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Definitions
1. A point is that of which there is no part.

2

2. And a line is a length without breadth. & ——*
3. And the extremities of a line are points. St

4. A straight-line is (any) one which lies evenly wi
points on itself.

5. And a surface is that which has length and breadth
only.

6. And the extremities of a surface are lines. '@

7. A plane surface is (any) one which lies evenly with
the straight-lines on itself. ih & plane

8. And a plane angle is the inclination of the lines to
one another, when two lines in a plane meet one another,
and are not lying in a straight-line.

9. And when the lines containing the angle are
straight then the angle is called rectilinear.

10. And when a straight-line stood upon (another)
straight-line makes adjacent angles (which are) equal to
one another, each of the equal angles is a right-angle, and
the former straight-line is called a perpendicular to that
upon which it stands.

11. An obtuse angle is one greater than a right-angle.

12. And an acute angle (is) one less than a right-angle.

13. A boundary s that which is the extremity of some-
thing,

14. A figure is that which is contained by some bound-
ary or boundaries.

15. A circle is a plane figure contained by a single line
[which is called a circumference], (such that) all of the
straight-lines radiating towards [the circumference] from
one point amongst those lying inside the figure are equal
to one another.

16. And the point is called the center of the circle.

17. And a diameter of the circle is any straight-line,
being drawn through the center, and terminated in each
direction by the circumference of the circle. (And) any
such (straight-line) also cuts the circle in half.f

18. And a semi-circle is the figure contained by the
diameter and the circumference cuts off by it. And the
center of the semi-circle is the same (point) as (the center
of) the circle. elygons

19. Rectilinear figures are those (figures) contained
by straight-lines: trilateral figures being those contained
by three straight-lines, quadrilateral by four, and multi-
lateral by more than four.

20. And of the trilateral figures: an equilateral trian-
gle is that having three equal sides, an isosceles (triangle)
that having only two equal sides, and a scalene (triangle)
that having three unequal sides. -
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21. And further of the trilateral figures: a right-angled
triangle is that having a right-angle, an obtuse-angled
(triangle) that having an obtuse angle, and an acute-
angled (triangle) that having three acute angles.

22. And of the quadrilateral figures: a square is that
which is right-angled and equilateral, a rectangle that
which is right-angled but not equilateral, a rhombus that
which is equilateral but not right-angled, and a rhomboid
that having opposite sides and angles equal to one an-
other which is neither right-angled nor equilateral. And
let quadrilateral figures besides these be called trapezia.

23, Parallel lines are straight-lines which, being in the
same plane, and being produced to infinity in each direc-
tion, meet with one another in neither (of these direc-
tions).

T This should really be counted as a postulate, rather than as part of a definition.
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Postulates

1. Let it have been postulated! to draw a straight-line
from any point to any point.

2. And to produce a finite straight-line continuously
in a straight-line.

3. And to draw a circle with any center and radius.

4. And that all right-angles are equal to one another.

5. And that if a straight-line falling across two (other)
straight-lines makes internal angles on the same side
(of itself whose sum is) less than two right-angles, then
the two (other) straight-lines, being produced to infinity,
meet on that side (of the original straight-line) that the
(sum of the internal angles) is less than two right-angles
(and do not meet on the other side).?

T The Greek present perfect tense indicates a past action with present significance. Hence, the 3rd-person present perfect imperative "Hivhodw
could be translated as “let it be postulated”, in the sense “let it stand as postulated”, but not “let the postulate be now brought forward”. The
literal translation “let it have been postulated” sounds awkward in English, but more accurately captures the meaning of the Greek.

* This postulate effectively specifies that we are dealing with the geometry of flat, rather than curved, space.
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Common Notions (L"LJ_":‘ "‘5““ ‘?)

1. Things equal to the same thing are also equal to
one another.

2. And if equal things are added to equal things then
the wholes are equal.

3. And if equal things are subtracted from equal things
then the remainders are equal.t

4. And things coinciding with one another are equal
to one another.

5. And the whole [is] greater than the part.

T As an obvious extension of C.N.s 2 & 3—if equal things are added or subtracted from the two sides of an inequality then the inequality remains
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Proposition 1

To construct an equilateral triangle on a given finite
straight-line.
C

Let AB-be the given finite straight-line.

So it is required to construct an equilateral triangle on
the straight-line AB.

Let the circle BC' D with center A and radius AB have
been drawn [Post. 3], and again let the circle ACE with
center B and radius BA have been drawn [Post. 3]. And
let the straight-lines CA and CB have been joined from
the point C, where the circles cut one another, to the
points A and B (respectively) [Post. 1].

And since the point 4 is the center of the circle CDB,
AC is equal to AB [Def. 1.15]. Again, since the point
B is the center of the circle CAE, BC is equal to BA
[Def. 1.15]. But C'A was also shown (to be) equal to AB.
Thus, C A and CB are each equal to AB. But things equal
to the same thing are also equal to one another [C.N. 1].
Thus, C A is also equal to CB. Thus, the three (straight-
lines) C A, AB, and BC are equal to one another.

the triangle ABC is equilateral, and has been
constructed on the given finite straight-line AB. (Which
is) the very thing it was required to do.

T The assumption that the circles do indeed cut one another should be counted as an additional postulate. There is also an implicit assumption

that two straight-lines cannot share a common segment.
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Proposition 21

To place a straight-line equal to a given straight-line
at a given point (as an extremity).

Let A be the given point, and BC the given straight-
line. So it is required to place a straight-line at point A
equal to the given straight-line BC.

For let the straight-line AB have been joined from
point A to point B [Post. 1], and let the equilateral trian-
gle DAB have been been constructed upon it [Prop. 1.1].
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two (straight-lines) CB, BF,! respectively. And angle
DBA (is) equal to angle FBC. Thus, the base AD [is]
equal to the base FIC, and the triangle ABD is equal to
the triangle FBC [Prop. 1.4]. And parallelogram BL
[is] double (the area) of triangle ABD. For they have
the same base, BD, and are between the same parallels,
BD and AL [Prop. 1.41]. And square GB is double (the
area) of triangle FBC. For again they have the same
base, FB, and are between the same parallels, FB and
GC [Prop. 1.41]. [And the doubles of equal things are
equal to one another]? Thus, the parallelogram BL is
also equal to the square GB. So, similarly, AE and BK
being joined, the parallelogram CL can be shown (to
be) equal to the square HC. Thus, the whole square
BDEC is equal to the (sum of the) two squares GB and
HC. And the square BDEC is described on BC, and
the (squares) GB and HC on BA and AC (respectively).
Thus, the square on the side BC is equal to the (sum of
the) squares on the sides BA and AC.
H
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Lhus)) in right-angled triangles, the square on the
side subtending the right-angle is equal to the (sum of

Tolg &nd 6V Ty 6pdi [ywviav] nepieyovodv theupdv te- the) squares on the sides surrounding the right-[angle].

Tpaydvolg dnep Edel Beifau.

t The Greek text has “F B, BC”, which is obviously a mistake.
! This is an additional common notion.

(Which is) the very thing it was required to show.

47
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t Both this possibility, and the previous one, are precluded by Prop. 3.23.
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thing is impossible [Prop. 3.10]. Thus, if the straight-line
AB is applied to CD, the segment AEB cannot not also
coincide with CFD. Thus, it will coincide, and will be
equal to it [C.N. 4].

Thus, similar segments of circles on equal straight-
lines are equal to one another. (Which is) the very thing
it was required to show.

Proposition 25

For a given segment of a circle, to complete the circle,
the very one of which it is a segment.

i é
\ 7~

Let ABC be the given segment of a circle. So it is re-
quired to complete the circle for segment ABC, the very
one of which it is a segment.

For let AC have been cut in half at (point) D
[Prop. 1.10], and let DB have been drawn from point
D, at right-angles to AC [Prop. 1.11]. And let AB have
been joined. Thus, angle ABD is surely either greater
than, equal to, or less than (angle) BAD.

First of all, let it be greater. And let (angle) BAE,
equal to angle ABD, have been constructed on the
straight-line BA, at the point A on it [Prop. 1.23]. And
let DB have been drawn through to E, and let EC have
been joined. Therefore, since angle ABE is equal to
BAE, the straight-line EB is thus also equal to EA
[Prop. 1.6]. And since AD is equal to DC, and DE (is)
common, the two (straight-lines) AD, DE are equal to
the two (straight-lines) CD, DE, respectively. And angle
ADE is equal to angle CDE. For each (is) a right-angle.
Thus, the base AFE is equal to the base CE [Prop. 1.4].
But, AE was shown (to be) equal to BE. Thus, BE is
also equal to CE. Thus, the three (straight-lines) AE,
EB, and EC are equal to one another. Thus, if a cir-
cle is drawn with center F, and radius one of AE, EB,
or EC, it will also go through the remaining points (of
the segment), and the (associated circle) will have been
completed [Prop. 3.9]. Thus, a circle has been completed
from the given segment of a circle. And (it is) clear that
the segment ABC is less than a semi-circle, because the
center £ happens to lie outside it.

94
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by the circumference AD[C] and the straight-line AC, is
less than a right-angle. And this is immediately apparent.
For since the (angle contained by) the two straight-lines
BA and AC is a right-angle, the (angle) contained by
the circumference ABC and the straight-line AC is thus
greater than a right-angle. Again, since the (angle con-
tained by) the straight-lines AC and AF is a right-angle,
the (angle) contained by the circumference AD[C] and
the straight-line C A4 is thus less than a right-angle.

in a circle, the angle in a semi-circle is a right-
angle, and that in a greater segment (is) less than a
right-angle, and that in a lesser [segment] (is) greater
than a right-angle. And, further, the [angle] of a seg-
ment greater (than a semi-circle) [is] greater than a right-
angle, and the [angle] of a segment less (than a semi-
circle) is less than a right-angle. (Which is) the very thing
it was required to show.

Proposition 32

If some straight-line touches a circle, and some
(other) straight-line is drawn across, from the point of
contact into the circle, cutting the circle (in two), then
those angles the (straight-line) makes with the tangent
will be equal to the angles in the alternate segments of
the circle.

A

\ F
- B

For let some straight-line EF touch the circle ABCD
at the point B, and let some (other) straight-line BD
have been drawn from point B into the circle ABCD,
cutting it (in two). I say that the angles BD makes with
the tangent EF will be equal to the angles in the alter-
nate segments of the circle. That is to say, that angle
FBD is equal to the angle constructed in segment BAD,
and angle EBD is equal to the angle constructed in seg-
ment DCB.

For let BA have been drawn from B, at right-angles
to EF [Prop. 1.11]. And let the point C have been taken
at random on the circumference BD. And let AD, DC,

100
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1 See the footnote to Prop. 3.34.
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KB eldeiq xal 1§ npdg adtfj onuely @ K fj uév tnd AEH
yavig Ton f Ond BKA, <fj 8¢ Ond AZO Ton # bnd BKT, xal
Bk t@v A, B, T' onueiwv fiydwouv pontéuevor to ABT
wOxhou ol AAM, MBN, NTA.

Kot &nel Epdntovton 1ol ABI xOxhou of AM, MN, NA
xoard & A, B, I onuela, dnd 8¢ o0 K xévtpou éni 1 A, B,
I" onueta Enelevypévan elolv ol KA, KB, KT, épdal dpa eloty
ol mpdg toic A, B, T' onpelog ywvia. xol énel tol AMBK
Tetpaniedpou ol téooupes ywvion tétpact dpdais low sioty,
Enewdrinep xad elg Blo tplywva Bianpeiton 1 AMBEK, o elow
6pdal of Und KAM, KBM ywvic, hownad Spat ol Und AKB,
AMB Buotv dpdaic To lotv. elol 52 xod of Umd AEH,
AEZ Buolv dpdoic Too ol po ind AKB, AMB taiic Ond
AEH, AEZ Tow elotv, &v f| bnd AKB tfj tné AEH gomwv
lon hounh) dpa ) bnd AMB Aowrfi tfj Ond AEZ gonv lon,
dpolwg 87 derydfioeta, 8w xal # Und ANB tff Und AZE
gomwv Ton xal Aownh) dpa f) Und MAN [hoixfi] ff Und EAZ
gon Ton. looydwiov &pa Eott 16 AMN tpiywvov 1§ AEZ
TPrYOVE" Xol meptyEypanta mepl Tov ABT xixhov.

Hepl tov Bodévta dpa xhdov & Bodévn TELY WV
looydwiov Tpiywvov mepiyéypanton Snep Ede morfiom.

ABC1.

Thus, a triangle, equiangular with the given triangle,
has been inscribed in the given circle. (Which is) the very
thing it was required to do.

Proposition 3
To circumscribe a triangle, equiangular with a given
triangle, about a given circle.
H

A

G

L G N

Let ABC be the given circle, and DEF the given tri-
angle. So it is required to circumscribe a triangle, equian-
gular with triangle DEF, about circle ABC.

Let EF have been produced in each direction to
points G and H. And let the center K of circle ABC
have been found [Prop. 3.1]. And let the straight-line
K B have been drawn, at random, across (ABC). And
et (angle) BK A, equal to angle DEG, have been con-
structed on the straight-line KB at the point K on it,
and (angle) BKC, equal to DFH [Prop. 1.23]. And let
the (straight-lines) LAM, M BN, and NCL have been
drawn through the points A, B, and C (respectively),
touching the circle ABC.1

And since LM, MN, and NL touch circle ABC at
points A, B, and C (respectively), and KA, KB, and
KC are joined from the center K to points A, B, and
C' (respectively), the angles at points A, B, and C are
thus right-angles [Prop. 3.18]. And since the (sum of the)
four angles of quadrilateral AM BK is equal to four right-
angles, inasmuch as AM BK (can) also (be) divided into
two triangles [Prop. 1.32], and angles K AM and K BM
are (both) right-angles, the (sum of the) remaining (an-
gles), AK'B and AM B, is thus equal to two right-angles.
And DEG and DEF is also equal to two right-angles
[Prop. 1.13]. Thus, AKB and AMB is equal to DEG
and DEF, of which AK B is equal to DEG. Thus, the re-
mainder AM B is equal to the remainder DEF. So, sim-
ilarly, it can be shown that LN B is also equal to DFE.
Thus, the remaining (angle) MLN is also equal to the
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