
Math 461 10 Propositional logic

10 Propositional logic

ÒThe study of how the truth value of compound statements depends on those of simple
statements.Ó

A reminder of truth-tables.

and ∧
A B A ∧ B
T T T
T F F
F T F
F F F

or ∨
A B A ∨ B
T T T
T F T
F T T
F F F

not ¬
A ¬A
T F
F T

material implication →
A B A → B
T T T
T F F
F T T
F F T

i! ↔
A B A ↔ B
T T T
T F F
F T F
F F T

Now our study actually begins... First we introduce ourformal language.

DeÞnition 10.1. The alphabetconsists of the following symbols:
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Math 461 10 Propositional logic

1. the sentence connectives
¬,∧,∨,→,↔

2. the punctuation symbols
(, )

3. the sentence symbols
A1, A2, . . . , An, . . . , n ≥ 1

Remark 10.2. Clearly the alphabet is countable.

DeÞnition 10.3. An expressionis a Þnite sequence of symbols from the alphabet.

Example 10.4. The following are expressions:

(A1 ∧ A2), ((¬ → ()) A3

Remark 10.5. Clearly the set of expressions is countable.

DeÞnition 10.6. The set ofwell-formed formulas(w!s) is deÞned recursively as follows:

1. Every sentence symbolAn is a w!.

2. If ! and " are w!s, then so are

(¬! ), ( ! ∧ " ), (! ∨ " ), (! → " ), (! ↔ " )

3. No expression is a w! unless it is compelled to be so by repeated applications of
(1) and (2).

Remark 10.7.

1. From now on we omit clause (3) in any further recursive deÞnitions.

2. Clearly the set of w!s is countably inÞnite.

3. Because the deÞnition of a w! is recursive, most of the properties of w!s are proved
by induction on the length of a w!.

Example 10.8.

1. (A1 → (¬A2)) is a w!.

2. ((A1 ∧ A2) is not a w!. How can we prove this?

Proposition 10.9. If ! is a w!, then ! has the same number of left and right paren-
theses.
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Proof. We argue by induction on the lengthn ≥ 1 of the w! ! . First suppose that
n = 1. Then ! must be a sentence symbol, sayAn. Clearly the result holds in this case.

Now suppose thatn > 1 and that the result holds for all w!s of length less thann.
Then ! must have one of the following forms:

(¬" ), (" ∧ #), (" ∨ #), (" → #), (" ↔ #)

for some w!s " , # of length less thann. By induction hypothesis the result holds for
both " and #. Hence the result also holds for! .

DeÞnition 10.10. L is the set of sentence symbols.øL is the set of w!s. {T, F} is the
set of truth values.

DeÞnition 10.11. A truth assignmentis a function $: L →{ T, F}.

DeÞnition 10.12. Let $ be a truth assignment. Then we deÞne the extension ø$: øL →
{T, F} recursively as follows.

0. If An ∈ L then ø$(An) = $(An).
For any !, " ∈ øL

1. ø$((¬! )) =
= T if ø$(! ) = F
= F otherwise

2. ø$((! ∧ " )) =
= T if ø$(! ) = ø$(" ) = T
= F otherwise

3. ø$((! ∨ " )) =
= F if ø$(! ) = ø$(" ) = F
= T otherwise

4. ø$((! → " )) =
= F if ø$(! ) = T and ø$(" ) = F
= T otherwise

5. ø$((! ↔ " )) =
= T if ø$(! ) = ø$(" )
= F otherwise

Possible problem. Suppose there exists a w!! such that ! has both the forms (" → #)
and (%∧&) for some w!s ", #, %, &. Then there will be two (possibly conßicting) clauses
which deÞne ø$(! ).

Fortunately no such! exists...

Theorem 10.13 (Unique readability). If ! is a w! of length greater than 1, then there
exists eactly one way of expressing! in the form:

(¬" ), (" ∧ #), (" ∨ #), (" → #), or (" ↔ #)

for some shorter w!s " , #.
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We shall make use of the following result.

Lemma 10.14. Any proper initial segment of a w! contains more left parentheses than
right parentheses. Thus no proper initial segment of a w! is a w!.

Proof. We argue by induction on the lengthn ≥ 1 of the w! ! . First suppose that
n = 1. Then ! is a sentence symbol, sayAn. SinceAn has no proper initial segments,
the result holds vacuously.

Now suppose thatn > 1 and that the result holds of all w!s of length less thann.
Then ! must have the form

(¬" ), (" ∧ #), (" ∨ #), (" → #), or (" ↔ #)

for some shorter w!s" and #. By induction hypothesis, the result holds for both" and
#. We just consider the case when! is (" ∧ #). (The other cases are similar.) The
proper initial segments of! are:

1. (

2. (" 0 where" 0 is an initial segment of"

3. (" ∧

4. (" ∧ #0 where#0 is an initial segment of#.

Using the induction hypothesis and the previous proposition (Proposition10.9), we see
that the result also holds for! .

Proof of Theorem10.13. Suppose, for example, that

! = ( " ∧ #) = ( %∧ &).

Deleting the Þrst ( we obtain that

" ∧ #) = %∧ &).

Suppose that" '= %. Then wlog " is a proper initial segment of%. But then " isnÕt a
w!, which is a contradiction. Hence" = %. Deleting " and %, we obtain that

∧#) = ∧&).

and so# = &.
Next suppose that

! = ( " ∧ #) = ( %→ &).

Arguing as above, we Þnd that" = %and so

∧#) =→ &)

which is a contradiction.
The other cases are similar.
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Math 461 11 The compactness theorem

DeÞnition 10.15. Let $ : L →{ T, F} be a truth assignment.

1. If & is a w!, then $ satisÞes& i! ø$(&) = T.

2. If " is a set of w!s, then $ satisÞes" i! ø$(%) = T for all %∈ ".

3. " is satisÞablei! there exists a truth assignment $ which satisÞes ".

Example 10.16. 1. Suppose that$ : L →{ T, F} is a truth assignment and that
$(A1) = F and $(A2) = T. Then $ satisÞes (A1 → A2).

2. " = {A1, (¬A2), (A1 → A2)} is not satisÞable.

Exercise 10.17. Suppose that& is a w! and $1, $2 are truth assignments which agree
on all sentence symbols appearing in&. Then ø$1(&) = ø$2(&). (Hint: argue by induction
on the length of&.)

DeÞnition 10.18. Let " be a set of w!s and let & be a w!. Then " tautologically
implies &, written " |= &, i! every truth assignment which satisÞes " also satisÞes&.

Important Observation. Thus " |= & i! " ∪ {¬&} is not satisÞable.

Example 10.19. {A1, (A1 → A2)} |= A2.

DeÞnition 10.20. The w!s &, ' are tautologically equivalenti! both {&} |= ' and
{' } |= &.

Example 10.21. (A1 → A2) and ((¬A2) → (¬A1)) are tautologicaly equivalent.

Exercise 10.22. Let %, ( be w!s. Then the following statements are equivalent.

1. %and ( are tautologically equivalent.

2. (%↔ ( ) is a tautology.

(Hint: do not argue by induction on the lengths of the w!s.)

11 The compactness theorem

Question 11.1. Suppose that " is an inÞnite set of w!s and that " |= ( . Does there
necessarily exists a Þnite subset "0 ⊆ " such that " 0 |= ( ?

A positive answer follows from the following result...

Theorem 11.2 (The Compactness Theorem). Let " be a set of w!s. If every Þnite
subset" 0 ⊆ " is satisÞable, then" is satisÞable.
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Math 461 12 A graph-theoretic application

DeÞnition 11.3. A set " of w!s is Þnitely satisÞablei! every Þnite subset " 0 ⊂ " is
satisÞable.

Theorem 11.4 (The Compactness Theorem). If " is a Þnitely satisÞable set of w!s,
then " is satisÞable.

Before proving the compactness theorem, we present a number of its applications.

Corollary 11.5. If " |= ( , then there exists a Þnite subset" 0 ⊆ " such that" 0 |= ( .

Proof. Suppose not. Then for every Þnite subset "0 ⊆ ", we have that " 0 '|= ( and hence
" 0 ∪ {(¬( )} is satisÞable. Thus "∪ {(¬( )} is Þnitely satisÞable. By the Compactness
Theorem, " ∪{(¬( )} is satisÞable. But this means that " '|= ( , which is a contradiction.

12 A graph-theoretic application

DeÞnition 12.1. Let E be a binary relation on the setV. Then # = 〈V, E〉 is a graph
i!:

1. E is irreßexive; and

2. E is symmetric.

Example 12.2. Let V = {0, 1, 2, 3, 4} and let E = {〈i, j 〉 | j = i + 1 mod 5}. This is
called thecycleof length Þve.

DeÞnition 12.3. Let k ≥ 1. Then the graph # = 〈V, E〉 is k-colorablei! there exists a
function ) : V → {1, 2, . . . k}. such that for all a, b∈ V,

if aEb, then ) (a) '= ) (b).

Example 12.4. Any cycle of even length is two-colorable. Any cycle of odd length is
three-colorable but not two-colorable.

Theorem 12.5 (Erd¬os). A countable graph# = 〈V, E〉 is k-colorable i! every Þnite
subgraph#0 ⊂ # is k-colorable.

Proof. ⇒ Suppose that # isk-colorable and let) : V → {1, 2, . . . , k} is any k-coloring.
Let #0 = 〈V0, E0〉 be any Þnite subgraph of #. Then) 0 = ) |V0 is a k-coloring of #0.
⇐ In this direction we use the Compactness Theorem.

Step 1 We choose a suitable propositional language. The idea is to have a sentence
symbol for every decision we must make. So our language has sentence symbols:

Cv,i for each v ∈ V, 1≤ i ≤ k.

25



Math 461 13 Extending partial orders

(The intended meaning ofCv,i is: Òcolor vertexv with color i .Ó)

Step 2 We write down a suitable set of w!s which imposes a suitable set of constraints
on our truth assignments. Let " be the set of w!s of the following forms:

(a) Cv,1 ∨ Cv,2 ∨ . . . ∨ Cv,k for eachv ∈ V.

(b) ¬(Cv,i ∧ Cv,j ) for eachv ∈ V and 1≤ i '= j ≤ k.

(c) ¬(Cv,i ∧ Cw,i ) for each pair v, w ∈ V of adjacent vertices and each 1≤ i ≤ k.

Step 3 We check that we have chosen a suitable set of w!s.

Claim 12.6. Suppose that$ is a truth assignment which satisÞes ". Then we can
deÞne ak-coloring ) : # → {1, . . . , k} by

) (v) = i i! $(Cv,i ) = T.

Proof. By (a) and by (b), for each v ∈ V, there exists a unique 1≤ i ≤ k such that
$(Cv,i ) = T. Thus ) : V → {1, . . .} is a function. By (c), if v, w ∈ V are adjacent, then
) (v) '= ) (w). Hence) is a k-coloring.

Step 4 We next prove that " is Þnitely satisÞable. So let "0 ⊆ " be any Þnite subset.
Let V0 ⊆ V be the Þnite set of vertices that are mentioned in "0. Then the Þnite
subgraph #0 = 〈V0, E0〉 is k-colorable. Let

) : V0 → {1, . . . , k}

be a k-coloring of #0. Let $0 be a truth assignment such that ifv ∈ V0 and 1≤ i ≤ k,
then

$(Cv,i ) = T i! ) 0(v) = i.

Clearly $0 satisÞes "0.
By the Compactness Theorem, " is satisÞable. Hence # isk-colorable.

13 Extending partial orders

Theorem 13.1. Let 〈A,≺〉 be a countable partial order. Then there exists a linear
ordering < of A which extends≺.

Proof. We work with the propositional language which has sentence symbols

La,b for a '= b∈ A

Let " be the following set of w!s:
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Math 461 14 HallÕs Theorem

(a) La,b ∨ Lb,a for a '= b∈ A

(b) ¬(La,b ∧ Lb,a) for a '= b∈ A

(c) ((La,b ∧ Lb,c) → La,c) for distinct a, b, c∈ A

(d) La,b for distinct a, b∈ A with a ≺ b.

Claim 13.2. Suppose that$ is a truth assignment which satisÞes ". DeÞne the binary
relation < on A by

a < b i! $(La,b) = T.

Then < is a linear ordering ofA which extends≺.

Proof. Clearly < is irreßexive. By (a) and (b),< has the trichotomy property. By (c),
< is transitive. Finally, by (d), < extends≺.

Next we prove that " is Þnitely satisÞable. So let "0 ⊆ " be any Þnite subset. Let
A0 ⊆ A be the Þnite set of elements that are mentioned in "0 and consider the partial
order 〈A0,≺0〉. Then there exists a partial ordering< 0 of A0 extending≺0. Let $0 be
the truth assignment such that if a '= b∈ A0, then

$0(La,b) = T i! a ≤0 b.

Clearly $0 satisÞes "0.
By the compactness theorem, " is satisÞable. Hence there exists a linear ordering<

of A which extends≺.

14 HallÕs Theorem

DeÞnition 14.1. Suppose thatS is a set and that〈Si | i ∈ I 〉 is an indexed collection
of (not necessarily distinct) subsets ofS. A system ofdistinct representativesis a choice
of elementsxi ∈ Si for i ∈ I such that if i '= j ∈ I , then xi '= xj .

Example 14.2. Let S = N and let 〈Sn | n ∈ N〉 be deÞned by

Sn = {n, n + 1}

Thus S0 = {0, 1}, S1 = {1, 2}, . . . Then we can takexi = i ∈ Si .

Theorem 14.3 (HallÕs Matching Theorem (1935)). Let S be any set and letn ∈ N+. Let
〈S1, S2, . . . , Sn〉 be an indexed collection of subsets ofS. Then a necessary and su"cent
condition for the existance of a system of distinct representatives is:

(H ) For every 1≤ k ≤ n and choice ofk distinct indices 1≤ i 1, . . . , ik ≤ n, we have
|Si 1 ∪ . . . ∪ Si k | ≥ k.
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Math 461 14 HallÕs Theorem

Challange: Prove this!

Problem 14.4. State and prove an inÞnite analogue of HallÕs Matching Theorem.

First Attempt Let S be any set and let〈Sn | n ∈ N+〉 be an indexed collection of
subsets ofS. Then a necessary and su$cient condition for the existence of a system of
distinct representatives is:

(H ! ) For every k ∈ N+ and choice ofk distinct indices i 1, . . . , ik ∈ N, we have
|Si 1 ∪ . . . ∪ Si k | ≥ k.

Counterexample Take S1 = N, S2 = {0}, S3 = {1}, . . ., Sn = {n − 2}, . . . Clearly
(H ! ) is satisÞed and yet there isno system of distinct representatives.

Question 14.5. Where does the compactness argument break down?

Theorem 14.6 (InÞnite HallÕs Theorem). Let S be any set and let〈Sn | n ∈ N+〉 be an
indexed collection ofÞnite subsets ofS. Then a necessary and su"cient condition for
the existence of a system of distinct representatives is:

(H ! ) For every k ∈ N+ and choice ofk distinct indices i 1, . . . , ik ∈ N, we have
|Si 1 ∪ . . . ∪ Si k | ≥ k.

Proof. We work with the propositional language with sentence symbols

Cn,x . n ∈ N+, x ∈ Sn.

Let " be the following set of w!s:

(a) ¬(Cn,x ∧ Cm,x ) for n '= m ∈ N+, x ∈ Sn ∩ Sm.

(b) ¬(Cn,x ∧ Cn,y ) for n ∈ N+, x '= y ∈ Sn ∩ Sm.

(c) (Cn,x 1 ∨ . . . ∨ Cn,x k
) for n ∈ N+, whereSn = {x1, . . . , xk}.

Claim 14.7. Suppose that$ is a truth assignment which satisÞes ". Then we can
deÞne a system of distinct representatives by

x ∈ Sn i! $(Cn,x ) = T.

Proof. By (b) and (c), each Sn gets assigned a unique representative. By (a), distinct
setsSm '= Sm get assigned distinct representatives.

Next we prove that " is Þnitely satisÞable. So let "0 ⊆ " be any Þnite subset. Let
{i 1, . . . , i l} be the indices that are mentioned in "0. Then {Si 1 , . . . Si l} satisÞes condition
(H ). By HallÕs Theorem, there exists a set of distinct representatives for{Si 1 , . . . Si l};
say, xr ∈ Si r . Let $0 be the truth assignment such that for 1≤ r ≤ l and x ∈ Si r ,

$(Ci r ,x ) = T i! x = xr .

Clearly $0 satisÞes "0.
By the Compactness Theorem, " is satisÞable. Hence there exists a system of distinct

representatives.
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15 Proof of compactness

Theorem 15.1 (The Compactness Theorem). If " is a Þnitely satisÞable set of w!s,
then " is satisÞable.

Basic idea Imagine that for each sentence symbolAn, either An ∈ " or ¬An ∈ ".
Then there is only one possibility for a truth assignment$ which satisÞes ": namely,

$(An) = T i! An ∈ " .

Presumably this$ works...
In the general case, we extend " to a Þnitely satisÞable set % as above. For technical

reasons, we construct % so that foreveryw! ! , either ! ∈ % or ¬! ∈ %.

Lemma 15.2. Suppose that" is a Þnitely satisÞable set of w!s. If! is any w!, then
either " ∪ {! } is Þnitely satisÞable or" ∪ {¬! } is Þnitely satisÞable.

Proof. Suppose that " ∪ {! } isnÕt Þnitely satisÞable. Then there exists a Þnite subset
" 0 ⊆ " such that " 0 ∪ {! } isnÕt satisÞable. Thus "|= ¬! . We claim that " ∪ ¬! is
Þntely satisÞable. Let %⊆ " ∪{¬! } be any Þnite subset. If %⊆ " then % is satisÞable.
Hence we can suppose that % = %0 ∪ {¬! } for some Þnite subset %0 ⊆ ". Since "
is Þnitely satisÞable, ther exists a truth assignment$ which satisÞes "0 ∩ %0. Since
" 0 |= ¬! , it follows that ø$(¬! ) = T. Hence$ satisÞes %0 ∪ {¬! }.

Proof of the Compactness Theorem.Let " be a Þnitely satisÞable set of w!s. Let

! 1, ! 2, . . . , ! n , . . . n ≥ 1

be an enumeration of all the w!s ! ∈ øL. We shall inductively deÞne an increasing
sequence of Þnitely satisÞable sets of w!s

%0 ⊆ %1 ⊆ . . . ⊆ %n ⊆ . . .

First let %0 = ". Suppose inductively that % n has been deÞned. Then

%n+1 = %n ∪ {! n+1}, if this is Þnitely satisÞable

= %n ∪ {(¬! n+1)}, otherwise.

By the lemma, %n+1 is also Þnitely satisÞable. Finally deÞne

% =
!

n

%n.
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Math 461 15 Proof of compactness

Claim 15.3. % is Þnitely satisÞable.

Proof. Suppose that &⊆ % is a Þnite subset. Then there exists ann such that & ⊆ %n.
Since %n is Þnitely satisÞable, & is satisÞable.

Claim 15.4. If ! is any w!, then either ! ∈ % or (¬! ) ∈ %.

Proof. There exists ann ≥ 1 such that ! = ! n . By construction, either ! n ∈ %n+1 or
(¬! n ) ∈ %n+1; and %n+1 ⊆ %.

DeÞne a truth assignment$ : L →{ T, F} by

$(Al ) = T i! Al ∈ %.

Claim 15.5. For every w! ! , ø$(! ) = T i! ! ∈ %.

Proof. We argue by induction on the lengthm of the w! ! . First suppose thatm = 1.
Then ! is a sentence symbol; say,! = Al . By deÞnition

ø$(Al ) = $(Al ) = T i! Al ∈ %.

Now suppose thatm > 1. Then ! has the form

(¬" ), (" ∧ #), (" ∨ #), (" → #), (" ↔ #)

for some shorter w!s" , #.

Case 1 Suppose that! = ( ¬" ). Then

ø$(! ) = T i! ø$(" ) = F

i! " /∈% by induction hypothesis

i! ( ¬" ) ∈ % by Claim 15.4

i! ! ∈ %

Case 2 Suppose that! is (" ∨ #). First suppose that ø$(! ) = T. Then ø$(" ) = T or
ø$(#) = T. By induction hypothesis, " ∈ % or # ∈ %. Since % is Þnitely satisÞable,
{", (¬(" ∨#))} '⊆ % and{#, (¬(" ∨#))} '⊆ %. Hence (¬(" ∨#)) /∈% and so (" ∨#) ∈ %.

Conversely suppose that (" ∨#) ∈ %. Since % is Þnitely satisÞable,{(¬" ), (¬#), (" ∨
#)} '⊆ %. Hence (¬" ) /∈% or (¬#) /∈%; and so" ∈ % or # ∈ %. By induction hypothesis,
ø$(" ) = T or ø$(#) = T. Hence ø$(" ∨ #) = T.

Exercise 15.6. Write out the details for the other cases.

Thus $ satisÞes %. Since "⊆ %, it follows that $ satisÞes ".
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16 Trees and KonigÕs Lemma

DeÞnition 16.1. A partial order 〈T,≺〉 is a tree i! the following conditions are satisÞed.

1. There exists a unique minimal elementt0 ∈ T called the root.

2. For eacht ∈ T, the set
PrT (t) = {s ∈ T | s ≺ t}

is a Þnite set which is linearly ordered by≺.

Example 16.2. The complete binary tree is deÞned to be

T2 = {f | f : n → {0, 1}}

ordered by
f ≺ g i! f ⊂ g.

DeÞnition 16.3. Let 〈T,≺〉 be a tree.

1. If t ∈ T, then the heightof t is deÞned to be

htT (t) = |PrT (t)|.

2. For eachn ≥ 0, the nth levelof T is

LevT (n) = {t ∈ T | htT (t) = n}.

3. For eacht ∈ T, the set of immediate successorsof t is

succT (t) = {s ∈ T | t ≺ s and htT (s) = ht T (t) + 1 }.

4. T is Þnitely branchingi! each t ∈ T has a Þnite (possibly empty) set of immediate
successors.

5. A branchB of T is a maximal linearly ordered subset ofT.

Example 16.4. Consider the complete binary treeT2. If &: N → {0, 1}, then we can
deÞne a corresponding branch ofT2 by

B! = {&|n | n ∈ N}.

Conversely, letB be an arbitrary branch ofT2. Let & =
"
B. Then &: N → {0, 1} and

B = B! .

Exercise 16.5. Let 〈T,≺〉 be a tree. Then the following are equivalent:
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1. T is Þnitely branching.

2. LevT (n) is Þnite for all n ≥ 0.

Lemma 16.6 (K¬onig). Suppose thatT is an inÞnite Þnitely branching tree. Then there
exists an inÞnite branchB through T.

Remark 16.7. Note that such a branchB necessarily satisÞes:

|B ∩ LevT (n)| = 1 for all n ≥ 0.

First we shall give a proof of K¬onigÕs Lemma, using the Compactness Theorem.

Proof of K¬onigÕs Lemma.Let 〈T,≺〉 be an inÞnite Þnitely branching tree. Then each
level LevT (n) is Þnite and soT is countably inÞnite. We shall work with the propositional
language with sentence symbols{Bt | t ∈ T}. Let " be the following set of w!s:

(a) Bt1 ∨ . . . ∨ Bt l
where LevT (n) = {t1, . . . , tl} and n ≥ 0.

(b) ¬(Bt i ∧ Btj ) where LevT (n) = {t1, . . . , tl}, n ≥ 0, and 1≤ i < j ≤ l .

(c) (Bs → Bt) for s, t ∈ T with s ≺ t.

Claim 16.8. Suppose that$ is a truth assignment which satisÞes ". Then

B = {t ∈ T | $(Bt ) = T}

is an inÞnite branch throughT.

Proof. By (a) and (b), B intersects every level in a unique point. Suppose thats '= t ∈ B.
Then wlog we have that htT (s) < htT (t). Let n = ht T (s). By (c), B must contain the
predecessor oft in LevT (n), which must be equal tos. Thus s ≺ t. It follows that B is
linearly ordered.

We claim that " is Þnitely satisÞable. Let " 0 ⊆ " be a Þnite subset. Then there
existsn ≥ 0 such that if t ∈ T is mentioned in " 0, then htT (t) < n . Chooset0 ∈ LevT (n)
and let $0 be the truth assignment such that for allt ∈ T with ht T (t) < n ,

$0(Bt ) = T i! t < t 0.

Clearly $0 satisÞes "0. By Compactness, " is satisÞable and henceT has an inÞnite
branch.

Next we shall give a direct proof of K¬onigÕs Lemma.

Proof of K¬onigÕs Lemma.Let T be an inÞnite Þnitely branching tree. We shall deÞne a
sequence of elementstn ∈ T inductively so that the following conditions are satisÞed:
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(a) tn ∈ LevT (n)

(b) If m < n then tm ≺ tn .

(c) {s ∈ T | tn ≺ s} is inÞnite.

First let t0 ∈ LevT (0) be the root. Clearly the above conditions are satisÞed.. Assume
inductively that tn has been deÞned. Thentn has a Þnite set of immediate successors;
say {a1, . . . , al}. If tn ≺ s and htT (s) > n + 1, then there exists 1≤ i ≤ l such that
ai ≺ s. By the pigeon hole principle, there exists 1≤ i ≤ l such that ai satisÞes (c).
Then we deÞnetn+1 = ai . Clearly B = {tn | n ≥ 0} is an inÞnite branch throughT.

Next we present an application of K¬onigÕs Lemma.

Theorem 16.9 (Erd¬os). A countably inÞnite graph# is k-colorable i! every Þnite
subgraph of# is k-colorable.

Proof. (⇒) Trival!
(⇐) Suppose that every Þnite subgraph of # isk-colorable. Let # = {v1, v2, . . . , vn , . . .};

and for eachn ≥ 1, let #n = {v1, . . . , vn} and let Cn be the set ofk-colorings of #n. Let
T be the tree with levels deÞned by

LevT (0) = {∅}
LevT (n) = Cn for n ≥ 0

partially ordered as follows. Suppose that) ∈ LevT (n) and * ∈ LevT (m) where 1≤
n < m . Then

) ≺ * i! ) = * |{v1, . . . , vn}.

Clearly T is an inÞnite Þnitely branching tree. By K¬onigÕs Lemma, there exists an
inÞnite branch B = {) n | n ∈ N} through T, where ) n ∈ LevT (n). We claim that
) =

"
n ) n is a k-coloring of #. It is clear that ) : # → {1, . . . , k}. Next suppose that

a '= b ∈ # are adjacent vertices. Then there existsn ≥ 1 such that a, b ∈ #n. By
deÞnition, we have that) (a) = ) n(a) and ) (b) = ) n(b). Since) n is a k-coloring of #n,
it follows that ) n(a) '= ) n(b). Thus ) (a) '= ) (b).

Finally we use K¬onigÕs Lemma to give a proof of the Compactness Theorem.

Proof of Compactness Theorem.Suppose that " is a Þnitely satisÞable set of w!s in the
propositional language with sentence symbols{A1, A2, . . . , An, . . .}. We deÞne a treeT
as follows.

• LevT (0) = {∅}
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• If n ≥ 1, then LevT (n) is the set of all partial truth assignments$ : {A1, . . . , An} →
{T, F} which satisfy every%∈ " which only mention A1, . . . , An.

We partially order T as follows. Suppose that$ ∈ LevT (n) and $" ∈ LevT (m), where
1≤ n < m . Then

$ ≺ $" i! $ = $"|{A1, . . . , An}.

Clearly |LevT (n)| ≤ 2n and so each level LevT (n) is Þnite.

Claim 16.10. For eachn ≥ 0, LevT (n) '= ∅.

Proof. Clearly we can suppose thatn ≥ 1. Let " n be the set of w!s in " which only
involve A1, . . . , An. If " n is Þnite, the result holds by the Þnite satisÞability of ". Hence
we can suppose that "n is inÞnite; say "n = {%1, %2, . . . , %t , . . .}. For eacht ≥ 1, let %t =
{%1, . . . , %t}. Then there exists a partial truth assignment+t : {A1, . . . , An} →{ T, F}
which satisÞes %t . By the pigeon hole principle, there exists aÞxed+ : {A1, . . . , An} →
{T, F} such that +t = + for inÞnitely many t ≥ 1. Clearly + ∈ LevT (n).

Thus T is an inÞnite, Þnitely branching tree. By K¬onigÕs Lemma, there exists an
inÞnite branch B = {$n | n ∈ N} through T, where $n ∈ LevT (n). It follows that
$ =

"
n $n is a truth assignment which satisÞes ".
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