ), a ≤ t ≤ b

ŷ(a) = ŷ0.

Moreover, r is bounded on I × R, more specifically, ‖r‖ ≤ M , then the

following holds true :

|y(t)− ŷ(t)| ≤ eLt|y(0)− ŷ(0)|+ M

L
(eLt − 1).

Proof. We shall omit the proof here. But notice that the most crucial factor is the
Lipschitz constant of the function f in the second variables. �

We shall now discuss the Lipschitz condition in more details.

Definition 8.1. A function f(t, y) is said to satisfy a Lipschitz condition in the

variable y on a set D ⊂ IR2 if a constant L > 0 exits with

|f(t, y1)− f(t, y2)| ≤ L|y1 − y2|,

whenever (t, y1), (t, y2) ∈ D. The constant L is called a Lipschitz constant of f .

Example 8.1. Let D = {(t, y) : 1 ≤ t ≤ 2,−3 ≤ y ≤ 4} and f(t, y) = t|y|, then we

have

|f(t, y1)− f(t, y2)| = |t|y1| − t|y2|| = |t|||y1| − |y2|| ≤ 2|y1 − y2|.

Note that if f ∈ C1(I × IR) and ∂f/∂y is bounded, then f satisfies a Lipschitz

condition on I × IR in the Theorem 8.1. (Why?)

Example 8.2. Consider the initial value problem

y′ = 1 + t sin(ty), 0 ≤ t ≤ 2, y(0) = 0.
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Is it well-posed? To answer the question, we check the Lipschitz condition for f .

|f(t, y1)− f(t, y2)| = |(1 + t sin(ty1))− (1 + t sin(ty2))|

= |t(sin(ty1)− sin(ty2))| = |t|| sin(ty1)− sin(ty2)|

= t2 cos(tξ)|y1 − y2| ≤ 4|y1 − y2|.

Example 8.3. Consider the initial value problem

y′ = y − t2 + 1, 0 ≤ t ≤ 2, y(0) = 0.5

Is it well-posed? To answer the question, we check the Lipschitz condition for f .

∂f

∂y
= 1.

Notice that many simple, smooth functions f on I × IR such as f(t, y) = ty2 or

f(t, y) = y2 fail to satisfy a uniform Lipschitz condition with respect to its second

variable since ∂f/∂y is unbounded. For such functions, we can not assert the global

existence and uniqueness.

8.1. Some Preliminary. Given an interval I = [a, b] in which the IVP is well-

posed. We first decide the times at which approximations to y(t) are to be made,

namely,

a = t0, · · · , tN = b.

These sets of times {t0, t1, · · · , tN} are called mesh points. Note that once the

approximate solution is obtained at the points, the approximation at other points
are obtained by interpolation.

Assume that the mesh points are equidistant with distance h, then

ti = a+ ih, with i = 0, 1, · · · , N.

Note that since tN = b = a+Nh, h is (b− a)/N .

We shall use yn by the numerical approximation of y(t) at the mesh point tn.

8.2. Derivation of Euler’s Method. In this subsection, we shall discuss several
derivation of Euler’s method.

8.2.1. Geometric Derivation : A solution to

dy

dt
= f(t, y), a ≤ t ≤ b, y(a) = y0.

can be considered to a function whose graph passes through (t0, y0) and at each

point, is tangent to the line segment at that point determined by the slope field by
f .
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Start its graph at the initial point, extending it in the direction of, say, increas-

ing t, along the line through that point with slope f(t0.y0). This determines an

approximate solution on a short time interval [t0, t0 + h] as

yh(t) = y0 + hf(t0, y0), t0 ≤ t ≤ t0 + h.

If h is sufficiently small, this should not differ much from the true solution y(t)

since a curve does not differ much from its tangent in a small interval.
We may then repeat the process starting from t1 := t0 + h and using the slope

at (t1, y1) where y1 = yh(t1) = y0 + hf(t0.y0).

Note that it can not be generalized to give other numerical methods.

8.2.2. Taylor’s Expansion. Note that the exact solution satisfies

y(tn+1) = y(tn) + hy′(tn) +O(h2).

Neglecting the O(h2) term, we get

y(tn+1) ≈ y(tn) + hy′(tn) = y(tn) + hf(t, y(tn)).

This suggests the method

yh(tn+1) = y(tn) + hy′(tn) = y(tn) + hf(t, y(tn)).

or
yn+1 = yn + hf(tn, yn).

8.2.3. Numerical Differentiation. Approximating the derivative y′(tn) by the for-

ward difference [y(tn+1)− y(tn)]/h leads to

y(tn+1)− y(tn)
h

≈ f(tn, y(tn)),

or
y(tn+1) ≈ y(tn) + hy′(tn) = y(tn) + hf(t, y(tn)).

Interchange y(tn) and yn, we obtain that

yn+1 = yn + hf(tn, yn).

8.2.4. Numerical Integration. Note that the exact solution satisfies the integral con-
dition

y(tn+1) = y(tn) +
∫ tn+1

tn

f(t, y(t))dt.

Approximating the integral by the left endpoint rule, we get again

y(tn+1) ≈ y(tn) + hf(tn, y(tn)).

Interchange y(tn) and yn, we obtain that

yn+1 = yn + hf(tn, yn).
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8.2.5. Implementation of Euler’s method. We consider to approximate the solution
to the initial-value problem

y′ = y − t2 + 1, 0 ≤ t ≤ 2, y(0) = 0.5

with N = 10. Note that h = 2/10 = 0.2 and ti = 0.2i.

Algorithm 8.1. Set a = 0,b = 2,N = 10 and h = (b− a)/N ;

• Set mesh points t(n+ 1) = a+ nh for n = 0, 1, · · · , N − 1

• Set initial condition y1 = y(1) = 0.5

• Compute the approximate values yn+1 for n = 1, · · · , N − 1 :

yn+1 = y(n+ 1) = y(n) + hf(t(n), y(n))

= y(n) + h(y(n)− t(n)2 + 1)

for n = 0, 1, · · · , N − 1.

8.2.6. Numerical Error Analysis. In this section, we discuss how much the approx-
imate solution obtained by Euler method differs from the exact solution.

We assume that f ∈ C(I × R), I = [a, b], and satisfies a uniform Lipschitz

condition with respect to its second variable. In order to indicate the numerical
approximate solution is dependent on the mesh size h, we use the following notation

that for any h > 0, define N = Nh = (b−a)/h so that tN is the largest break point

in I and define yn = yh(tn) for 0 ≤ n ≤ N by Euler’s method. The error is

eh = yh − y.

We shall measure the error in the discrete max norm

‖eh‖∞,h = max
0≤n≤Nh

|eh(tn)|

Definition 8.2 (Local Truncation Error of Euler’s method). Euler’s method is

given as follows :

yn = α

yn+1 = yn + hf(tn, yn), ∀n = 0, · · · , N − 1.

The local truncation error is defined by the following :

τn+1(h) =
y(tn+1)− (y(tn) + hf(tn, y(tn))

h
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Note that

τn+1(h) =
y(tn+1)− (y(tn) + hf(tn, y(tn))

h

=
y(tn+1)− y(tn)

h
− y′(tn)

=
h

2
y′′(ξn) = O(h) ξn ∈ (tn, tn+1).

It is local relative error of the Euler’s method. Namely, we compare the exact
solution and approximate solution of the Euler’s method starting with the exact
solution at the beginning step.

Lemma 8.1. Let A,B, η0, · · · , ηN be non-negative numbers satisfying

ηn+1 ≤ Aηn +B, n = 0, 1, · · · , N − 1.

Then

ηn ≤ Anη0 +

(
n−1∑
i=0

Ai

)
B, n = 0, · · · , N.

For A 6= 1, then the quantity in parenthesis is equal to (An − 1)/(A− 1).

Theorem 8.2 (Convergence of Euler’s method). Assume that |y′′| ≤M , then

lim
h→0
‖yh − y‖∞,h = 0.

and moreover,

‖yh(tn)− y(tn)‖ ≤ hM

2L
|eL(tn−a) − 1|

Proof. Define the local error at (n+ 1)st step by the equation

y(tn+1) = y(tn) + hf(tn, y(tn)) + Tn.

Since Euler’s methods read

yn+1 = yn + hf(tn, yn)

we have the following error equation

en+1 = en + h[f(tn, yn)− f(tn, y(tn))]− Tn.

Setting T = max0≤n≤N−1 |Tn| and using the Lipschitz condition, we have

|en+1| ≤ (1 + hL)|en|+ T, 0 ≤ n ≤ N − 1,

Since we start with the exact initial value, e0 = 0.
Applying the lemma, we get

|en| ≤
(1 + hL)n − 1

hL
T, n = 0, 1, · · · , N.
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Now since 1 + x ≤ ex, we have

|en| ≤
eL|tn−a| − 1

L

T

h
,

and now, it is clear that

T

h
≤ h

2
M.

This completes the proof. �

Remark 8.1. The error bound is often very pessimistic compared to the outcome
of actual computation, but the first order convergence is not. This is the principal
importance of the theorem given above. Consequently, diminishing the step size
should give correspondingly greater accuracy to the approximations.

Example 8.4. Consider the IVP given by the following :

y′ = y − t2 + 1, 0 ≤ t ≤ 2, y(0) = 0.5

Note that

y′′(t) = f ′ =
∂f

∂t
(t, y(t)) +

∂f

∂y
(t, y(t)) · f(t, y(t)).

For this problem, the exact solution is y(t) = (t+ 1)2− 1
2e
t. so y′′(t) = 2− 0.5et.

and

|y′′(t)| ≤ 0.5e2 − 2.

Let us choose h = 0.2 and L = 1 and M = 0.5e2 − 2. We then have

|en| ≤ 0.1 ∗ (0.5e2 − 2)(etn − 1).

8.3. Higher Order Taylor Methods. All single step methods may be written in
the form:

(8.1) yn+1 = yn + hΦ(f ; tn, yn, h)

and the local truncation error is defined to be

(8.2) τn+1 =
y(tn+1)− [y(tn) + hΦ(f ; tn, y(tn, h)]

h
.

If τn+1 = O(hp), then we say that the method is of order p. Recall that the Euler’s

method is of order one.
Suppose the solution y(t) to the initial-value problem

y′ = f(t, y), a ≤ t ≤ b, y(a) = α,
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has n+ 1 continuous derivatives. The Taylor series expansion about t = tn leads to

y(tn+1) = y(tn) + hy′(tn)

+
h2

2
y′′(tn) + · · ·+ hn

n!
y(n)(tn) +

hn+1

(n+ 1)!
y(n+1)(ξn),

where ξn ∈ (tn, tn+1).

Since y(n)(t) = f (n−1)(t, y(t)), we have the following relation

y(tn+1) = y(tn) + hf(tn, y(tn)) +
h2

2
f ′(tn, y(tn))

+ · · ·+ hn

n!
f (n−1)(tn, y(tn)) +

hn+1

(n+ 1)!
f (n)(ξn, y(ξn)),

From this, we derive the Taylor method of order n as follows:

y0 = α

yn+1 = yn + hφ(tn, yn), ∀n = 0, 1, · · · ,

where

φ(tn, yn) = f(tn, yn) +
h

2
f ′(tn, yn) + · · ·+ hn−1

n!
f (n−1)(tn, yn)

Theorem 8.3. Assume that the solution y(t) to

y′(t) = f(t, y(t)), a ≤ t ≤ b, y(a) = α,

belongs to Cn+1[a, b] and the Taylor’s method of order n is used to approximate the

solution with step size h, then the local truncation error is O(hn).

Example 8.5. Apply Taylor’s method of orders two and four to

y′ = y − t2 + 1, 0 ≤ t ≤ 2, y(0) = 0.5.

Note that

f(t, y(t)) = y − t2 + 1

f ′(t, y(t)) = y′ − 2t = y − t2 + 1− 2t

f ′′(t, y(t)) = y′ − 2t− 2 = y − t2 − 2t− 1

f ′′′(t, y(t)) = y − t2 − 2t− 1.
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Hence

T (2)(tn, yhn) = f(tn, yhn) +
h

2
f(tn, yhn)

=
(

1 +
h

2

)
(yhn − t2n + 1)− htn

T (4)(tn, yhn) =
(

1 +
h

2
+
h2

6
+
h3

24

)
(yhn − t2n)

−
(

1 +
h

3
+
h2

12

)
htn + 1 +

h

2
− h2

6
− h3

24
.

Remark 8.2. Note that Taylor method has been derived by taking Taylor expan-

sion y(t) around tn and evaluate it at tn+1. The explicit implementation could be

done by using the relation y′(t) = f(t, y(t)). This leads to the relation y(n)(t) =

f (n−1)(t, y(t)).

Note that f ′(t, y(t)) = ft(t, y) + fyy
′ = D1f and

f ′′(t, y(t)) = ftt(t, y) + fty(t, y)y′ + (fyt + fyyy
′)y′ + fyy

′′

= ftt + 2ftyf + fyyf
2 + fyft + f2

y f

= D2f

etc.
More precisely, the Taylor method of order n reads:

(8.3) yn+1 = yn + hfn +
h2

2
Dfn + · · ·+ hn

n!
D(n−1)fn.

This method can be implemented in some cases, but requires evaluation of the
partial derivatives of f , and is not commonly used.

9. Runge-Kutta Methods

9.1. Heun’s method. Let us consider the Heun’s method, which is given by the
following:

(9.1) yn+1 = yn + h(f(tn, yn) + f(tn+1, yn + hf(tn, yn)))/2.

To find out the order of the Heun’s method, we recall the following :

Lemma 9.1. Assume that f(t, y) and all its partial derivatives of order less than

or equal to n + 1 are continuous on D = {(t, y) : a ≤ t ≤ b, c ≤ y ≤ d} and
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(t0, y0) ∈ D, then the following holds true :

f(t, y) = f(t0, y0)

+
n∑
k=1

1
k!

k∑
j=0

(
k
j

)
(t− t0)k−j(y − y0)j

∂kf

∂tk−j∂yj
(t0, y0)

+
1

(n+ 1)!

n+1∑
j=0

(
n+ 1
j

)
(t− t0)n+1−j(y − y0)j

∂n+1f

∂tn+1−j∂yj
(ξ0, ξ1)

= Pn(t, y) +Rn(t, y),

where ξ0 is in between t and t0 and ξ1 is in between y and y0.
The first two terms are called the nth Taylor polynomial in two variables for the

function f about (t0, y0) and the last term is the remainder term.

Let Φ(tn, yn) = (f(tn, yn) + f(tn+1, yn + hf(tn, yn)))/2 and by expanding the

second term around (tn, yn), we obtain that

Φ = f(tn, yn) + (tn+1 − tn)ft(tn, yn)/2 + hf(tn, yn)fy(tn, yn)/2 +O(h2)

= f(tn, yn) + hft(tn, yn)/2 + hf(tn, yn)fy(tn, yn)/2 +O(h2)

= fn +
h

2
D1fn +O(h2).

By comparison with Taylor method of order two, we immediately, notice that the

Heun’s method is of order two. Note that if we expand Φ out to terms of order h2,
we get

Φ = f +
h

2
D1f +

h2

4
D2f +O(h3).

The coefficient of h2 does not agree with D2f/3!, so Heun’s method is definitely

not of higher that second order.

9.2. The second order explicit Runge-Kutta’s method (Mid-point method).

In this section, we study the derivation of the second order Runge-Kutta method.
Note that the following is the second order Taylor’s method reads

yn+1 = yn + hΦ,

where

Φ = f(t, y) +
h

2
(ft(t, y) + fy(t, y)y′) = f(t, y) +

h

2
D1f.
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9.2.1. The mid-point method. To derive the second order Runge-Kutta method, we
shall determine values a1, α1, β1 so that

a1f(t+ α1, y + β1) = f(t, y) +
h

2
(ft(t, y) + fy(t, y)y′) +O(h2).

Such determinations shall lead to more efficient method without spoiling the order

of accuracy. Expanding f(t + α1, y + β1) in its Taylor polynomial of degree one

about (t, y) gives

a1f(t+ α1, y + β1) = a1f(t, y)

+ a1α1ft(t, y) + a1β1fy(t, y) + a1R1(t+ α1, y + β1),

where

R1(t+ α1, y + β1) =
α2

1

2
ftt(ξ, µ) + α1β1fty(ξ, µ) +

β2
1

2
fyy(ξ, µ).

Matching coefficients, we are led to have

a1 = 1, α1 =
h

2
, β1 =

h

2
f(t, y).

Moreover, R1 = O(h2) if the second order derivative of f is bounded.

The mid-point rule is given as follows:

yh0 = α

yhn+1 = yhn + hf(t+
h

2
, yhn +

h

2
f(tn, yhn)).

One can derive it using the numerical integration using the mid-point rule. It is
oftentimes called the mid-point method.

Example 9.1. Use the mid-point method to solve y′ = y − t2 + 1 with 0 ≤ t ≤ 2

and y(0) = 0.5.

The mid-point method reads

yn+1 = yn + h

(
yn +

h

2
[yn − t2n + 1]− (tn +

h

2
)2
)
.

9.2.2. Modified-Euler Method. If we used a1f(t, y) +a2f(t+α2, y+ δ2f(t, y)), then

we obtain the Modified Euler method, which corresponds to a1 = a2 = 1
2 and

α2 = δ2 = h. The modified Euler’s method reads:

yn+1 = yn +
h

2
[f(tn, yn) + hf(tn+1, yn + hf(tn, yn)] .
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9.2.3. The general explicit RK method. The derivation of the general form of an
explicit RK method can be obtained by setting

yh+1 = yn + h(b1φ1 + · · ·+ bqφq),

where
φi = f(tn + cih, ηi)

and

η1 = yn,

η2 = yn + ha2,1φ1,

η3 = yn + h(a3,1φ1 + a3,2φ2),

· · ·
ηq = yn + h(aq,1φ1 + · · ·+ aq,q−1φq−1).

To specify a particular method of this form, we must give the number of stages
q ≥ 1, the coefficients bi, ci with 1 ≤ i ≤ q, and aij , 1 ≤ i ≤ q, 1 ≤ j ≤ i. The bi is

called the weights, ci or the points tn + cih, the nodes and the ηi or φi are called
the stages of RK.

One can try to match (with c1 = 0) b1φ1 + b2φ2 with the second order Taylor’s

method for which

Φ = f(t, y) +
h

2
f ′(t, y) +O(h2),

upto O(h2) where

b1φ1 + b2φ2 = b1f(t+ c1h, y) + b2f(t+ c2h, y + haf(t+ c1h, y))

= b1f(t, y) + b2f(t+ c2h, y + haf(t, y))

Note that if we succeed to find constants b1, b2, · · · , we obtain method of accuracy
of order 2.

Recall that

b1f(t, y) + b2f(t+ c2h, y + haf(t, y)) = b1f(t, y)

+ b2(f(t, y) + c2hft + (ha)ffy) +O(h2)

= f(t, y) +
h

2
(ft + fyy

′) +O(h2).

From this, we obtain that

b1 + b2 = 1, b2c2h =
h

2
, b2haf =

h

2
y′.

Hence, we have

b1 + b2 = 1, b2c2 =
1
2
, b2a =

1
2
.
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We then obtain b1 = b2 = 1
2 and c2 = a = 1 or b1 = 1

4 , b2 = 3
4 and c2 = a = 2

3 .

The first choice shall lead to the modified Euler’s method

yn+1 = yn +
h

2
(f(tn, yn) + f(tn+1, yn + hf(tn, yn)) .

and the second choice shall lead to the Heun’s method

yn+1 = yn +
h

4

(
f(tn, yn) + 3f(tn +

2
3
h, yn +

2
3
hf(tn, yn)

)
.

Example 9.2. Solve y′ = y − t2 + 1 with 0 ≤ t ≤ 2 and y(0) = 0.5 using Heun’s

method and Modified Euler method.
The Modified Euler Method reads

yn+1 = yn +
h

2
(yn − t2n + 1 + yn + hf(tn, yn)− t2n+1 + 1)

= yn +
h

2
(yn − t2n + 1 + yn + h(yn − t2n + 1)− t2n+1 + 1)

and the Heun’s method reads

yn+1 = yn +
h

4

(
yn − t2n + 1 + 3(yn +

h

3
f(tn, yn)− (tn +

2
3
h)2 + 1)

)

= yn +
h

4

(
yn − t2n + 1 + 3(yn +

h

3
(yn − t2n + 1)− (tn +

2
3
h)2 + 1)

)
The most popular method is the Runge-Kutta method of order Four :

Definition 9.1 (RK of order four).

φ1 = f(tn, yn)

φ2 = f(tn +
h

2
, yn +

1
2
φ1)

φ3 = f(tn +
h

2
, yn +

1
2
φ2)

φ4 = f(tn+1, yn + φ3)

yn+1 = yn +
h

6
(φ1 + 2φ2 + 2φ3 + φ4) .

Note that since it is of order four, if we let Φ be the Taylor’s method of order
four, then

1
6

(φ1 + 2φ2 + 2φ3 + φ4) = Φ +O(h4).
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10. Stiff Equations and Absolute Stability

Recall the error analysis for the Euler’s method, for which the convergence result

has been given as |en| ≤ Ch for some constant C. The problem is that it may not

give a quantitative indication of what happens when we actually compute with a
time step size h, which is not very small.

For large step sizes, the difference equation should mimic the behavior of the
differential equation in the sense that their stability properties should be similar.

Example 10.1. Solve y′ = λy using Euler Method with h = 2.1 when λ = −1.
What happens if you increase the magnitude of λ keeping its sign negative ?

What we are seeing is the stiffness problem.

10.1. Stiffness. The stiffness problem can be characterized as the following: The
solution contains rapidly varying transients which decay quickly, but for some rea-
son require us to take small step sizes even after they disappeared from the solution.
Namely, the problem is not from the accuracy, but from something else. Such a stiff
problems are important, because they arise in a number of applications including
chemical reaction modeling, numerical solution of parabolic and hyperbolic PDEs,
control theory, and electric circuit modeling, etc.

The goal is to find a method which can handle such stiff problems. Since the
stiffness problem is as mentioned identified to be related to the stiff decays of the
solution, we have taken the model problem

y′ = λy, y(0) = 1.

where Re(λ) < 0. This example shows clearly why the realization of numerical

solution that respect the correct behaviour of the given IVP is so important and
the scheme should be made in a way that the scheme produces the approximations
that have the property of the exact solution as much as possible.

More concrete reason for the breakdown of the Euler’s method for Example 10.1

is given as follows : We notice that e−tn is being approximated by (1 − h)n with

tn = nh. Now if h << 1, this is a reasonable approximation. Then e−h ≈ 1 − h
and e−hn ≈ (1− h)n. But if h is not so small, then (1− h)n does not behave at all

like e−hn. In fact, if h > 2, then 1 − h is a negative number of magnitude greater

than one, and so (1− h)n is exponentially growing, and alternating sign.

This can be avoided for example if we choose |1−h| < 1. Note that this requires

small time step used.
Consider the following model problem.

(10.1) y′ = λy, y(0) = 1.
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The exact solution is

y(tn) = eλtn .

The euler’s method with a uniform step size h gives

yn = yn−1 + hλyn−1 = (1 + hλ)yn−1 = · · · = (1 + hλ)n.

In case Re(λ) < 0, |y(t)| decays exponentially. The numerical solution yn should

decay, as n increases. Generally this shall imply some restriction on the step size
and λ is negative with larger magnitude, the restriction of the step size are more
severe.

This yields an additional absolute stability requirement,

|yn| < |yn−1|, n = 1, 2, · · · .

Now, for virtually any method, the values of yn depends only on the product hλ.

Definition 10.1 (Region of absolute stability). Consider the model problem

y′ = λy

with Re(λ) < 0, the absolute stability region is defined to be

(10.2) S = {hλ ∈ C : lim
n→∞

yn = 0, }

where yn is the numerical solution to (10.1) with step size h.

For the forward Euler method, we obtain the condition that

(10.3) |1 + hλ| < 1.

Now, consider the improved Euler method,

(10.4) yn+1 = yn + h[f(tn, yn) + f(tn+1, yn + hf(tn, yn))]/2.

Applied to the equation y′ = λy, this becomes

(10.5) yn+1 = yn + h[λyn + λ(yn + hλyn))]/2 = yn(1 + h̄+ h̄2)/2,

where h̄ = hλ. The region for stability for the improved Euler method is S = {h̄ ∈
C : |1 + h̄ + h̄2| < 1}. Let us now consider the backward Euler method given as

follows:

(10.6) yn+1 = yn + hf(tn+1, yn+1)

Applied to the equation y′ = λy, this becomes

(10.7) yn+1 = yn + hλyn+1 = yn + h̄yn+1,

where h̄ = hλ. Note that yn+1 = (1/(1− h̄))n and the stability region is S = {h̄ ∈
C : |1/(1− h̄)| < 1}, the left half plane. This means that for any h > 0, the stability

requirement holds true.
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Finally, we consider the implicit Trapezoidal method:

(10.8) yn+1 = yn +
h

2
(f(tn, yn) + f(tn+1, yn+1))

Applied to the equation y′ = λy, this becomes

(10.9) yn+1 = yn +
h

2
(λyn+1 + λyn) = yn +

h̄

2
yn+1 +

h̄

2
yn,

for which the solution yn+1 = (1 + h̄/2)/(1 − h̄/2)yn. It is easy to see that the

method is A-stable.
Several remarks are in order:

• A method is called A-stable if its region of absolute stability contains the

entire left half plane (so whenever the exact solution decays, so does the

numerical solution).

• All the explicit methods can be shown to have the bounded region of sta-
bility. Namely, only implicit methods can be A-stable.
• The unreasonable behavior of numerical solutions obtained with certain

mesh size for which the AS violates has nothing to do with the local error
of the numerical method. The step size should be depressed not by accuracy
but by instability.

Example 10.2. Try to solve the following equation using explicit Euler.

(10.10) y′ = −100(y − sin(t)), t ≥ 0, y(0) = 1.

11. Multistep Methods

Euler’s method is an example of a one-step method : the numerical solution yn+1

at tn+1, the current time is determined from the numerical approximation at the

single preceding point tn. More generally, we can consider methods with a constant

step size h and determine yhn+1 using the values from several preceding steps :

(11.1) yn+1 = Φ(f, tn, yn+1, yn, yn−1, · · · , yn−k, h).

Here yn+1 depends on k+1 previous numerical approximations yn, yn−1, · · · , yn−k,

so this is called a k + 1 step method. Notice that we have allowed yn+1 to appear

in the right hand side of the equation as well as the left. When this happens,
the method is called an implicit method, and need to solve, in general, a nonlinear
equation to determine yn+1. In any case, we need to determine the first k+1 values

y0, · · · yk by some other method, such as a single step (higher order) method.

If Φ does not depend on yn+1, the method is called an explicit method. A simple

example of explicit method is the explicit Euler’s method:

yn+1 = yn + hf(tn+1, yn+1),
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and an example of implicit methods can be the trapezoidal method:

yn+1 = yn +
h

2
(f(tn, yn) + f(tn+1, yn+1).

These are all one-step method.

11.1. linear multistep methods.

(11.2) yhn+1 = −a0yn− a1yn−1 + · · · − akyn−k + h[b−1fn+1 + b0fn + · · ·+ bkfn−k.]

is called the linear multistep methods with constant step size. For an explicit linear
multistep method b−1 = 0.

It is also convenient to define

k∑
j=−1

ajyn−j = h

k∑
j=−1

bjfn−j ,

where a−1 = 1. One obvious question concerning implicit linear multistep methods

is whether or not the method determines yn+1. The answer is yes if h is sufficiently

small. (Why? : Define

yn+1 = F (yn+1),

where

F (yn+1) = −
j∑
j=0

ajyn−j + h

k∑
j=−1

bjf(tn−j , yn−j).

If F is contractive, then by the fixed point theorem, there is a unique fixed point,
which is yn+1. This is however, true when h is sufficiently small. The contraction

mapping theorem also implies that the solution can be computed by fixed point
iteration and this is often done in practice. Of course, only few iterations are

made.)

Example 11.1. Show that if h is sufficiently small, the implicit Euler method

yn+1 = yn + hf(tn+1, yn+1)

determines yn+1 uniquely.

11.2. Adams’ Method. An important example of the multistep method can be
Adams method.

Example 11.2. Given y0, y1, y2 and y3,

yn+1 = yn+
h

24
(55f(tn, yn)− 59f(tn−1, yn−1) + 37f(tn−2, yn−2)− 9f(tn−3, yn−3))

This is called the fourth order Adams-Bashforth method.
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Example 11.3. Given y0, y1 and y2,

yn+1 = yn +
h

24
(9f(tn+1, yn+1) + 19f(tn, yn)− 5f(tn−1, yn−1) + f(tn−2, yn−2))

This is called the fourth order Adams-Moulton method. In this section, we shall
study how to derive such Adams’ method in general.

11.2.1. Derivation of Adams method. Note first that the initial value problem

y′(t) = f(t, y), a ≤ t ≤ b, y(a) = y0

is equivalent to

y(tn+1) = y(tn) +
∫ tn+1

tn

y′(t) dt =
∫ tn+1

tn

f(t, y(t)) dt

The main idea in the derivation of Adams Method is to approximate the inte-
grand by an appropriate approximating polynomial, which will be chosen to be the

Lagrange interpolant for f(t, y(t))

We recall the formula of the Lagrange interpolant: Consider we are given n+1
distinct points t0 < t1 < t2 < · · · < tn and n+ 1 values gi with i = 0, · · · , n. Then

there exists a unique polynomial p(t) such that g(ti) = gi for 0 ≤ i ≤ n, which can

be given as follows:

(11.3) p(t) =
n∑
k=0

gkΠ0≤m≤n,m6=k
t− tm
tk − tm

.

Example 11.4. For n = 1, namely, two distinct points are interpolated, then the
Lagrange interpolant is given by

p(t) = g0
t− t1
t0 − t1

+ g1
t− t0
t1 − t0

.

and n = 2, then

p(t) = g0
t− t1
t0 − t1

t− t2
t0 − t2

+ g1
t− t0
t1 − t0

t− t2
t1 − t2

+ g2
t− t0
t2 − t0

t− t1
t2 − t1

.

We now assume that yj is known for 0 ≤ j ≤ n, let p(t) ∈ Pk denote the

Lagrange interpolating polynomial satisfying

p(tj) = fj := f(tj , yj), j = n, n− 1, · · · , n− k.

We then define

(11.4) yn+1 = yn +
∫ tn+1

tn

p(t)dt,
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where

(11.5) p(t) =
k∑
j=0

fn−jΠ0≤m≤k m 6=j
t− tn−m

tn−j − tn−m
.

The better form will be

yn+1 = yn + h

k∑
j=0

bjfn−j ,

where

bj =
1
h

∫ tn+1

tn

Π 0 ≤ m ≤ k
m 6= j

t− tn−m
tn−j − tn−m

=
∫ 1

0

Π0≤m≤k m 6=j
m+ t

m− j
dt.

The more compact form is

bj = (−1)j−1
k−1∑
i=j−1

(
i

j − 1

)
(−1)i

∫ 1

0

(
−s
i

)
ds.

Recall that (
s
i

)
=
s(s− 1) · · · (s− i+ 1)

i
,

(
s
0

)
= 1.

This shall lead to the Adams-Bashford method. For k = 0, 1, we have

yn+1 = yn + hfn

yn+1 = yn + h

(
3
2
fn −

1
2
fn−1

)
The Adams-Moulton methods are constructed similarly, except that p ∈ P inter-
polates fn−j at tn−j for j = −1, · · · , k. The first few formulas are

yn+1 = yn +
h

2
(fn+1 + fn)

yn+1 = yn + h

(
5
12
fn+1 +

2
3
fn −

1
12
fn−1

)
Example 11.5. Derive a single step Adams-Moulton methods. The Lagrange in-
terpolating polynomial of f at tn and tn+1 are given as follows:

p(t) = fn+1
t− tn

tn+1 − tn
+ fn

t− tn+1

tn − tn+1
.
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The numerical method will then be obtained from the following relation that

(11.6) y(tn+1) ≈ y(tn) +
∫ tn+1

tn

p(t) dt.

Simple calculation leads to∫ tn+1

tn

p(t) dt =
∫ tn+1

tn

fn+1
t− tn

tn+1 − tn
+ fn

t− tn+1

tn − tn+1
dt

=
h

2
(fn + fn+1).

11.2.2. The order of Adams method. It is easy to check the order of the Adams
methods. For example, for the k + 1 step Adams-Bashford method, let

L(y, h, tn) =
∫ tn+1

tn

[f(t, y(t))− p(t)]dt,

where p ∈ Pk interpolates f at tn, · · · , tn−k. By the Newton error formula for

Lagrange interpolation,

f(t, y(t))− p(t) =
1

(k + 1)!
Dk+1f(η)(t− tn) · · · (t− tn−k),

so using the integral mean value theorem,

L(y, h, tn) =
1

(k + 1)!
Dk+1f(η)

∫ tn+1

tn

(t− tn) · · · (t− tn−k)dt = γk+1h
k+2.

For example, γ1 = 1
2 , γ2 = 5

12 , · · · . Therefore, we conclude that

(11.7) y(tn+1) = y(tn) +
∫ tn+1

tn

p(t) dt

has the following local truncation error:

τ =
y(tn+1)−

(
y(tn) +

∫ tn+1

tn
p(t) dt

)
h

=
y(tn) +

∫ tn+1

tn
f(t, y(t)) dt−

(
y(tn) +

∫ tn+1

tn
p(t) dt

)
h

=

∫ tn+1

tn
f(t, y(t)) dt−

∫ tn+1

tn
p(t) dt

h

=
L(y, h, tn)

h
= γk+1h

k+1 = O(hk+1).
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The computations of local truncation error and the conclusion is that the Adams

method has order of accuracy equal to O(hk+1). For a k step Adams-Moulton

method,

L(y, h, tn) =
∫ tn+1

tn

[f(t, y(t))− p(t)] dt,

where p ∈ Pk interpolates f at tn+1, tn, · · · , tn−(k−1). Similarly, using the Newton’s

error formula:

f(t, y(t))− p(t) =
1

(k + 1)!
Dk+1f(η)(t− tn+1) · · · (t− tn−(k−1)),

and

L(y, h, tn) = γ∗k+1h
k+2

and we achieve the local truncation error like

τ =
L(y, h, tn)

h
= γ∗hk+1.

Hence, the order of accuracy is still k+ 1. However the coefficient in the local trun-

cation error is significantly smaller for the Adams-Moulton method. (Homework

IV).

11.3. BDF method. Adams methods and various other linear multistep methods
have small regions of absolute stability. Other kinds of linear multistep method is
preferred. The most popular are the backward differentiation formular method or
BDF methods of the following form :

k∑
j=−1

ajyn−j = hfn+1.

The coefficients aj are determined by interpolating yn−j at tn−j with j = −1, 0, · · · , k
by a polynomial p(t) of degree k and evaluating p′(tn+1) and set

(11.8) p′(tn+1) = fn+1.

The first two BDF method is

yn+1 − yn = hfn+1

(3yn+1 − 4yn + yn−1)/2 = hfn+1.

k step BDF method is of order k.
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11.3.1. The Predictor-Corrector Scheme. The implicit methods have the inherent
weakness of first having to convert the method algebraically to an explicit repre-
sentation for yn+1. Let us consider the following example :

y′ = ey, 0 ≤ t ≤ 0.25, y(0) = 1.

Since f(t, y) = ey, the three-step Adams-Moulton method is given as follows:

yn+1 = yn +
h

24
(9eyn+1 + 19eyn − 5eyn−1 + eyn−2) .

In practice, the implicit methods are seldom used. The most common method is
to solve the equation approximately using a small number of fixed point iterations
starting from an initial approximation obtained by an explicit method can be given
as follows:

1. predict pn+1 = E(yn, yn−1, · · · , fn, fn−1 · · · , )
2. evaluate fpn+1 = f(tn+1, pn+1)

3. correct y
(1)
n+1 = I(yn, yn−1, · · · , fpn+1, fn, fn−1 · · · , )

4. evaluate f
(1)
n+1 = f(tn+1, y

(1)
n+1)

5. correct y
(2)
n+1 = I(yn, yn−1, · · · , f (1)

n+1, fn, fn−1

6. evaluate f
(2)
n+1 = f(tn+1, y

(2)
n+1)

·
·
·

As a simple example, consider the PEC method with a 2 step Adams-Bashford
predictor and a 2 step Adams-Moulton corrector.

This gives :

pn+1 = yn + h[3f(tn, yn)− f(tn−1, yn−1)]/2

yn+1 = yn + h[5f(tn+1, pn+1) + 8f(tn, yn)− f(tn−1, yn−1)]/12.

One can then obtain the nonlinear 2-step method as below.

Excercise 1. Compute the local truncation error of this scheme?

Remark 11.1.
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12. Systems of Differential Equations

An m-th order system of first order initial value problems has the form

du1

dt
(t) = f1(t, u1, · · · , um),

du1

dt
(t) = f2(t, u1, · · · , um),

·
·
·

dum

dt
(t) = fm(t, u1, · · · , um),

for a ≤ t ≤ b, with the initial conditions

u1(a) = α1, u2(a) = α2, · · · , um(a) = αm.

Let U(a) = (u1(a), · · · , um(a))T , U(t) = (u1(t), · · · , um(t))T , and F (t, U) =

(f1(t, U), · · · , fm(t, U))T . Then we may write the system of equation as the fol-

lowing compact form:

(12.1)
dU

dt
= F (t, U),

which looks like the initial value problem that discussed in the previous section.

Theorem 12.1. Suppose

D = {(t, u1, u2, · · · , um) : a ≤ t ≤ b,−∞ < ui <∞, for each i = 1, · · · ,m},

and

(12.2) ‖F (t, U)− F (t, Z)‖ ≤ L‖U − Z‖,

where L is some constant and ‖ · ‖ is norm defined by the following, for X =

(X1, · · · , Xm)T ,

‖X‖ =
m∑
i=1

|Xi|.

Then system has a unique solution subject to the initial conditions.

We now introduce some numerical scheme to solve the system given above. Such
problems can be solved by some generalizations of the methods that have been
discussed in the previous section.

For example, the Euler method is given as follows:

(12.3) Un+1 = Un + hF (tn, Un).
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Note that

Un = (u1
n, u

2
n, · · · , umn )

F (tn, Un) = (f1(tn, u1
n, · · · , umn ), · · · , fm(tn, u1

n, · · · , umn ))T

This can be written explicitly as follows:

u1
n+1 = u1

n + hf1(tn, u1
n, u

2
n, · · · , umn )

u2
n+1 = u2

n + hf2(tn, u1
n, u

2
n, · · · , umn )

...

umn+1 = umn + hfm(tn, u1
n, u

2
n, · · · , umn )

Now, we shall write the RK method of order four for the system of ordinary differ-
ential equations.

U0 = U(a)

Φ1 = F (tn, Un)

Φ2 = F

(
tn +

h

2
, Un +

1
2
hΦ1

)

Φ3 = F

(
tn +

h

2
, Un +

1
2
hΦ2

)
Φ4 = F (tn+1, Un + hΦ3)

Un+1 = Un +
h

6
(Φ1 + 2Φ2 + 2Φ3 + Φ4) .

We suppose now that the approximants are known as Un at time step n and set

Φk = (φ1
k, · · · , φmk )T for k = 1, 2, 3, 4.

Then one can compute Un+1 with 1 ≤ i ≤ m as follows explicitly : For each
i = 1, · · · ,m,

φi1 = fi(tn, u1
n, · · · , umn )

φi2 = fi

(
tn +

h

2
, u1
n +

1
2
hφ1

1, · · · , umn +
1
2
hφm1

)

φi3 = fi

(
tn +

h

2
, u1
n +

1
2
hφ1

2, · · · , umn +
1
2
hφm2

)
φi4 = fi

(
tn+1, u

1
n + hφ1

3, · · · , umn + hφm3
)

uin+1 = uin +
h

6
(
φi1 + 2φi2 + 2φi3 + φi4

)
.
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Example 12.1. Solve the following second order initial value problem using the
Explicit Euler method.

y′′ − 2y′ + 2y = e2t sin(t) for 0 ≤ t ≤ 1,(12.4)

subject to the boundary conditions y(0) = −0.4 and y′(0) = −0.6. It is well-known

that the second order initial value problem can be reformulated into the first order

system of initial value problem. Introduce u1(t) = y(t) and u2(t) = y′(t). Then the

equation (12.4) becomes :

du1(t)
dt

= u2(t)

du2(t)
dt

= e2t sin(t) + 2u2(t)− 2u1(t),

subject to the initial conditions u1(0) = −0.4 and u2(0) = −0.6. simple Euler

method reads :

Un+1 = Un + hF (tn, Un),

where with f1(t, U) = u2(t) and f2(t, U) = e2t sin(t) + 2u2(t)− 2u1(t), we have

Un = (u1
n, u

2
n)

F (tn, Un) =
(
f1(tn, u1

n, u
2
n)

f2(tn, u1
n, u

2
n)

)
=
(

u2
n

exp2tn sin(tn) + 2u2
n − 2u1

n

)
,

Excercise 2. Try to write an explicit form of RK method of order four for the
above example.

13. Finite-Difference Methods for Linear Problems

In this section, we study the discretization of the linear second-order boundary
value problem

(13.1) y′′ = p(x)y′ + q(x)y + r(x), a ≤ x ≤ b, y(a) = α, y(b) = β.

We first look at the simple example

(13.2) y′′ = r(x), a ≤ x ≤ b, y(a) = α, y(b) = β.

To solve such a problem numerically, the first step is to choose nodes (N will be

number of interior nodes) . xi = a+ih, for i = 0, · · · , N+1 with h = (b−a)/(N+1)

at which we shall find the solution, say yi, only finite number of solutions. In
between solution can be obtained by e.g., the linear interpolation.

Secondly, we consider the equations at each node:

y′′(xi) = r(xi), ∀i = 0, · · · , N + 1
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Thirdly, we approximate y′′(xi) by certain finite difference using y(xi), y(xi−1), y(xi+1)
etc.

13.1. Centered Difference Formula. In general, y′′(xi) is often approximated

by the following centered difference formula:

(13.3) y′′(xi) ≈
1
h2

(y(xi+1)− 2y(xi) + y(xi−1)) .

Let us set N = 3 and construct the linear system of equation for y′′ = r. Note

h = (b−a)/4 and x0 = a, x1 = a+h, x2 = a+2h, x3 = a+3h and x4 = a+4h = b.

At the boundary node x0 and x4, the equations are given as y(a) = α and

y(b) = β. At the interior points, we have

y′′(x1) = r(x1) ≈ 1
h2

(y(x0)− 2y(x1) + y(x2))

y′′(x2) = r(x2) ≈ 1
h2

(y(x1)− 2y(x2) + y(x3))

y′′(x3) = r(x3) ≈ 1
h2

(y(x2)− 2y(x3) + y(x4))

We then form the following linear system of equation:

(13.4)


1 0 0 0 0
1 −2 1 0 0
0 1 −2 1 0
0 0 1 −2 1
0 0 0 0 1




y0
y1
y2
y3
y4

 =


α

h2r(x1)
h2r(x2)
h2r(x3)

β

 .

Or equivalently,

(13.5)

 −2 1 0
1 −2 1
0 1 −2

 y1
y2
y3

 =

 h2r(x1)− α
h2r(x2)

h2r(x3)− β

 .

We also approximate y′(xi) by a centered-difference formula in a similar manner

(13.6) y′(xi) ≈
1

2h
(y(xi+1)− y(xi−1)) .

We now see how accurate the centered difference formula as an approximation.

y(xi+1) = y(xi + h) = y(xi) + hy′(xi) +
h2

2
y′′(xi) +

h3

3!
y′′′(xi) +

h4

24
y(4)(ξ+),

y(xi−1) = y(xi − h) = y(xi)− hy′(xi) +
h2

2
y′′(xi)−

h3

3!
y′′′(xi) +

h4

24
y(4)(ξ−),

Therefore,

y(xi+1) + y(xi−1) = 2y(xi) + h2y′′(xi) +
h4

24
(y(4)(ξ+) + y(4)(ξ−)),
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This implies that (by intermediate value theorem)

1
h2

(y(xi+1)− 2y(xi) + y(xi−1)) = y′′(xi) +
h2

24
(y(4)(ξ+) + y(4)(ξ−))

= y′′(xi) +
h2

12
y(4)(η),

Similarly,

y′(xi) =
1

2h
(y(xi+1)− y(xi−1))− h2

6
y′′′(η).

Example 13.1. Apply the centered difference scheme to discretize the differential
equation

y′′ + y′ = 2 + 2x, 0 ≤ x ≤ 1, y(0) = 0, y(1) = 1.

y(x2)− 2y(x1) + y(x0)
h2

+
y(x2)− y(x0)

2h
= 2 + 2x1

y(x3)− 2y(x2) + y(x1)
h2

+
y(x3)− y(x1)

2h
= 2 + 2x2

y(x4)− 2y(x3) + y(x2)
h2

+
y(x4)− y(x2)

2h
= 2 + 2x3

...

y(xN )− 2y(xN−1) + y(xN−2)
h2

+
y(xN )− y(xN−2)

2h
= 2 + 2xN

y(xN+1)− 2y(xN ) + y(xN−1)
h2

+
y(xN+1)− y(xN−1)

2h
= 2 + 2xN

As the linear system of equation, we have the following: Ax = b, with

A =


−2
h2

1
h2 + 1

2h 0 0 0 · · · 0
1
h2 − 1

2h
−2
h2

1
h2 + 1

2h 0 · · · · · · 0

0
. . . . . . . . . . . . 0 0

0 · · · · · · 0 1
h2 − 1

2h
−2
h2

1
h2 + 1

2h
0 · · · · · · 0 0 1

h2 − 1
2h

−2
h2



x = (y1, y2, · · · , yN )T and

b = (2 + 2x1 + (− 1
h2

+
1

2h
)y0, 2 + 2x2,

· · · , 2 + 2xN−1, 2 + 2xN + (− 1
h2
− 1

2h
)yN+1)
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14. Norms of Vectors and Matrices

A vector x in IRn is given by

x =


x1

x2

·
·
xn

 with xi ∈ IR.

A vector norm on IRn is a function, ‖·‖ from IRn to IR with the following properties

• ‖x‖ ≥ 0 for all x ∈ IRn,

• ‖x‖ = 0 if and only if x = 0,

• ‖αx‖ = |α|‖x‖ for all α ∈ IR and x ∈ IRn,

• ‖x + y‖ ≤ ‖x‖+ ‖y‖ for all x,y ∈ IRn.

Example 14.1. The `2 and `∞ norms for the vector x = (x1, · · · , xn)T are given

by

‖x‖2 =

(
n∑
i=1

x2
i

)1/2

and ‖x‖∞ = max
1≤i≤n

|xi|.

Excercise 3. Show that `2 and `∞ are norms.

Example 14.2. The vector x = (−1, 1,−2)T ∈ IR3 has norms

‖x‖2 =
√

(−1)2 + (1)2 + (−2)2 =
√

6

and

‖x‖∞ = max{| − 1|, |1|, | − 2|} = 2.

Theorem 14.1. The following holds true :

xTy = x · y = ‖x‖2‖y‖2 cos θ,

where θ is an angle between two vector x and y.

Definition 14.1 (Distance between two vectors). If x = (x1, · · · , xn)T and y =

(y1, · · · , yn)T are vectors in IRn, then `2 and `∞ distances between x and y are

defined by

‖x− y‖2 =

(
n∑
i=1

(xi − yi)2
)1/2

and

‖x− y‖∞ = max
1≤i≤n

|xi − yi|.
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This concept is useful to measure how much two vectors are different. For ex-
ample, consider the following linear system of equation :

Ax = b

Now assume that the actual solution is x = (1, 1, 1)T but, by some numerical

scheme, you obtained x̃ = (1.2, 0.99, 0.92)T . Then the error between the real solu-

tion and computed one can be quantitatively given in terms of `2 or `∞ norms as
follows :

‖x− x̃‖2 =?

‖x− x̃‖∞ =?.

Definition 14.2. A sequence {xk} of vectors in IRn is said to converge to x with

respect to norm ‖ · ‖ if, given any ε > 0there exists an integer N(ε) such that

‖xk − x‖ < ε, for all k ≥ N(ε).

Theorem 14.2. xk → x in ‖ · ‖∞ or ‖ · ‖2 if and only if xi → x for all i.

Proof. The case ‖ · ‖∞ is clear. For ‖ · ‖2, we need the following result :

‖x‖∞ ≤ ‖x‖2 ≤
√
n‖x‖∞.

�

Example 14.3. Let xk ∈ IR4 be defined by

xk =
(

1, 2 +
1
k
,

3
k2
, e−k sin k

)T
.

As k →∞, where does xk go with respect to ‖ · ‖∞ ?.

Definition 14.3. A matrix norm on the set of all n× n matrices is a real-valued

function, ‖ · ‖ defined on this set, satisfying the following :

• ‖A‖ ≥ 0;

• ‖A‖ = 0, if and only if A = 0, the matrix with all zero entries;

• ‖αA‖ = |α|‖A‖;
• ‖A+B‖ ≤ ‖A‖+ ‖B‖;
• ‖AB‖ ≤ ‖A‖‖B‖.

Theorem 14.3. If ‖ · ‖ is a vector norm on IRn, then

‖A‖ = max
‖x‖=1

‖Ax‖ = max
z 6=0

‖Az‖
‖z‖

is a matrix norm.



APPLIED NUMERICAL ANALYSIS 73

We remark that the matrix norm induced from the vector norm is called the
natural matrix norm.

Example 14.4. Two natural norms of the matrix induced from `∞ and `2 are
respectively given by

‖A‖∞ = max
‖x‖∞=1

‖Ax‖∞

and

‖A‖2 = max
‖x‖2=1

‖Ax‖2

Note that in case A is symmetric, then ‖A‖2 = ρ(A) = max{|λ1|, · · · , |λn|}, where

λi’s are eigenvalues of A.

Theorem 14.4. If A = (aij) is an n× n matrix, then ‖A‖∞ is the maximum row

sum, namely

‖A‖∞ = max
1≤i≤n

n∑
j=1

|aij |

Example 14.5. If

A =

 1 2 −1
0 3 −1
5 −1 1

 ,
then compute ‖A‖∞. Note that each row sum is 4, 4 and 7. Hence ‖A‖∞ = 7.

15. Iterative Techniques for Solving Linear Systems

In this section, we consider some classical iterative methods to solve

Au = f,

where A ∈ IRn×n and f ∈ IRn. The main assumption that we shall take for A is
that it is symmetric and positive definite. This is because it is in practice an
important case and also the theory is far simpler and better developed in that case.

The main example we shall take is the following :

(15.1) A =


10 −1 2 0
−1 11 −1 3
2 −1 10 −1
0 3 −1 8

 and b =


6
25
−11
15

 .

Consider that we are asked to solve

Au = f.

The solution u = (1, 2,−1, 1)T .
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15.1. Some Notation. In this subsection, we shall discuss the matrix splitting :

Assume that A ∈ IR4×4 for simplicity.

A =


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44


One can decompose A into several parts as follows :

A =


a11 0 0 0
0 a22 0 0
0 0 a33 0
0 0 0 a44

−


0 0 0 0
−a21 0 0 0
−a31 −a32 0 0
−a41 −a42 −a43 0



−


0 −a12 −a13 −a14

0 0 −a23 −a24

0 0 0 −a34

0 0 0 0

 = D − L− LT .

15.2. Classical Iterative Process. A single step linear iterative method which

uses an old approximation, uold of the solution u, to produce a new approximation
unew, is given as follows:

unew = uold +B(f −Auold).

Here B is a matrix which can be thought of as an approximate inverse of A. If

B = A−1, then one iteration will produce a solution.

15.2.1. Residual correction procedure. Let us assume that uold is given as an ap-
proximate solution. The iterative process consists of the following three steps :

Given an old approximation, uold, of the solution u, to produce a new approxi-
mation, unew, we perform the following three steps :

(1) Form rold = b−Auold

(2) Solve Ae = rold approximately : ê = Brold with B ≈ A−1.

(3) Update unew = uold + ê.

This process can be written as a single line :

unew = uold +B(f −Auold).

Algorithm 15.1. Given u0 ∈ IRn,

uk+1 = uk +B(f −Auk), k = 0, 1, 2, · · · ,

We say that an iterative scheme converges if limk→∞ uk = u for any u0 ∈ IRn.
We have two contradicting conditions for B.
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• B should be as close as A−1, or B−1 should be as close as A

• B should be easy to compute, or B−1 should be easy to invert.

Example 15.1. Let A = (aij) ∈ IRn×n is the usual SPD matrix. We write A =

D − L − Lt. The easiest approximate inverse of A are perhaps B = D−1 or B =

(D−L)−1. The first choice is for Jacobi and the second choice leads to the Gauss-

Seidel method.

15.2.2. Matrix splitting. Another understanding of the classical iterative process is

based on the matrix splitting, Keller (1965). Namely, we split the matrix A as

follows :

A = B−1 − C

Now consider the equation

Au = (B−1 − C)u = f

It can be written as follows :

B−1u = Cu+ f

Now we put some index :

B−1unew = Cuold + f.

We then have

unew = BCuold +Bf = Tuold + c,

where T = BC. This is the approach that the text book take.
We now note that it reduces to our first derivation.

unew = BCuold +Bf = uold − uold +BCuold +Bf

= uold +B(Cuold + f −B−1uold)

= uold +B(f − (B−1 − C)uold)

= uold +B(f −Auold).

15.3. Implementation. In this section, we discuss the implementation of various
iterative method for the model problem

−u′′ = −2,

subject to the boundary condition u(0) = 0 and u(1) = 1. As is easy to verify, the

analytic solution is u(x) = x2.
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The discrete system corresponds to the aforementioned differential equation is
given as follows:

2
h2 − 1

h2 0 · · · · · · 0
− 1
h2

2
h2 − 1

h2 · · · · · · 0
0 − 1

h2
2
h2 − 1

h2 · · · 0
...

. . . · · · · · · · · · 0
0 · · · 0 − 1

h2
2
h2 − 1

h2

0 · · · · · · 0 − 1
h2

2
h2




u1

u2

...
uN−1

uN

 =


−2 + 1

h2ua
−2
...
−2

−2 + 1
h2ub

 ,

where ua and ub are left and right boundary conditions. For the description of
algorithm, we introduce the notation of the decomposition of A as follows:

A = D − L− LT .

Algorithm 15.2 (Richardson). For i = 1 : N ,

u`+1
i = u`i +

ω

ρ(A)

fi − N∑
j=1

aiju
`
j


This corresponds to

u`+1 = u` +
ω

ρ(A)
(
f −Au`

)
.

Algorithm 15.3 (Jacobi). For i = 1 : N ,

u`+1
i = u`i + a−1

ii

fi − N∑
j=1

aiju
`
j


This corresponds to

u`+1 = u` +D−1(f −Au`)

Algorithm 15.4 (Gauss-Seidel (forward)). For i = 1 : N ,

u`+1
i = u`i + a−1

ii

fi − i−1∑
j=1

aiju
`+1
j −

N∑
j=i

aiju
`
j


This corresponds to

u`+1 = u` + (D − L)−1(f −Au`).

(Why?)

Example 15.2. Consider the following equation:

(15.2) Au =
(

2 −1
−1 2

)(
u1

u2

)
=
(

1
1

)
.
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Note that u = (1, 1)T is the solution. Starting an initial guess u0 = (0, 0)T , compute

u2 by applying the Jacobi and Gauss-Seidel methods.

Note that the aforementioned G-S method is equivalent to

(D − L)u`+1 = (D − L)u` + f −Au`

=⇒ Du`+1 = Lu`+1 + (D − L)u` + f − (D − L− LT )u`

=⇒ Du`+1 = Du` −Du` + Lu`+1 + f − (−LT )u`

=⇒ Du`+1 = Du` + f − (Du` − Lu`+1 − LTu`)

=⇒ u`+1 = u` +D−1(f − (Du` − Lu`+1 − LTu`))

Note that

(D − L)u` =
N∑
j=i

aiju
`
j

and

−LTu`+1 =
i−1∑
j=1

aiju
`+1
j .

Remark 15.1. As is always, we need to construct the stopping criterion. We
propose the following as the good stopping criterion:

‖f −Auk‖
‖f −Au0‖

< tol

which is called the relative residual error.

15.4. Convergence of the iterative method. We first recall that

Theorem 15.1. The following statements are equivalent :

(1) A is a convergent matrix.

(2) ρ(A) < 1

(3) limn→∞Anx = 0.

We note that the error satisfies the following equation that

u− uk = (I −BA)k(u− u0),

from which we obtain the following convergence result :

Lemma 15.1. The iterative scheme converges if and only if

ρ(I −BA) < 1.
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In fact, we have the following relation that for any natural norm ‖ · ‖,

‖u− uk‖ = ‖(I −BA)k(u− u0)‖ ≤ ‖(I −BA)k‖‖u− u0‖

≤ ‖I −BA‖k‖u− u0‖

Therefore, the convergence rate of the method with respect to ‖ · ‖ is ‖I−BA‖ and

the convergence is guaranteed if ‖I −BA‖ < 1.

We consider a simple example called the Richardson iteration, which is perhaps
the simplest possible iterative method:

uk+1 = uk +
ω

ρ(A)
(f −Auk), k = 1, 2, · · · ,

To guarantee the convergence of the method, we need to choose ω appropriately.

Note that if {λ1, · · · , λn} are the eigenvalues of A, then

σ(I −BA) = {1− ω λi
ρ(A)

: i = 1, · · · , n}.

For the convergence, we should have that

|1− ωλi/ρ(A)| < 1

for all i = 1, · · · , n. We then conclude that 0 < ω < 2/ρ(A). Furthermore, the

convergence rate is given by

(15.3) δ = max{|1− ωλmin/ρ(A)|, |1− ωλmax/ρ(A)|}

Therefore, the optimal choice of ω can be made if

|1− ωλmin/ρ(A)| = |1− ωλmax/ρ(A)|

Namely, we have

ω =
2

λmin + λmax
.

However, it is difficult to check the spectral radius is less than one since finding

eigenvalues are difficult in general. We rather ask if (B−1)T +B−1−A is symmetric

and positive definite. If so, we have convergence.

Theorem 15.2. If the matrix (B−1)T +B−1−A is symmetric and positive definite,

then the method is convergent with respect to A norm, i.e., ‖ · ‖A = (A·, ·)1/2.

Proof. We consider the A−norm given by

(·, ·)A = (A·, ·).

Now we have the following relation :

‖x‖2A − ‖(I −BA)x‖2A = (B̄Ax, x)A = (B̄Ax,Ax),
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where B̄ = BT +B −BTAB = BT (B−1)T +B−1 −A)B or

I − B̄ = (I −BTA)(I −BA).

Note that if B̄ is symmetric and positive definite, then, we have that for some
µ > 0, a constant,

(B̄Ax,Ax) ≥ µ(Ax,Ax)

The difficult part is to show that for all x, there exists a constant ν > 0 such that

(Ax,Ax) ≥ ν(Ax, x). For now we assume it is true, then we have

‖x‖2A − ‖(I −BA)x‖2A = (B̄Ax, x)A = (B̄Ax,Ax) ≥ δ(Ax, x) = δ‖x‖2A,

where δ = µ · ν. Then we have the convergence since, due to the aforementioned
inequality,

(1− δ)‖x‖2A ≥ ‖(I −BA)x‖2A, ∀x.

This means that

‖(I −BA)‖A = max
x 6=0

‖(I −BA)x‖A
‖x‖A

≤
√

1− δ < 1

and therefore, we have the convergence since

‖u− u`‖A ≤ ‖I −BA‖`A‖u− u0‖A ≤
√

1− δ
`
‖u− u0‖A → 0 as `→∞.

The conclusion can then be made, i.e., if (B−1)T + B−1 − A is symmetric and

positive definite, we have the convergence.

We finally, show that (Ax,Ax) ≥ ν(Ax, x). To show, let A = QΛQT , where

Λ = diag(λ1, λ2, · · · , λn) with 0 < λ1 ≤ λ2 ≤ · · · ≤ λn and Q is the orthogonal

matrix and introduce A1/2 = QΛ1/2QT , where Λ1/2 = diag(λ1/2
1 , · · · , λ1/2

n ). Then

it is easy to see that A = A1/2A1/2 and A1/2 is symmetric and positive definite.

Now, observe that since (Au, u) ≥ λ1(u, u) for all u,

(Ax,Ax) = (A1/2A1/2x,A1/2A1/2x)

= (A1/2A1/2A1/2x,A1/2x)

= (AA1/2x,A1/2x)

≥ λ1(A1/2x,A1/2x)

= λ1(A1/2A1/2x, x) = λ1(Ax, x)

�
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15.5. Error Bounds and Iterative Refinement. As in all other iterative process
for the solution of Au = f , we need to construct the stopping criterion for the
algorithm to complete and also the initial guess.

In general, for the initial guess, we use zero vector and the relative residual
discussed in the previous section is used for the stopping criterion:

‖f −Au`‖
‖f −Au0‖

< tol.

Note that if uk be the k−th iterate. The quantity rk = f −Auk is called the k−th
residual. It is our intuition that if

‖rk‖
‖r0‖

=
‖f −Auk‖
‖f −Au0‖

is small, then uk is close to u. In fact, in most of the practical problem, it can be
a good stopping criterion, but for some special problem, it may not be.

The following theorem says that if ‖A‖‖A−1‖ is small, the relative residual can

be a good stopping criterion.

Theorem 15.3.

‖x− xk‖
‖x‖

≤ ‖A‖‖A−1‖ ‖r‖
‖f‖

.

Proof. Since Au = f , we have ‖f‖ = ‖Au‖ ≤ ‖A‖‖u‖. Therefore,

1
‖x‖
≤ ‖A‖
‖f‖

.

and

‖x− xk‖ = ‖A−1A(x− xk)‖ ≤ ‖A−1‖‖r‖.

�

Definition 15.1. The condition number of the nonsingular matrix A relative to a

norm ‖ · ‖ is

K(A) = ‖A‖‖A−1‖.

The following example shows that the quantity ‖A‖‖A−1‖ can be very large for

some special matrix.

Example 15.3. Consider the solution of the following equation:

Au =
(

1 2
1.0001 2

)(
u1

u2

)
=
(

3
3.0001

)
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Note that ‖A‖∞ = 3.0001 and since

A−1 =
(
−10000 10000
5000.5 −5000

)
‖A−1‖∞ = 20000. Therefore, K(A) = 60002.

The condition number also measures the sensitivity of the solution to perturba-
tions in A and also f . We first consider the perturbation of f .

If we perturb f to f̃ = f + δf , then this will lead to a change in u to ũ defined

by Aũ = f̃ . If the relative error

‖f̃ − f‖
‖f‖

=
‖δf‖
‖f‖

is small (measured in some vector norm), what about the relative error in u:

‖ũ− u‖
‖u‖

=
‖A−1(f̃ − f)‖‖Au‖

‖f‖‖x‖
≤ K(A)

‖f̃ − f‖
‖f‖

Theorem 15.4. Suppose A is nonsingular and ‖A−1δA‖ < 1 and ũ is the solution

to (A+ δA)u = f . Then A+ δA is nonsingular and

‖(A+ δA)−1‖ ≤ ‖A−1‖
1− ‖A−1δA‖

.

Moreover,

‖u− ũ‖
‖ũ‖

≤ K(A)
‖δA‖
‖A‖

.

Proof. Note that I − E is invertible if ‖E‖ < 1 and

(I − E)−1 = I + E + E2 + E3 + E4 · · ·

Moreover,

‖(I − E)−1‖ ≤
∞∑
j=0

‖E‖j =
1

1− ‖E‖
.

Note then that

‖(A+ δA)−1‖ = ‖(I +A−1δA)−1A−1‖ ≤ ‖A−1‖ 1
1− ‖A−1δA‖

.

Note that
u− ũ = A−1δAũ.

Therefore, we have that

(15.4)
‖u− ũ‖
‖ũ‖

≤ ‖A−1‖‖δA‖ ≤ K(A)
‖δA‖
‖A‖

.
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�

There is no way to accurately solve the system of equation that is ill-conditioned.

16. Discrete Least Square Methods

Assume that a set of data is given as follows:

(16.1) {(xi, yi) : i = 1, 2, · · · ,m}.

Now we consider data fitting problem by an algebraic polynomial

Pn(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n.

By data fitting, we mean that we choose coefficients so that the given data yi at xi
is ”close” to the values of Pn(xi) for all i. It is easy to see that if the degree n is

greater than m−1, then since we can exactly fit the data. However, in general, there
are so many data for which it should be expensive to use higher order polynomials
and it is preferable to use less degree of polynomials.

We need the notion of ”closeness” and it can be given in many different ways.
For example, one may wish to measure such a closeness by the following quantity

(maximum norm):

E∞ = max
1≤i≤m

|yi − Pn(xi)|.

Another choices can be with the following:

E1 =
m∑
i=1

|yi − Pn(xi)|

or

E2 =
m∑
i=1

|yi − Pn(xi)|2.

All of these can be a tool to measure how good is your fitting for the data by the
polynomial. In the finite dimensional space, all of the measure introduced above are
equivalent. Namely, there exists some constants c1 and c2 such that the following
holds true:

c1Eα ≤ Eβ ≤ c2Eα,

where α and β can be 1, 2 or ∞.
The least squares approach is to determine the best approximating line by min-

imizing the closeness measure E2. We consider the best least squares line to a

collection of data {xi, yi}mi=1 involves minimizing the total error,

E2(a0, a1) =
m∑
i=1

[yi − (a1xi + a0)]2.
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For a minimum to occur, we need

(16.2)
∂

∂a0
E2(a0, a1) =

∂

∂a1
E2(a0, a1) = 0

We then obtain two equations and two unknowns to be determined naturally.

Example 16.1. Find the best least squares constant for the data (1, 1) and (2, 2).

The equation derived above, (16.2) is called the normal equation.

16.1. Derivation of Normal Equation. To formulate some general abstract
framework, we recast the above problem as the general best approximation prob-

lem. Let V be an inner product space with an inner product (·, ·) and an induced

norm ‖ · ‖ = (·, ·)1/2. We now consider the subspace P of V .

Now we consider the following question:

• For a given f ∈ V , does there exists p ∈W minimizing ‖f − p‖ ?

• Could there exist more than one minimizer ?
• Can the (or a) minimizer be computed ?

• What can we say about the error ?

The best discrete least squares approximation can be characterized as follows :

Theorem 16.1. Let V be an inner product space, P be a finite dimensional sub-

space, and f ∈ V , then there exists a unique p ∈ P minimizing ‖f − p‖ over P . It

is characterized by the normal equations,

(p, q) = (f, q), ∀q ∈ P.

Proof. To obtain the characterization, note that

‖f − p+ εq‖2 = ‖f − p‖2 + 2ε(f − p, q) + ε2‖q‖2

achieves its minimum at ε = 0. If p and p∗ are both best approximation, then we
have

(p− p∗, q) = 0 ∀q ∈ P.

This means that p = p∗. �

In the course of the proof, we showed that the normal equations admit the unique
solution. To obtain the solution, we select a basis φ1, · · · , φn of P , we then set

p =
n∑
i=1

aiφi.

Now

(16.3)
n∑
j=1

(φj , φi)aj = (f, φi).
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The equation (16.3) is oftentimes called the normal equation. This is clearly a

nonsingular matrix equation.

16.1.1. Discrete Least Squares by Polynomials. Now, we get back to our best least
square fitting problem by polynomials. To derive the normal equation explicitly,
we need to specify the spaces V and P , an inner product on V and also the basis

for P . Given distinct points {xi}mi=1 in the interval [a, b]. We consider the space of

polynomials determined by completely by the values at the given points. Namely,

V = span{1, x, x2, · · · , xm−1}.

Define an inner product on V by the following:

(f, g) =
m∑
i=1

f(xi)g(xi), f, g ∈ V.

We also define an induced norm ‖f‖2 = (f, f). Check if it is a norm.

We now consider the subspace of V denoted by P of the space of polynomial of
degree n with n ≤ m − 1. We can then interpret our discrete least squares by the
polynomials as to find the polynomial p ∈ P such that

min
p∈P
‖f − p‖2.

It is shown that the unique existence of the minimizer denoted by p and it satisfies
the following characterization:

(16.4) (p, q) = (f, q) ∀q ∈ P.

We need to have the basis. Because we wish to find a0, a1, · · · , an which are

coefficients of polynomials xi with i = 0, 1, · · · , n. We simply consider the set of
polynomials

P = span{1, x, x2, · · · , xn}.

We now set p =
∑n
i=0 aix

i. Using the equation (16.4), we obtain the following n+1

equation:

(16.5)
n∑
i=0

ai(xi, xk) = (f, xk) ∀k = 0, · · · , n.

In a matrix format, we have the following linear system of equations:

(16.6)

0BBBBB@
(x0, x0) (x1, x0) (x2, x0) · · · (xn, x0)
(x0, x1) (x1, x1) (x2, x1) · · · (xn, x1)
(x0, x2) (x1, x2) (x2, x2) · · · (xn, x2)

... · · · · · · · · ·
(x0, xn) (x1, xn) (x2, xn) · · · (xn, xn)

1CCCCCA

0BBBBB@
a0

a1

a2

...
an

1CCCCCA =

0BBBBB@
(f, x0)
(f, x1)
(f, x2)

...
(f, xn)

1CCCCCA ,
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where x0 = 1,

(xi, xj) =
m∑
k=1

xikx
j
k and (f, xi) =

m∑
k=1

f(xk)xik, ∀i, j = 0, · · · , n

16.2. Another look. Now, we shall look at the above problem in a different point

of view. Given data b = (f(x1), f(x2), · · · , f(xm)) andAy = (p(x1), p(x2), · · · , p(xm)),

with y = (a0, a1, · · · , an), then A can be explicitly written as follows:

(16.7) A =


1 x1 · · · xn1
1 x2 · · · xn2
· · · ·
1 xm · · · xnm

 ∈ IRm×(n+1)

The polynomial least square data fitting problem can be recast into the following

equation : Find y ∈ IRn+1 such that

min
y∈IRn+1

‖b−Ay‖`2 ,

Now the characterization of the minimizer for the problem leads to

(Ay,Ax) = (b, Ax) ∀x ∈ IRn.

From this, we have

(ATAy, x) = (AT b, x),∀x ∈ IRn.

Therefore, we have the following equation:

(16.8) ATAy = AT b.

The equation (16.8) is called the normal equation of Ay = b. One can in particular

show that the matrix given in the equation (16.6) is the same with ATA and the

right hand side is equal to AT b.

17. The solution method for the normal equation : QR factorization

and Gram Schmidt process

In this section, we discuss how to solve the normal equation of Ax = b in general,

where A ∈ IRm×n with m ≥ n.

17.1. QR decomposition by Gram-Schmidt process. he method that shall
be taken is so-called the QR decomposition.

Theorem 17.1. Let A be m by n with m ≥ n. Suppose that A has full column
rank. Then A can be QR decomposed. More precisely, there exist a unique m by n
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orthogonal matrix Q with (QTQ = I) and a unique n by n upper triangular matrix

R with positive diagonal rii > 0 such that

A = QR.

This is called the QR decomposition of A.

17.1.1. Illustrations. The algorithm is indeed contained in the proof of the above
theorem.

The main tool to decompose A into QR is as discussed the Gram-Schmidt pro-
cess. We shall illustrate the procedure by taking three by three matrices.

Given a matrix A = [a1, a2, a3] with ai’s are linearly independent. The Gram-

Schmidt process makes q1, q2 and q3 so that (qi, qj) = qTi qj = 0 for i 6= j. Namely,

qi’s are mutually orthogonal.
We first set q̃1 = a1 and define

(17.1) q1 =
1
‖q̃1‖

q̃1.

We then look for the orthogonal vector q2 to q1 in the plane spanned by a2 and q1.
Set first

q̃2 = a2 − αq1.

Using the requirement that q̃2 ·q1 = 0, we obtain that 0 = q1 · q̃2 = q1 ·a2−α, hence

α = q1 · a2.

We then conclude that q̃2 = a2 − (q1, a2)q1. Set now that

(17.2) q2 =
1
‖q̃2‖

(a2 − (q1, a2)q1).

Finally, we look for orthogonal vector of both q1 and q2 from the space spanned by
a3 and q1 and q2.

q̃3 = a3 − βq1 − γq2.

Here, β and γ can be determined by the following two requirements:

0 = q1 · q̃3 = q1 · a3 − βq1 · q1 − γq1 · q2

and
0 = q2 · q̃3 = q2 · a3 − βq2 · q1 − γq2 · q2.

Namely,

β = q1 · a3 and γ = q2 · a3.

Finally, we set that

q3 =
1
‖q̃3‖

(a3 − (q1, a3)q1 − (q2, a3)q2).
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We now write it in terms of a1, a2 and a3 to obtain that

a1 = ‖q̃1‖q1

a2 = ‖q̃2‖q2 + (q1, a2)q1

a3 = ‖q̃3‖q3 + (q1, a3)q1 + (q2 · a3)q2.

In the matrix form

(17.3) A = [a1, a2, a3] = [q1, q2, q3]

 ‖q̃1‖ (q1, a2) (q1, a3)
0 ‖q̃2‖ (q2, a3)
0 0 ‖q̃3‖

 .

We can deduce the general form, namely, if A = [a1, a2, · · · , an−1, an], with ai’s

being linearly independent, then we can decompose A into QR as follows:

A = [q1, q2, · · · , qn]


‖q̃1‖ (q1, a2) (q1, a3) · · · (q1, an)

0 ‖q̃2‖ (q2, a3) · · · (q2, an)

0 0
. . . . . .

...
0 0 · · · · · · ‖q̃n‖

 ,

where q̃j = aj −
∑j−1
k=1(qk, aj)qk.

Example 17.1. Apply QR decomposition of the following matrix.

(17.4) A =

 2 −1 0
−1 2 −1
0 −1 2

 .

The solution is given here.

q1 =
1
‖q̃1‖

q̃1 =

 2/
√

5
−1/
√

5
0

 with q̃1 = a1 =

 2
−1
0


Note that

17.2. The solution by QR factorization. In this section, we discuss how to
apply QR decomposition to solve the linear system of equation. Recall the normal
equation is given by

ATAx = AT b

We decompose QR for A. Then,

(QR)T (QR)x = (QR)T b⇒ RTQTQRx = RTQT b⇒ Rx = QT b

Hence the solution x is given by

x = R−1QT b.
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Example 17.2. Solve the following minimization problem by QR factorization :

(17.5) min
x∈IR2

‖b−Ax‖`2 ,

where

(17.6) A =

 1 0
−1 2
0 −1

 and b =

 2
1
−1

 .

Note that the solution x = (1, 1)T .

18. A short introduction to discrete Fourier approximation and fast

Fourier transformation (FFT)

In this section, we shall discuss the approximation of the continuous function by
trigonometric polynomials.

18.1. Continuous least squares approximations by trigonometric polyno-
mials. Let V be an inner product space defined as follows:

V = {f : IR 7→ IR : f ∈ C[−π, π]} ,

in which the inner product (·, ·) is given through

(18.1) (f, g) =
∫ π

−π
fg dx, ∀f, g ∈ V

and the induced norm is defined by

‖f‖ = (f, f)1/2 =
(∫ π

−π
f(x)2dx

)1/2

.

We introduce a subspace W of V defined by

W = span{ψ0, ψ1, · · · , ψ2n−1},

where

ψ0(x) = 1, ψk(x) = cos kx, for each k = 1, 2, · · · , n,

and

ψn+k(x) = sin kx, for each k = 1, 2, · · · , n− 1.

The space W is called the set of trigonometric polynomials of degree less than or
equal to n. Note that some text includes the function ψ2n = sinnx.

We shall consider the following minimization problem : for a given f ∈ V ,

(18.2) min
q∈W
‖f − q‖.
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Note that this type of problem is often called the continuous least squares approxi-
mation by functions in W . Recall the characterization of the minimizer implies the
following equation holds true: Assume Sn is the minimizer, then

(Sn, q) = (f, q), ∀q ∈W.

Note that in general, Sn can be written as follows:

Sn = a0 + an cosnx+
n−1∑
k=1

(ak cos kx+ bk sin kx)

= a0ψ0 + anψn +
n−1∑
k=1

(akψk + bkψn+k)

=
2n−1∑
k=0

ckψk,

where ck = ak for k = 0, · · · , n and cn+k = bk for k = 1, · · · , n− 1.

Therefore, we need to determine 2n coefficients and the normal equation leads
to exactly 2n equations:

(Sn, ψi) = (f, ψi) ∀i = 0, · · · , 2n− 1.

We may write it as the linear system as before :

SC = F,

where

S =


(ψ0, ψ0) (ψ1, ψ0) (ψ2, ψ0) · · · (ψ2n−1, ψ0)
(ψ0, ψ1) (ψ1, ψ1) (ψ2, ψ1) · · · (ψ2n−1, ψ1)
(ψ0, ψ2) (ψ1, ψ2) (ψ2, ψ2) · · · (ψ2n−1, ψ2)

... · · · · · · · · ·
(ψ0, ψ2n−1) (ψ1, ψ2n−1) (ψ2, ψ2n−1) · · · (ψ2n−1, ψ2n−1)



C =


c0
c1
c2
...

c2n−1

 and F =


(f, ψ0)
(f, ψ1)
(f, ψ2)

...
(f, ψ2n−1)

 .

One crucial property of the basis ψi is that they are orthogonal each other with

respect to the inner product (·, ·). Namely,

(ψi, ψj) = 0 if i 6= j.
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The reason for this is from the following relation:

sin(kx) sin(jx) =
1
2

[cos(kx− jx)− cos(kx+ jx)],

cos(kx) cos(jx) =
1
2

[cos(kx− jx) + cos(kx+ jx)],

sin(kx) cos(jx) =
1
2

[sin(kx− jx) + sin(kx+ jx)].

Furthermore, we can easily compute (ψi, ψi) for all i = 0, · · · , 2n− 1. Observe that∫ π

−π
ψ0ψ0 dx = 2π.

∫ π

−π
ψkψk dx =

∫ π

−π

1
2
dx = π.

Therefore, we have

C = S−1F.

Namely,

c0 =
1

2π

∫ π

−π
f(x) dx

and for all k = 1, · · · , 2n− 1, we have

ck =
1
π

∫ π

−π
f(x)ψk dx.

Definition 18.1. limn→∞ Sn is called the Fourier series of f .

Example 18.1. Find the continuous least squares trigonometric polynomial S2(x)

for f(x) = |x| on [−π, π].

Set S2 =
∑2∗2−1
k=0 ckψk, where ψ0 = 1, ψk = cos kx for k = 1, 2 and ψk = sin kx

for k = 1.

c0 =
1

2π

∫ π

−π
|x|dx =

π

2

ck =
1
π

∫ π

−π
|x| cosxdx =

2
πk2

[(−1)k − 1] for k = 1, 2

ck =
1
π

∫ π

−π
|x| sin(kx)dx = 0, for k = 3.

Therefore, we have

S2(x) =
π

2
− π

4
cosx
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Example 18.2. Find the continuous least squares trigonometric polynomial S2(x)

for f(x) = x2 on [−π, π].

18.2. discrete least squares approximation. In this section, we study the dis-
crete least squares method. One may think that the function f is not known
everywhere but known at some specific nodes, i.e., a finite set of data is available.
More precisely, one has the following 2m data set :

{(xi, f(xi))}2m−1
i=0 = {(xi, yi)}2m−1

i=0 .

For simplicity, we shall assume that xi’s are in [−π, π] and moreover,

xi = −π +
i

m
π.

To make our discussion more rigorous, we may need to redefine the space V as
follows :

Vh ⊂ V,

in which Vh is the set of functions that are completely determined by the values

specified at 2m nodes. We can then define the corresponding discrete `2 inner
product on Vh, namely,

(f, g) =
2m−1∑
i=0

f(xi)g(xi) ∀f, g ∈ Vh.

This shall naturally, induce a norm on Vh :

‖f‖ = (f, f)1/2 ∀f ∈ Vh.

Now we shall consider the following minimization problem:

min
Sn∈Wh

‖f − Sn‖,

where m > n in general (Note : We assume m > n so that 2n 6= 2m) and

Sn =
2n−1∑
k=0

ckψk.

Note that the norm ‖ · ‖ is nothing else than the discrete `2 norm, i.e.,

‖f − Sn‖2 =
2m−1∑
k=0

(f(xk)− Sn(xk))2 .

To find the coefficients ck for k = 0, · · · , 2n−1, we consider the characterization
of the minimizer, namely, the minimizer Sn satisfies the following characterization
property:

(Sn, ψk) = (f, ψk), ∀k = 0, · · · , 2n− 1.
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The solution to the above problem is called the discrete least squares problem
since the evaluation of the inner product is made by the finite set of data sets. The

determination of the constants is simplified by the fact that the set {ψ0, · · · , ψ2n−1}

is orthogonal with respect to summation over the equally spaced points {xi}2m−1
i=0 .

in [−π, π]. By this we mean that for k 6= `, then

(ψk, ψ`) =
2m−1∑
j=0

ψk(xj)ψ`(xj) = 0.

If k = `, then we have

(ψk, ψk) = m.

More precisely, we have

Lemma 18.1. If an integer r is not a multiple of 2m, then

2m−1∑
j=0

cos(rxj) = 0 =
2m−1∑
j=0

sin(rxj).

Moreover, if r is not a multiple of m, then

2m−1∑
j=0

(cos(rxj))2 = m =
2m−1∑
j=0

(sin(rxj))2.

Proof. The idea is to consider the Euler’s identity:

expiz = cos z + i sin z.

and

1 + r + r2 + · · ·+ rn =
1− rn+1

1− r
.

Note that

2m−1∑
j=0

cos(rxj) + i sin(rxj) =
2m−1∑
j=0

expirxj

=
2m−1∑
j=0

expir(−π+ j
mπ)

= exp−irπ
2m−1∑
j=0

expir(
j
mπ) = exp−irπ

2m−1∑
j=0

Kj ,

= exp−irπ
1−K2m

1−K
= 0
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where K = expir(
π
m ). Note that

K2m = expir
2m
m π = 1.

If r is not a multiple of m, then we have that from the trigonometric identity :

2m−1∑
j=0

(cos(rxj))2 =
2m−1∑
j=0

1
2

(1 + cos(2rxj)) = m.

�

By a simple application of the Theorem, we obtain that

Theorem 18.1. The constants in the summation

Sn(x) = a0 + an cos(nx) +
n−1∑
k=1

(ak cos(kx) + bk sin(kx)).

that solves the following minimization problem :

E` = min
q∈Wh

‖f − q‖`2

is given by a0 = 1
2m

∑2m−1
j=0 yj, and

ak =
1
m

2m−1∑
j=0

yj cos(kxj) for each k = 1, · · · , n,

bk =
1
m

2m−1∑
j=0

yj sin(kxj) for each k = 1, · · · , n− 1.

Proof. Set Sn =
∑
j=0 cjψj , where ck = ak for k = 0, · · · , n, cn+k = bk for k =

1, · · · , n − 1 and ψk = cos(kx) for k = 0, · · · , n and ψn+k = sin(kx) for k =

1, · · · , n− 1. Since Sn satisfies the following characterization property:

(Sn, q) = (f, q), ∀q ∈Wh,

where f(xi) = yi for i = 0, · · · , 2m − 1, the normal equation can be formed as

follows: We may write it as the linear system as before :

SC = F,

where

S =


(ψ0, ψ0) (ψ1, ψ0) (ψ2, ψ0) · · · (ψ2n−1, ψ0)
(ψ0, ψ1) (ψ1, ψ1) (ψ2, ψ1) · · · (ψ2n−1, ψ1)
(ψ0, ψ2) (ψ1, ψ2) (ψ2, ψ2) · · · (ψ2n−1, ψ2)

... · · · · · · · · ·
(ψ0, ψ2n−1) (ψ1, ψ2n−1) (ψ2, ψ2n−1) · · · (ψ2n−1, ψ2n−1)


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C =


c0
c1
c2
...

c2n−1

 and F =


(f, ψ0)
(f, ψ1)
(f, ψ2)

...
(f, ψ2n−1)

 ,

where the inner product is the discrete `2 inner product at nodes {xi}2m−1
i=0 .

We shall first see that

(ψ0, ψ0) =
2m−1∑
j=0

1 = 2m.

Now for k = 1, · · · , n− 1, we have

(ψk, ψk) =
2m−1∑
j=0

cos(kxj) cos(kxj)

=
2m−1∑
j=0

1
2

(1 + cos(2kxj)) = m.

Furthermore, for k = 1, · · · , n− 1, we have

(ψn+k, ψn+k) =
2m−1∑
j=0

sin(kxj) sin(kxj)

=
2m−1∑
j=0

1
2

(1− cos(2kxj)) = m.

Now, for k = n,

(ψn, ψn) =
2m−1∑
j=0

cos(nxj) cos(nxj) =
2m−1∑
j=0

1
2

(1 + cos(2nxj)) = m.

The normal equation shall be written as follows:
�

Example 18.3. Let f(x) = 2x2−9 for x ∈ [−π, π]. Find the discrete least squares

trigonometric polynomial of degree 2, S2(x). For m = 3.

For m = 3, the nodes are

xj = −π +
j

m
π yj = f(xj) = 2x2

j − 9 for j = 0, 1, 2, 3, 4, 5.

The trigonometric polynomial is then

S2(x) =
1
2
a0 + a2 cos(2x) + (a1 cosx+ b1 sinx),
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where

ak =
1
3

5∑
j=0

yj cos(kxj), k = 0, 1, 2,

and

b1 =
1
3

5∑
j=0

yj sin(kxj).

18.3. Fast Fourier Transform (FFT) by Cooley and Tukey. The interpo-

lation of large amounts of equally spaced data by trigonometric polynomials can
produce very accurate results. Note however that the direct calculation technique

requires approximately (2m)2 multiplications and (2m)2 additions. More calcula-

tions produce more round-off errors. In 1965, Cooley and Tukey wrote a paper on

new method that requires only O(m log2m) multiplications and additions. This

method by Cooley and Tukey is known as either as the Cooley-Tukey algorithm

and the fast Fourier transform (FFT) algorithm.

In this section, we assume that n = m. The following so-called the Euler’s
Identity shall be crucially used.

eiz = cos z + i sin z.

The main idea of FFT is given as follows:

Step 1. Compute the complex coefficients ck in

(18.3)
1
m

2m−1∑
k=0

cke
ikx,

where

(18.4) ck =
2m−1∑
j=0

yje
ikπ j

m , for each k = 0, 1, · · · , 2m− 1.

Step 2. For each k = 0, 1, · · · ,m, we have

1
m
ck(−1)k =

1
m
cke
−iπk = ak + ibk.

Example 18.4. Consider the FFT technique applied to 4 = 22 data points {(xi, yi)}3i=0

where

xj = −π + π
j

2
, j = 0, 1, 2, 3.

Since we assumed that n = m = 2, we have

S2(x) =
1
2
a0 + a2 cos(2x) + a1 cosx+ b1 sinx.
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To apply the FFT, we first compute

ck =
3∑
j=0

yje
ikπ j2 , k = 0, 1, 2, 3.

To recover a0, a1, a2, b1, we use the relation that

ak + ibk = ck
(−1)k

m
k = 0, 1, 2.
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