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3. Stokes’ Theorem for chains

Before defining chains we need to define certain special singular k-cubes. Let U be an
open subset of R¥ with J¥ C U. We will let ¥ (= 4*) : J¥ — U denote the singular k-cube
in U defined by ¥(s) =s,s € J*¥. For1 <i < kanda = 0,1 welet p;o(= k) : JF=1 - U
denote the singular (k — 1)-cube in U defined by

v,[)m(sl, .. -;Sk—l) = (81, ey 8i—1,00, S5, .. -;Sk—l), (81, .. -;Sk—l) c Jk

Here 1) should be thought of as providing a way to describe the cube J*, which is a set,
as a singular cube, which by our definition is a mapping of J* into an open set. The set
U plays only the minor role of providing the open set into which 1 maps. Similarly 4,
provides a description of one of the faces of J*¥—that is, of a subset of J*—as a singular
(k — 1)-cube. 1;; and ;9 describe the two faces of J k which are perpendicular to the *"
coordinate axis; one might call them the “top” and “bottom” faces, respectively.
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Figure 1. The singular 2-cube v = 12 and 1-cubes ;o = >

(1o’

The figure shows what is going on for £ = 2. We have added one element: we are
thinking of our cubes as oriented, as shown by the arrows in the picture. The singular
cubes 1 and 1;,, inherit their orientation from orientation on the source cubes J? and J*; if
we changed these maps, for example by defining 1,5(31, S9) = (s2,51) or 1/31,0(3) = (0,1—1s),
then the orientation of the singular cubes would change.

Remark 10: We will use the singular cube 9 in the following context. Suppose that ¢
is a singular k-cube in some open set £ C R™, that is, a C* map ¢ : J¥* — E, and that w
is a k-form in E. Then by definition (of a C'™° map on a compact set) there is some open
set U C RF with J¥ C U and a map ¢ : U — E whose restriction to J* is the original
given ¢ (we will not distinguish between these two versions of ). Now w,, is a k-form in
U, and since ¢ = ¢ o ¢ we have from Proposition 9 (iv) that

fom [ o= [

The last formula in (10) is essentially our original formula (1). For if we write x = ¢(s) =
(p1(8),- -, ¢n(s)) then

a(xz 7"'7'7/12')
dou oo A = G

dsy A - Ndsy (11)
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(Exercise: verify (11)) and so if w = )", ar(x) dxy,

/w-/w¢ /Zajoqb dei, N+ Ndp;,
P
- [ St A g,
81,...,Sk)

and this is almost exactly (1). There remains a slight but important difference: (12) is still
an integral of a form over a singular cube, and in (1) this has been reduced to the integral
of a function over a geometric cube.

Definition 11: (a) Suppose that E C R™ is open. A singular k-chain « in E is a formal
finite sum of the form

’Y:m1Q01+"‘+mr90r:Zmisoi7 (1?))

where each ¢; is a singular k-cube in F and mq, ..., m, are integers. Chains may be added
and subtracted in the obvious way, for example,

(31 — 2¢02) — 2(2¢01 — 3p3) = —p1 — 202 + Bps.

Moreover, if w is a k form in F and + is the chain given in (13) then f,y w is defined to be
Z;:l my; f(pi w.

(b) The above is a formal, mathematically imprecise definition, but you should not have
trouble working with it. Spivak suggests the following precise definition (which we will
not use further): if S is the set of all singular k-cubes in E then a k-chain is a map
v : 8§ — Z such that v(¢) is non-zero for only finitely many ¢ € S. Chains are then added
as functions usually are: (71 +72)(¢) = 71(¢) +72(¢). One recovers the notation of (a) if
one writes ¢ not only for the k-cube ¢ but also for the chain which takes value 1 on this
cube and 0 on all others.

Definition 12: The boundary Oy of a singular k-cube ¢ in E is a (k — 1)-chain in E.
For k=1, with p: J — F,

9 = (1) — (0). (14)

Here on the right side we are using the notation that a singular 0-cube is just a point of
E. For k> 2, with ¢ : J¥ — E,

k

§j —D)* o, (15)
i=1 a=0,1

The boundary of a k-chain v =Y., m;¢p; is the (k — 1)-chain 9y = >_._, m;0¢;.

7



640:412 Differential Forms Spring 2009

From (15) one finds that
— 21

67/’2:7/’07/’30“‘7»/)07»/)%0_1[’01[’%0_1[’07»/)%0

= b3y + Y1y — Yip — Yo —110 @ P11

Working from Figure 1 we see why these signs are appro-
priate: this boundary may be represented geometrically as
in Figure 2. This same geometric interpretation of bound- Py
aries in terms of orientation carries over 3-cells, 4-cells, etc.
although it is harder to picture. For example, the formula

OP® = —ap3y + b3y + iy — Py — Y3 + P (16)
can be interpreted as follows: each map 2, provides, by carrying forward the natural
orientation of J? (see Figure 1), an orientation for the (i, a)-face of the cube J?; a minus
sign reverses this orientation. The resulting orientation of this face corresponds, via the

right-hand rule (curl the fingers of your right hand in the direction of the arrow on the
face, and look where your thumb points), to an outward normal vector on the face.

Figure 2. Boundary of 1)?

Now we can prove Stokes’ Theorem for chains.

Theorem 13: If E C R" is open, w is a (k — 1)-form in E, and ~y is a k-chain in E, then

/de:/avw. (17)

Proof: We will prove that for ¢ a singular k-cube in F,

de - /aso w. (18)

Then (17) is immediate: for v =Y., m;p;,

/dw:Zmi/ dw:Zmi/ w:/ w.
v i Pi i Op; Oy

7

The case k = 1 of (18) is easy: ¢ is a l-cube, w = f is a O-form (a function), df =
S Dif dx;, and

[ao= [ S Dnemeoi= [ L= i) - feo) = [+

O

To prove (18) for k > 2 we first consider a special case: ¢ = (= *), the k-cube in
U D J* defined above (that is, we take E = U C R¥). Then w will be a (k — 1)-form in U,
and so must have the form

k
w:Zai(x)d:ﬁl/\---dazi_l/\dxiJrl/\---/\dJ:k. (19)
i=1
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It suffices to consider each term in (19) separately, so we fix i, 1 < ¢ < k, and take
w=a(x)dry N---dr;_1 Ndxip1 N Ndzg.

Then

dw = Z(Dja)(x) dej Ndxy N ---dzi—g Ndxigr A - Adxy
j=1

= (=1)""Y(Dsa)(x) dxy A --- A day,

and so, remembering that 1(s) = s for s € J*, we have from (1)

/dw—( )Zl/( 0)(s) dsy -+ - dsy
"
— Z 1/ / |:/ ds,} dSl"'d.Si_l d8i+1"'d3k
— Z 1/ / 81,.. , Si— 1,1782+17"'7 )
31

o3 8i—1,0,8i41,...,8 )} dsy---ds;_1ds;y1---dsg, (20)

where we have used the fact that we can do these integrals in any order we like—in
particular, do the i*® integral first. On the other hand, from (15) and 1 0 ¥jo = ¥ja,

/aww:i 1(_1>j+oz/- w

]:1 a=0 Jo

=<—1>Z+1’ /w (D / K

w+ (=1)°
1)‘-1— / G(Sl,---,31—1,1,3i,---;3k—1)d31"'dsk—l
0

1 1
_1)1/(; /O CL(817-'-;Si—la(],Si,-'-;Sk—l)dSl"'dskz—h (21)

which agrees with (20) (the change of integration variables (s;+1,...,5k) — (Si, ..., Sk—1)
of course does not affect the value of the integral). In the second equality in (21) we have
used the fact that if j # ¢ then

/ W = / dl‘l N - dasi_l N d$i+1 VASEERWA dl’k =0. (22)

Formally this is true because because x; is constant on the image of v;, and therefore
dx; = 0 there. More precisely, evaluation of (22) via (1) involves the Jacobian

01,y Tie1, Tig1 -+, Tk)

8(81, .. -Sk—l)

(23)
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for x = ;4 (s); (23) is the determinant of a certain matrix, one row of which,

[Dl (1/)ja)7 SRR Dk—l(wja)L

is identically zero since (v;4); = « is constant.
To complete the proof we must show that (18) holds for a general k-cube ¢ and
(k —1)-form w in E' C R™. But this is now easy:

L= [ o= [ den= [ w=S e [ e

g
S SISy P
oo PoYj a O

where we have used (10), Proposition 9 (iii), the special case above, the definition of bound-
ary (twice), and Proposition 9 (iv). =
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