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2. Things to do with forms

2.1 Linear combinations of forms: If ω =
∑

I bI dxI and κ =
∑

I cI dxI are two k-
forms then the linear combination rω + sκ, where r, s ∈ R, is defined by the requirement
that

∫

ϕ
(rω + sκ) = r

∫

ϕ
ω + s

∫

ϕ
κ for every k-cube ϕ. This is equivalent to rω + sκ =

∑

I(rbI + scI) dxI .

2.2 The wedge product of forms: If ω =
∑

I bI dxI is a k-form in E and κ =
∑

I′ cI′ dxI′ an l-form in E then their wedge product ω ∧ κ is a (k + l)-form in E de-
fined by

ω ∧ κ =
∑

I,I′

bI(x)cI′(x) dxi1 ∧ · · · ∧ dxik
∧ dxi′

1
∧ · · · ∧ dxi′

l

. (5)

Note that the product dxI ∧ dxI′ = dxi1 ∧ · · · ∧ dxik
∧ dxi′

1
∧ · · · ∧ dxi′

l

occurring in (5) is
already defined, but that (5) is not in standard form: dxI ∧ dxI′ will vanish for those terms
in which the index sets I and I ′ are not disjoint, and when it is nonzero the individual dxi

in the product may not occur in increasing order.

Example 4: If λ = a(x, y, z) dx + b(x, y, z) dy + c(x, y, z) dz and ρ = α(x, y, z) dx +
β(x, y, z) dy + γ(x, y, z) dz are 1-forms in R

3 then

λ ∧ ρ = a αdx ∧ dx + a β dx ∧ dy + a γ dx ∧ dz + b α dy ∧ dx + b β dy ∧ dy

+ b γ dy ∧ dz + c α dz ∧ dx + c β dz ∧ dy + c γ dz ∧ dz

= (a β − b α) dx ∧ dy + (a γ − c α) dx ∧ dz + (b γ − c β) dy ∧ dz.

Proposition 5: (i) If If ω and κ are k-forms and µ is an l-form then (r ω + s κ) ∧ µ =
r ω ∧ µ + s κ ∧ µ; similarly ω ∧ (r κ + s µ) = r ω ∧ κ + s ω ∧ µ if ω ∈ Ek and κ, µ ∈ El.

(ii) If ω ∈ Ek(E) and κ ∈ El(E) then ω ∧ κ = (−1)klκ ∧ ω.

2.3 Differentiation of forms: If ω is a k-form in E then its derivative dω is a (k+1)-form
in E, that, is, we may think of d as an operator d : Ek(E) → Ek+1(E). d is defined on
0-forms by

df =
n
∑

i=1

(Dif) dxi;

note that df is indeed a 1-form. For k ≥ 1, d is defined on the k-form ω =
∑

I bI dxI by

dω =
∑

I

(dbI) ∧ dxI =
∑

I

n
∑

i=1

(DibI) dxi ∧ dxI . (6)

Again
∑

I runs over ordered k-tuples i1, . . . , ik. Note that, although we assumed that ω

was written in its standard presentation, dω in(6) is not so written; dxi ∧ dxI = dxi ∧

dxi1 ∧ · · · ∧ dxik
may contain repeated indices (in which case it is zero), and the factors

dxj in it will probably be out of standard order.
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Example 6: Suppose that pi, 1 ≤ i ≤ n, is the 0-form (i.e., function) on R
n defined by

pi(x) = xi, that is, the ith coordinate function. Then dpi =
∑n

j=1
(Djpi)(x) dxj = dxi. In

fact, however, we are making needless distinctions; we might just as well identify pi with
xi, i.e., treat xi as a function of x on R

n, and then the conclusion of the above calculation is
that dxi = dxi, where the “dxi” on the left side is the differential of the coordinate function
and the “dxi” on the right side is the symbol introduced in the definition of differential
forms as part of an abbreviation for the formula (1). The point is that this symbol, which
up to this point was purely formal, now has a real meaning in terms of the operator d.

Example 7: If λ = a dx + b dy + c dz is as in Example 4 then (writing D1 as Dx, etc.)

dλ = (Dxa dx + Dya dy + Dza dz) ∧ dx + (Dxb dx + Dyb dy + Dzb dz) ∧ dy

+ (Dxc dx + Dyc dy + Dzc dz) ∧ dz

= (Dxb − Dya) dx ∧ dy + (Dxc − Dza) dx ∧ dz + (Dyc − Dzb) dy ∧ dz.

Proposition 8: (i) If ω and κ are k-forms and r, s ∈ R then d(rω + sκ) = r dω + s dκ.

(ii) d2 = 0, i.e., for any k-form ω, d2ω = d(dω) = 0.

(iii) If ω is a k-form and κ an l-form then d(ω ∧ κ) = (d ω) ∧ κ + (−1)kω ∧ (dκ).

Proof sketch: (i) is trivial and (iii) is easy. For (ii), the key idea is that in calculating
d2ω one always encounters expressions of the form Di(Dja) dxj ∧ dxi +Dj(Dia) dxi ∧ dxj ,
where a is one of the coefficient function in ω. But such an expression is zero, because
DiDja = DjDia but dxj ∧ dxi = −dxi ∧ dxj.

There are some special relations between forms and vector fields that hold in three
dimensions. Suppose then that n = 3 and let v : E → R

3 be a C∞ vector field in E; this
means that if (x, y, z) ∈ E then we think of v(x, y, z) as a little vector attached by its
tail to (x, y, z), which tells us the velocity of some fluid at (x, y, z), or the electric field at
(x, y, z), etc. If f ∈ C∞(E) = E0(E) then the gradient ∇f is a vector field.

With the vector field v there are naturally associated two differential forms in E, a
1-form which we denote λv and a 2-form ωv, defined by

λv = v1(x, y, z) dx + v2(x, y, z) dy + v3(x, y, z) dz,

ωv = v1(x, y, z) dy ∧ dz + v2(x, y, z) dz ∧ dx + v3(x, y, z) dx ∧ dy.

Note that here ωv is not quite written in the standard presentation; in dimension 3 it is
often convenient to express 2-forms in terms of dz ∧ dx rather than dx ∧ dz. Then by
calculation as in Example 7 we find that

df = λ∇f

dλv = ω∇×v,

dωv = (∇ · v) dx ∧ dy ∧ dz.

Here ∇×v and ∇·v are the usual curl and divergence of the vector field v. Then d2f = 0
and d2λv = 0 express respectively the facts that the curl of a gradient, and the divergence
of a curl, are 0.
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2.4 Mapping of forms: With E ⊂ R
n open as usual we suppose that V is an open

subset of R
m and that T : E → V is C∞. We will write x as a typical point of E and

y as a typical point of V , and write T (x) = (t1(x), t2(x), . . . , tm(x)). With every k-form
ω =

∑

I aI(y) dyI in V there is then associated a certain k-form in E, denoted ωT :

ωT =
∑

0≤i1≤···≤ik≤1

ai1...ik
(T (x)) dti1 ∧ · · · ∧ dtik

. (7)

In particular, if f ∈ E0(V ) then fT = f ◦T . (This is Rudin’s notation; Spivak uses the the
more conventional notation T ∗ω for the form defined in (7), so that T ∗ is a mapping with
T ∗ : Ek(V ) → Ek(E).)

Proposition 9: If E, V , and T are as above, and ω and κ are forms in V then:

(i) (rω + sκ)T = rωT + sκT for ω, κ ∈ Ek(V ), r, s ∈ R;

(ii) (ω ∧ κ)T = ωT ∧ κT ;

(iii) d(ωT ) = (dω)T ;

(iv)
∫

ϕ
ωT =

∫

T◦ϕ
ω if ω is a k-form and ϕ a singular k-cube in E.

Proof sketch: (i) is immediate and (ii) is very easy. For (iii), consider first ω = f ∈ E0(V ):

d(fT ) = d(f ◦ T ) =
n
∑

i=1

Di(f ◦ T )dxi

=
n
∑

i,1

∑

j=1m

((Djf) ◦ T )T ′
jidxi =

∑

j=1m

((Djf) ◦ T )dtj = (df)T . (8)

Then if ω =
∑

I aI(y) dyI is a k-form in V with k ≥ 1, so that with the obvious notation
dtI = dti1 ∧ · · · ∧ dtik

we have ωT =
∑

I(aI ◦ T ) dtI =
∑

I(aI)T dtI ,

(dω)T =

(

∑

I

(daI) ∧ dyI

)

T

=
∑

I

(daI)T ∧ dtI

=
∑

I

d((aI)T ) ∧ dtI = d

(

∑

I

(aI)T ∧ dtI

)

= d(ωT ). (9)

This rather compact derivation shows the power of the formalism: at the third step we
used (8); at the fourth we used parts (ii) and (iii) of Proposition 8.

(iv) The case k = 0 is trivial; we do the case k = 1 and leave k ≥ 2 as an exercise. If
λ =

∑m

j=1
aj(y) dyj is a 1-form in E then λT =

∑

j(aj ◦ T )(x) dtj and for a 1-cube ϕ,
∫

ϕ

λT =

∫

ϕ

m
∑

j=1

(aj ◦ T )(x) dtj =

∫

ϕ

m
∑

j=1

(aj ◦ T )(x)
n
∑

i=1

T ′
ji(x) dxi

=

∫ 1

0

∑

i,j

aj(T (ϕ(s)))Tji(ϕ(s))ϕ′
i(s) ds

=

∫ 1

0

∑

j

aj(T (ϕ(s)))(T ◦ ϕ)′i(s) ds =

∫

T◦ϕ

λ.
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